Random Matrix Theory
April 1, 2025

Preliminaries

Let ¢;;, nij be normal random variables (i.e. Gaussian, mean 0, variance 1).
2
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e xz/ is the Probability Density Function (PDF).
\/%e_x 12 4xis the probability measure on our probability space (i.e. totally finite measure space).
We build matrices
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Computing Random Matrices in Matlab

Gassuain, real valued 1x1 matrix.

randn

Gaussian, real valued 2x2 matrix.

randn(2)

Gaussian, complex valued 2x2 matrix.

randn(2)+sqrt (-1)*randn(2)

Gaussian, complex valued, self-adjoint 2x2 matrix.
Note that appending ’ to a matrix takes the conjugate transpose, and matlab reserves i for the imaginary unit.

m = randn(2)+i*randn(2)
(m+m') /2

Producing eigenvalues.

m = randn(2)+i*randn(2);
1=(m+m')/2;
eig(1)

Running tests to see how many hits we get within the interval [0,2].



edges=[0,2];
H=zeros(1,length(edges)-1);
trials=10;

for j=l:trials

m = randn(2)+i*randn(2);
1=(m+m')/2;

ev=eig(l);

H=H+histcount (ev,edges)
end

Homework

Is the PDF of %b the same as % for normal RVs a, b,&15,?
i +b Io(e

i.e. [P(“T < s) = P(ﬁ < s)

2x2 Random Matrix

Our matrix L corresponds to eigvenvalues 1, 1, which are random variables determined by {¢;;,7;;}.
Then the number of evaulations in the interval B is given by Z§=1XB(/1]')- We may take the average by
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Expected Evaluations

We have that the expecation of the number of evaluations in the interval (a, b) is given by J’: G(s) ds where

2 2
G(s)=e 2 ) Py(s)’
=0
and P,(s) is the Hermite polynomial of degree d.
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Differntiability

delta = 0.05;
edges=-6:delta:6;
dimensions = 3;
trials = 1000000;

H=zeros(dimensions,trials);

for j=1:trials
m=randn(dimensions)+1li*randn(dimensions);
L=(m+m')/2;

ev=eig(L);

H(:,j) = ev;

end

G = histcounts(H,edges);
plot(edges(1:end-1),G/(trials*delta), '*"')



IMAGE 1

Observe that each * in the graph corresponds to the average number of eigenvalues in the interaval (a, b). Therefore,
they correspond to Lf C(A) dA. We may consider the limit of the expectation of hits in each interval

. E(#(a,a+A))
lim ——————==.
AS0 A

delta = 0.01;
edges=-6:delta:6;
dimensions = 3;
trials = 1000000;

H=zeros(dimensions,trials);

for j=l:trials
m=randn(dimensions)+1li*randn(dimensions);
L=(m+m')/2;

ev=eig(L);

H(:,j) = ev;

end

G = histcounts(H,edges);
plot(edges(1:end-1),G/(trials*delta), '*"')

As dimension grows large, we observe that the plot tends to a semi-circle with endpoints about +2+v/dimension.
We therefore want a rescaling by v'N where dim = N. Then if G(a) = dia[E(# of evalsin (a,a)), we want

Joo G(a)da = N.

—00

Guess: G(a) = cNV2. VA? = a® [N x(_aym avm)(@). We compute
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Choosing A =2 and ¢ such that =

=1, we get

oo N1/2 (0]
[ Gla)da= 5 [ V4—a?/Nda=N.
o0 — 00

Number of Eigenvalues in an Interval

Let B be a subset of R (typically an interval). Write n(B) = #{evaluations in B}, a random variable.
Recall that variance is given by the expectation of the square minus the square of the expectation. That is

var(n(B)) = E(n(B)*) - (E(n(B))’.

Our ultimate goal is to understand PDF and P(n(B)) = ¢) as (the dimension) N — oco.



Smallest Scale of Interest

Suppose B =(0,S) and N is large (i.e. N — o). How large should we choose s such that E(n(B)) = 1? We compute

S S
i S
J' eN'*\Ja—a?/N da® =VNIJ'W cNVa— 2 dt~ eN -2~ =20SVN.
0 0

Sets of size N_l/z, the smallest interesting scale, are called the “microscopic scaling regime”.

Homework: Largest Scale of Interest

How large should B be to see a fraction of the eigenvalues (on average)? That is, how should we scale a and b such
that E(n((a,b)))=r-Nfor0<r<1?

Level Repulsion

m=randn(2)+sqrt (-1)*randn(2) ;
L=(m+m')/2;

ev=eig(L);

subplot(2,1,2) ,plot(real(ev),imag(ev))
x1im([edges(1) ,edges(end)])
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Macroscopic Scaling Regime for Random Matrices

Suppose a = av/N and b = /N such that @ < B, =2 < a and B < 2. Then

-~ E(# of evaluations in (aVN, VN)) _

n—oo N

x> 0.

Recall that we defined G(b) = %[E(# of evaluations in (a, b)) and

1/2

G(b) = cN / VA% - xz/Nx[_Am’Aﬁ](x).
We want that I: G(x)dx=xN.
Spacings
Suppose we have eigenvalues 1; < A, < --- < Ay = Apax. We can take the spacing s; =141 — A;.
m=randn(2)+sqrt (-1)*randn(2) ;
L=(m+m')/2;
ev=sort(eig(L));
spacing=diff (ev)

0.4839



Summary So Far

2
Given ¢;; and n;; iid RVs with distribution %e_x /2. \we have explored

=

« The behavior of average ny(B).
» Microscopic, macroscopic (and mesoscopic) scaling.
* That Amax ~ 2VN Tracy-Widom distribution.

» Eigenvalue repulsion.

Induced Distribution

Let M be our matrix built using random variables. Then M = FAFT where

M0 | |
A= 0 12 y F: f/l] f;Lz o f;LN ’
: N | |

and My, = A;f,,.- What we are interested in is the induced joint PDF on {A1,...,An}. We may write explicitly
1 15V A2 2
e 2N T (-2
1<j<ksN
Example

Let N =2 and, suppressing the constant term, write

C1(4y?
p=e 2 (x—y)

Taking partial derivatives, we have that

ZL2 4
pr=e T (x ) (~x+

)
)

xX=y

—Lx*+y? 2
py=e 2 N xy) (-x+5=%
which implies maxima at x = 1 and y = —x.

Example

If N=3,

1 2 2 2
p=e ) (P (x-2)2(y-2)°.

We may visualize the maxima here by level surfaces (homework).
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Recall: Spectral Theorem

Let M = FAF' where FTF = 1= FF!

fv O | |
T , F=|fa, fa, fan |
" o |
for Ay <Ay <--- < Ay
Deriving the Joint PDF
Letn=2.1If

|
F=|V w|,
|

then the expectation of eigenvalues may be computed by

1 1 _1e2 g2 g2, 2
E(G(M)) = B J JQ(M(fu,'flz,fzz»mz))x‘ \/T_ﬂ,'e 2 (Gt lat i) dniodérdSipdéy
2
1 _l 2 2 2 2
= [g(M(/lerZer(p))x' Ee 2 (Gt b t) dnad8opdéipdéy,.

So we need the Jacobian, and therefore a reparameterization using spectral theorem. We want a collection of indepen-
dent variables which will produce all 2 x 2 Hermitian matrices. Consider Mv = A,v and ||v||* = |v1|* + |v2]* = 1, then

multiply by e such that v; € R,.. Then v, = /1 - v2e. Thatis, 0< v; <1 and v, = \/1 - v?(cos@ + isin).

We want that | w; |2 + |w2|2 =1 and know that w L v, so v;w; + v, w» = 0. As before, we can choose w such that w, €
R, . This implies that w; and v, have the same argument, and w; = —|w1|e_i9. Therefore e_ie(—vl |wi | +|ve|wsy) =0,
and vy |w;| — |va|w, = 0. It follows that

2 2 2 2
vi(l—wy)=wy(1-vy) <= v =w,.

Therefore, the entire system may be parameterized by v; and 8. We write

v 1= 20
F=( L 1€
2 i0
V1—-vie 121

and

Mo AR 2 U, - l—vfe_le (/12 0) U, 1-vée 10
V1- v%ele 1] 0 A —\/1- Ufele v

Therefore

Azl/%'i‘/ll(l—l}f) Ul\ll—l/%e_ie(/lg—/ll)

M= . .
(Ulvl—l/%e_le(/lz—/ll) /12(1—11%)4'/111/% )



Recall, we want G(M(&)) ~ G(M(Ay, A1, v71,60)) and the Jacobian of M = M(A,,A;, v,0). After computation, write

| det J= (A, — A1) det J' = (A, — 11)°Q(v1,0).

We integrate

g2 g2 g2 2 1
J“-JQ(M(&mz))e 2(5“+HZ+522+”12)W dé11dé1pdErdn

which we may think of uas a function of 1; and 1, alone. So

1
(2m)?

where we observe that Mlzl + M§2 +2- Re(M12)2 +2- Im(M12)2 = Tr(Mz). It follows that we have

1 2 2 2 2
J Jg(/ll,/12)6_5[M11+M22+2.RE(M12) +2Im(Mez)] dé11dS1pdErdn

1

192,92 1 2n 1 1792, 42
—— | | 6L A e 2N g dydessdny, = —— G(Ay,Az)e 2 M2 (4, — 11)2Q(1,0) dé,
2 2
(27!) (2777) 0 0 —00<A;<A,<00

1742 A2 2n 1
=JJ g(ﬂlyﬂz)e_iuﬁ/b)(/lz—/11)2f [ Q(L’?dvlded
—00< ) <A,<00 o Jo (2m)

= c[ J g(/ll,/lg)e_%(ﬁﬂg)(/lz —1)%dAydA,
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Recall: Joint PDF on Evaluation of Eigenvalues

2

1
Ai<Ap<--<Ayand PDF Le ™ 2N (A=A,
This is the Gaussian Unitary Ensemble.

Hermite Polynomials

()
J

() _j-1 ()

Write p; =« x’ HEX K where the superscript is usually supressed. Then

o0 _l 2
[mp,-(xm(x)e  dx =6

-1 00 , 2 2 , (N) N-1 AT
Observe that {e +~ p;(x)};=, forms abasis for L°(R). Forf € L", write the truncation P*"/(f) = } ,_, (J’Rf(y)pg(y)e Z )e
Then

W _ ([ e S
P e Z pe(x)pe(y) | f(y) dy
R 0=0

_lc,2, .2 _
and we write Ky (x,y) = ¢ 1" Y)Y N po(x)pe(y) and K (f) = [ Kn(x, 1) F() dy.
We have that

1 _iyp ) Kn(M, A1) -+ Kn(A1,AN)
7o¢ T Tk = 45)* = det : .

Kn(An, A1) -+ Kn(An, AN)
For N =2, we see

1 _1y)2
7€ 22All |(/1k—/1j)2=(KN(/ll,/ll)KN(/lz,/lz)—KN(M,Az)Z)-
N



Example Computation

Let I be an interval and consider E(# of evaluations in I). Then

2

J (ZXI(M)) (Ka(A1, A1) Ka (A2, A2) = Ka( A1, 42)%) dAa s
—00<A;=A,<00 j=1

1
= EJ' JRZ(XI(M) + x(A2)) (Ko (A1, M) Ko (A2, An) = Ka(A1, 42)°) dArd A,
1 o0 2 1 o0 2
=5 ), (Ka(A1, 1)Kz (A2, A2) = Ko (A1, A2)") dArdAy + 5 ) (K2 (A1, 1)Kz (Ag, Az) = Ko (A1, A2)7) dApdA,.
(o) oo 12
Observe that [~ Ko(A2,A2) dAs=[__ e 222(po(A2)* + py(A2)? dA, = 2. We also compute that
00 1(/12 /12 1 1
—5 A1+,
| mtuakia i) an- | (Z mul)m(m)(z mlmmm) dry

- =0 0'=0
1

_l,ﬁ © _1/15
= Y e ppen) | e P perape(an) ar,
0,0'=0 o0

=Ky (A1, ).
Returning to the first calculation,
1 *© 2 1 o0 2
2, (K2(A1, A1) K2 (A2, A2) = Ko (A4, A2) )d/lldﬂz‘l‘g , (Ko(A1, A1) Kz (A2, Az) = Kp(A1,A2)7) dApdAy
! o ! o
1
- UI(Z —1)Kp(Ay, A1) dA, + L(z —1)Ky(Az, Az) d)l,z}

- LKZ(AI,M) dn,

e

Sl )
N (1+27).

which is the density function for the average number of evaluations in I. So K,(A, 1) =

Question:

What is the probability of having zero evaluations in an interval 17?
We have an indicator function (1 — x;(1;))(1 - x7(A2)), so

P(no evaluations in I) = %IRZ(I — 1A (1= 11 (A2))[Ka (A1, A1) Ko (A, Ag) — Ko (A1, A2)7] dArdA,
= % JRZ(I = () + x0(A2)) + X)) xr(A2)) Ka (A1, A ) Ko (A2, Az ) — Ko (A, 42)*] dAyd
= %[J[RZ Kz (A1, 1)Kz (A2, 2) = Kp (A1, A2)* dAydA,
-2 L JR Kz (A1, A1) Ko (A2, A) = Kz (A1, A2)” dApdy
+ [ [ Kk ) - Ko(11,22)°)
1

= 5[4—2 —ZLKz(/lh/h) dry + L LKz(/ll,/h)Kz(/lz,/lz) —Kz(/ll,/lz)z dAqA;]

1= [ KAy an+ [ [ det o dn
I 171

= det(1 -5y



If = (0,00), then the probability is Z-2

Fredholm Determinant

( )

Write Hy(1,t) = det(1— tICN ) where Ky’ is an integral operator which acts on L,(I) by

K0(r) = LKN(x,y)ﬂy) dy.

So the range of IC%) is finite dimensional (i.e. it is a finite rank operator). Then

J
j— .
Hy(l, 1) = 1-[1<N(A1,Al)dal f Jdet( Yoscp A2+ - j‘!) Ldeet( ) d'2

Then Hy(I,1) is the probability of no evaluations in I, and Hy(I,1) is negative the probability of exactly one evaluation
in I. So

Hl(\f)(l,l) = (—1)jj!P(exactIy j eigenvalues in I).
April 22, 2025
Recall

—e —1Y A l_[(,l —Ag) = ~i det(KN(ﬂ],/lk))NxN
j<k

For n =2, we have

2
[E(j;xla(aj)) - [ e

We also have that

E((1—=x5(11))(1—=yx5(A2)) = P(no evaluations)
= 1—/13K2(/1,/1) d/1+%J'B JBdet( )2)(2 di

where

1 A 1 1
(Al—)tg)z=det(l A;)det(al /12)

a(Ai)=Ai+co 1 g(h) 1 1

- det(l qw))det(qw q(ﬂm)
1 det<’<3°) K qul)) ( K )
@Dy W) \kVaan) «Va(az)
_ 1 Py(A1) Pi(Aq) Po(A1) Po(Az)
_l—l(l](K(i)zdet(Po(/lz) Pl(ﬂz))det<P1(/11) Pl(/lz))




It follows that

L2 g2 1 . -1A7 —1A - -4
3_521Aj(/12_)tl)2:H(Kﬁl))—zdet<P0(ﬂl)e i Pi(Ay)e s )det(PO(Al)e i Py(Ar)e d )

142 142 1,2 1,2
=0 Po(Ar)e i Pi(4))e 1" Pi(A)e M Pi(dy)e i

1 .
= l_[(Ky))_Zdet(Kz(/li»/lj))zxz
=0

1 2 2
where K, (x,y) = e 15 1Y )ZLO Py(x)Py(Y). So we have
1
R (iy-2 K (A, 01)  Ka(A4,12)
ZN E[(Kj ) det<K2(/12:/11) K (A2, 72)

and the fact that

1
an [T (V)

Observe that (to do: fill in these calculations)

JRZ[Kz(/\l»/ll)Kz(/lz,/lz) —Kz(/ll,/lz)z] dAdAy =1

[ ianmiat) dudi = | (e @R+ PRI B (1) Po(A2) + P () P1(12))

So it must be that

1

an ()2 (kD)2

(2)=1.

We conclude that the original joint PDF can be written as Zl!det(Kl()Li,/lj))zxz.

Vandermonde Determinant

Write

1 1 1 1 1 1
Ai /13 /lév )L% A% AéV—l
M As Av | = M Ay e AN (A= 2A1)(An = A2)- (A — An-1)
N1 N1 N-1 N2 N2 N-2

M Az o AN M Ay o AN-1

= 1_[(/11« — 1)
Jj<k

and observe that this is zero when 1; = A;. Now write

TP 1 e 1

det| : : |det| :
- N-1 N-1

1 .- )L% 1 A1 v AN

10



then by using the multilinearity of the dterminant and adding rows we can write

1 1
1 e AN M+cy - An+c
det| : 2 |det| m2(A) o0 ma(An)
1 - AN : :
,1]1\7‘1 ,1%‘1
So we can write
_1)2 _1y2
e +""Po(Ay) -+ e i7'Py_1(Ay) 1 Po(A) -+ Pydy)
det E E Wdet : 3
2 2 - 2
e_i’lNPo(/lN) e‘i"le_l(/lN) [Tz (57) Py-1(A1) -+ Pn-1(An)

Examining the (j, k) entry, we have

1

We‘i“?””<zﬂo(aj)zao<ak> + Py AP (A + 0 Pya(A) Py ().
K

or

1
—(j)zde'i[Kn(/ljr/lk)]NxN
<N 1_[(1(]- )
which must integrate across R" to exactly 1. From this we conclude that % =
ZN Kj

April 24, 2025

Determinants

Kn(A1,A1) KN(M,AZ)) J'
det dl, = Kn(A 1, A1) Ky (Ao, As) — Ky (A, A0 ) Ky (Ao, Ap) dA
J:R (KN(AZr/ll) Kn(Aa, 1) 2= N(AL AN KN (A2, A2) = Ky (A1, A2)Kn (A, Ay) dAs

-1 2
- KN(AI,M)I e py(15)2 dAy — 0
R

= NKn(A1, A1)

11



We have that IR Ky (A, x)Ky(x, 1) dx = Ky(A, ). Then

Ky Kz Kis
K; K; K K; K; K;
Jofor Ka nfar’= [l -Kelil o]+ ol i o0
®|Ks1 Ks2 Kasg R
3
_ Kz J’RK(ALM)K(A&M)W%
Ky [uK(A2,A3)K(A3,A1) dA
3
_ |Kn J'RK(/11,7L3)K(/13;/12)6113
Ky [aK(A2,23)K(A3,42) dA
3
LSH [a K(A1,A2)K (A3, A3) dﬂg
Ky [uK(A2,A2)K (A3, A3) dA
_ (K2 Knj_(Kno K| 1Kn K
Ky,  Ka| |K: K3 K»n K3
__[Kun K| (Ko Kl 1K Ky
Ky Kp| [Kai  Ka Ky Ky

=(N=-2)det( )axz

So we have that

K; K;
ff(N—Z) 212 g2dAy = (N=2)(N-1)N
RIR Ky Ky
In general, we see that
Ky oo Kyj Ky - Ky
[RE dry=(N=(j-1))| : :
Kj Kjj Kj Kj-1j-1
or
Ky Ky - ISP Ky - K Ky
JR : drj=(-1)Y"Kp| P+ (1)K, o+
Kij1 Kjj K(j-1)2 K(j-1); K(j-11 K(j-1);
Ky Kyj-1)
+K]] : . :
Kgj-1 - K-n)(j-1)
- Ky 0 Ky - Ky o o0 Kp
= (-1) oo D TR e e
K(j-12 - Kg-in Kij-n1 - K(j-1)2
Ky K-
K- - K(-n@-)

It takes, for example, j — 1 column moves to convert the leading matrix into the final matrix. So it picks up a leading —1.
In fact, we see that each term save the last will be negative. It follows that we have that the integral may be written

Ky o o0 K-y
(N=-(j-1)| : :
K(j-y1 - K(j-1)(j-1)

12



Evaluations

Now consider

N
E(# of evaluations in B) = JR” (ZXB()L]'))

N
1
=ZJ x(Aj)wpdet( Inxn dAn--dAy
j:1 Rn .

With a change of variables where u, = A, for £ € {1, j} such that u; = A, and u; = A},

ZJ XB(M)  det(Kn(uj, i) )nxn dp--dpn = ZJXB(IJI)( N )KN(ﬂl’ﬂl)dﬂl

= JB Ky (1, 1) din
Variance

Let ny(B) = (# of evaluations in B) be a random variable. What is the variance? We have that

N

nn(B) =) xa(A;)

j=1
SO

var(ny(B)) = E((ny(B))?) = (E(nn(B)))?

N 2
:,[W(ZXB(M)) %det( sy dA” = T
j=1

:J[Rn(ZZXB(Aj)XB(Ak))NL!det( )Nde/lN—[ ]2
ko J
April 29, 2025

Variance

Compute

Var(ny(B) = E(ny(B)*) — (E(ny(B)))” = jB Kn(A1, Ay) dA; — jBXBKNw,W dAydA,

This follows from ny(B) = Z;V:lxg()tl), so

[E«ZXB(M))Z):E@i Xs(A)s(A2) )
—[E(ZXBM >)+[E(ZXB(A )xg(m)

j¥k

- [ KA an+ Y [ (i) g et Ay @2
Jj*k

13



Then using the same trick as before such that A; =y and A = u, we rewrite this

=1

A

, - .
JB Kn(A1,A1) dAy + Z LR” XB(Hl)XB(,Uz)ﬁdet(KN(ﬂm,#n)NxN dNﬂ
j*k )

Then we have

N-1
—r—

f 1 -
I= ~-~J)c3(u1)xB(u2)%det( Jv-nxv-ndp

[ ( (N=2)

= Z Tdet( )2)(2 d,u
j#kJB B :

_N I Kn(p, ) Kn(p, pa2)
N! Jp g |Kn(po, 1) Kn(pia, p2)

2

Then we have

E(ny(B)®) = J Ky(A,Ar) dAg + [ [ Kn(A1, A1) Ky (A2, A2) = Ky (A1, A2)? d*A
B BJB

as well as

(E(nn(B)))’ = (jB Kn(A1 1) aml)z

Then, since [, [, Kn(A1,41)Kn(A2,42) a*r = (fzKn(A1, A1) d/ll)z, the terms cancel and we get the expression we
want.

Probability of No Evaluations

Now consider ]_[?7:1(1 —x8(A;)) which returns 1 if there are no evaluations in B and 0 otherwise. Therefore

N
1
J TT0 = x83))) 5 detn A Ay @2
j=1

is the probabiltiy of having zero eigenvalues in B (i.e. the probability that ny(B) = 0). If we use the case where
B = (a, 00), then this returns the probability that the largest eigenvalue is less than a. Consider

N N
> xs(A) | [ - xs(A)
k=1 j=1

j#k

and suppose we have exactly one eigenvalues (A3) in B. This returns 1 when we have exactly one eigvenalue in B and
0 otherwise. So

N
ijBuk)]j“‘)(l—wa)% det( v d2,
L

14



where the product skips the k-th term, is the probability P{n(B) = 1}. Now write

N
H(B,t) = E(ﬂ(l - th(Aj)))

j=1
which gives H(B,1) = P{ny(B) = 1}. Then the derivative with respect to ¢,
, N Ni(k)
H(B,w:tE(Z(—mek))]_[ (1—%(@))
k=1 =1

J

so H'(B,1) = —P{ny(B) = 1}, and H"(B,1) = 2P{ny(B) = 2}. It follows that H'(B,1) = (=1)’ - ji-P{ny = j}. Then
ny(B) is the number of evaluations in B, and this process gives us the number statistics. We compute this fact as
follows

N N N
H"(B, 1) = [E( > x> P [ *0- thmj)))
k=1 /=1 j=1

N
=E(Zwk)m(mﬂ(“’%l—rmmn)

k+¢ j=1
=21-P{ny(B)=2} (tr=1)

and

H](B,t):[E(Z Z (kl).” Z (klyka,kj—l)l_[XB(Aklv)l_[I(l_Z_XB(/IJ)>
kr=1k,=1 k=1 v=1 j=1

=(-1)/ - j1-P{ny(B) = j} (r=1)

Coming Next

We know that E(ny(B)) = IB Kn(A,A) dA. We will define an integral operator on functions f € L*(B)

K0 = [ Kntnn)f ) ay

1,2, 2 N1
= [ Y px)p 1) dy

=0

We can define the trace of this operator,

() = [ Kn(1,2) di=E(n(B))

Then

H(B, ) = det(1 - 1K)

15
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Expectation

Recall that

N N
E(l_[(l - fXB(M)) = [E(l - tZXB(/lj) +68) xsAxs(M) -1 ) XB(Aj)XB(Ak)XB(Am))

j=1 j<k j<k<m

“1-t ] KNW,AIMMHZZJW s () ydetl sy a2
j<k

3
t t
=1—f{ KN(/M,/M)(MH'?J J | |2><2d2/1—§f J J | |3x3d31+“‘+J [ | |N><N6?7N/1
B BJB "JpleJB B B

We claim that

J
det 1
| ( 5 ﬂxB(AK»m(KN(Am,An)NxN) @“1= 5 [ o | det(R(nAn)) e dhj-dy

k1<"'<kj /=1

Observing that(]) (NN!’) j(]y']), = 7, write

Z J(HXB M)>de't A s Z rn (HXB(M))dEt( J(N-1)x(N-1) dAn-1-++d Ny

ky<-+-<k; K<<k, 7R

J .
- 1-2-3--..(N— .
= Z (HXB(A[)) N! ( ]) det( )j><j d]/l
ky<--<k; 7 B\ =1 :

1 s
=ﬁ ...J

det( )jxjd’A

So we have

N .
(-1)'¢ J J (KN(/lly/ll) ) j
H(B,t)=1+ . -« | det d’'A=det(1-tK
(B,1) jZ | ] de Kn(As 1)) et(1- 1K)

So if Ais a symmetric, real N x N matrix with || A|| < 1,

N A N A
det(I— tA) = elogdet([—m) _ elog]_[jzl(l—t,uj ? ezjzllog(l—tyj) ? eTrlog(I—tA)

May 8, 2025

Continuing

We want to show that det(I — tA) = ¢ "1°8U=14),

Write




_ye )
So log(I—tA) :=— Z] 1 (for sufficiently small t). Equivalently, e 2T = - 1A

Suppose we have an elgenvalue u of A, then log(1— ru) is an eigenvalue of log(I — tA). More commonly, this is
presented as logdet(I — tA) = Trlog(I — tA). In the end, we have

det(I—tA) =exp[Tr(log(I—tA))] = exp[ i (tA)J }

Trace of an Operator

Given K,(f) = [, Kn(x,y)f(y) dy, we define Tr(K,,) = [, Ky(x,x) dx. We want to consider the trace of IC{V. Taking
Jj =2 as an example,

K () = /CNUB Knv(32) () dxz}
= | KnCen) [ Ktonm)f(an) d da
= L; [JB Kn(x, x1)Kn(x1,x0) dx} f(x2) dx;

we note that [, Kn(x,x1)K,(x1,x2) dx is our new kernel. Then Tr(K) = [ |5 Kn(x1, %2 ) K (x2, x1) d*x. Therefore
IC,{, has a kernel given by

/-1
——

J'B IB Ky (x,21)- - Kn(xp-1,%¢) dxy---dxe-y.

with trace given by

4
—

¢ ¢
Tr(Ky) = JB JB Kn(xp,x1) - Kn(x0-1,Xp) d x.

Continuing Computation

det(I—-tA) = Z [ i (tA)]}

k=0

Ool'j j 1 Ootj i ? 1 ootj j ’
ZTTr(A) +5 ZTTr(A) -3 Z7Tr(A) 4o

j=1 Jj=1 j=1

If we are intersetd in O(z'), we examine the first non-trivial term and have —Tr(A). For O(¢*) we have ——Tr(A )+
%(TrA)Z, which we compute as

1
5“ k() dhs | Kotz dle= [ [ K de) KO a) dﬂ
B B BJB

Examining O(¢”), we have =1 Tr(A%) + 1 (Tr A) Tr(A%) + 1 Tr(A%)(Tr A) — £ (Tr A)° giving

t3 3 3 2 3 2 3
- [ Ay - ST A) TH(AY) - S Tr(A%)(Tr ) + 2747 |

which we compare with

Ky Kz Ky
{J' [ JB Ky Kz K23 ) [JB JB JB K11 (K2 Ksz — Ko3Ksp) — Ki2(Ko1 K33 — Kp3K31 ) + Ki3( K1 K32 — K22 K3p )
K31 Kz

17
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Recall
H(B,t) = [E(]_[j.vzl(l - t)(B()L]-))) £} det(1— k%), the generating function for number statistics.
J

H(B,1) = E(l_[(l_tXB(/l ))> 1_tJ' Ky(A,Ay) dAy + - (_jll)jth"uJ'det[KN(/lm,/ln)jxjdj/l+( Dt J J

j=1

Observations

We have that }Cﬁ(f) = IB Ky(x,y)f(y) dy where Ky(xy) = e Z];:_Ol Py(x)P¢(y). We know that Ky is bounded

and, taking B = R, we see that (1) ||IC§|| < 1since IC% is the projection onto the first N orthonormal functions.
Homework: prove this inequality (1).

(2) It follows that (1 —tKy) is invertible for small ¢ (namely for ¢ = 1 for N < 00). (3) It is also true that ICf, is a finite-rank
operator.

Then we may pick an LZ(B) basis such that 1 — ¢ICyy is realized as a matrix

2 .
For example, we can orthonormalize {e_Tx]}ﬁ-V;O1 and take the first N.
Homework: do this. [,2q; 2.

Now det(1 — tKy) = e 281" ~) \yhere both trace and log are basis agnostic. Then for K of finite rank,

Ty = Z(RN)” [KN(x x)dx
j=1

It follows that

© o N 0 .
det(1-tKy) = exp(—Trz @) = exp(—j;t]—.JBm JBKN(M,M)“KN(M,M) d]/l)

j=1
Coefficients

So

j
-1) ; )N N
1—tJBKN(A1,/11)d/11+-~-+( j,) t]fm[det[KN()lm,An)jxjd]A+( ) J f

=exp(—jgt7j [KN(/M»AZ) KN(A]’AI)d] )

Where on the left-hand side we have coefficients

n

CO o[ deln (1) o "2
B B

n!

18



and on the right-hand side

j=1

SO

Tr(Ky) Te(Kh +Tr(IC]2V)Tr(ICK,_2 .\ +Tr(/c]”v‘1)Tr(;cN)

__T(KN) [ 1-(n—-1) 2-(n-2) (n-1)-1

Note that the i-th power is constructed by the integer partitions u - n for |u| = ¢. Then the n-th term is

Z (- 1) [Tier (TH(KR)) c

Cn(p)
pEn nk 1 Mk

where C,,(u) is the number of unordered partitions associated to u. Returning to the left-hand side,

J [ Z sign(o)Kn (M, Ao (1)) Kn (A2 Ag(2)) -+ Kn (A Ag(n)) d" A

oES,

When o =id,

[’”JKN(Alr/ll)"’KN(/ln’/ln) d"2

We can consider the integer partition u representing the cycle structure of o. Then if 6 are permutations with cycles of
lengths associated to p,

Z Zs1gn(a)l_[Tr(lC#k) = Z 1_[ Tr(ICu" Zs1gn(0) = Z 1—[ Tr(IC#k Cp(u)sign(u)

uEn @ ubn k=1 ubn k=1

since sign(&) = sign(&) if their cycle lengths agree. Then

-1)" (-1)" C.(u)
— sign(p)Cy(p) = 71 m

Returning to the Microscopic Regime

P(no evaluations in (a, b)) = det(1 - Ky)

on L?(a,b). Suppose a = \/_(x and b = \/_(a+ i)
Then Ky(x,y): x= a\/_+ =,y = aVN + & 7 for ¢ and 7 in a range between 0 and . Write

mm-[ Kn(x,y)f(y) dy = j—KN(x N+ = afw—ﬁ) (amw%)d

19



so that we may define a new kernel

K(¢, n)——K(x a\/_+

N ——,y= a\/_+—)

VN VN

which acts on functions in (0, S). We can show that P(no evaluations in (a, b)) z det(1-Ky). We may write

\/%VK(JC a\/_+\/_,y a\/_+ﬁ>= —Sll;(é(f;)n)+0(%)

(0 some appropriate constant) and can prove that det(1 — Ky ) = det[1 — S]12(0,5) Where S has the rewritten kernel.

May 22, 2025

Recall

N
Hy(B,t) = [E(l_[(l— tXB(/l]))> =det(1 - ty).
j=1

Microscopic Scaling Regime

Numerically, we explored the expectation of the number of eigenvalues in the set B with respect to size N

E(nn(B)) =J Ky (x,x) dxzj \/H_ 1—m+correct|ons dx
B B

In the microscopic regime, we choose B to be small and localized. Let B = (VNa,VN(a + <)) where a € (-2,2). We
can rescale x = v/ Ny and suppress the corrections to get

a+ﬁN yZ c az
[ T

The equilibrium measure or density of states is v = —\/1 - = (WhICh integrates to 1 across (—2,2)). To tune the ap-
proximation such that E(ny(B)) = ¢, we can solve for c.

Asymptotic Info about the Kernel

2
VNy(a) Ny(a)

which is uniform on compact sets. This is often referred to as the sine kernel. Recall that

sinz(§—n)

2Vt >)> e o)

(2\/_(a+

2\/_(a+ )

det(l—thN)—Z f f det(K (A ) ;' A
2v/Na

20



Setting A = 2v/N(a + —2-) such that dA,, = 22 dX,,. Then we know that

Ny (a) ~ Ny(a)
2/Nc _ 2VNxy,
N Ny(a)
cy(a)=Xpy =1

SO we may write

det(1-tKy) = zj:[: Lj (W)jdet[KN (ZW(Q + Nf;'(na) ),2VN(a + Nl)p(Za) )ﬂ d’ x

S (e 22 X X, i
= ;L L det[mw(a)KN(Z\/ﬁ(a+ Nw(a)),zm(a+ Nl//(a))ﬂ d’ x
=det[1— IICN](()/)

I _ 2 é _n . - _c .
So Kn(&,n) = Tuia Ky (Zm(a+ —Nw(a)),zx/ﬁ(a+ Nw(a))). Resetting to set B = (2v/Na,2VN(a - 1)) with a €
(—1,1) for convenience, as N — oo we have

HN((Za\/ﬁ,Z\/N(a + %)), t) = det[1- tS](o,r)

where S(f) = J'(f sinr(€=n) ¢ (1) dn. We want to approximate, by Trapezoidal rule for example,

n(&-n)
¢ M
J fdy= zwjf(xj)
0 %o
which we examine by the matrix
sinz(x;—x;)
diag( wjl-/z) (1 m(x;i—x;) )diag( w}/z)
0 1

(i.e. ones on the diagonal with appropriate rational entries in the upper triangle).
Projects

1)

B = (0, \/LN) letting ¢ grow (slowly) with N?

1. As N — o0, and letting ¢ grow, there are papers examining the asymptotics. However, what happens before
infinity?

2. P(jevalsin (0,¢)) ~?as j and ¢ grow? Asking for the number of particles in (0, M), there exists a central limit
theorem. What is the variance?

3. P(j evals in (0, 20)). Pick j(IN) and study limit.
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Weird Ones

« Conditional probabilities. Given intervals (a, b) and (¢, d), we may consider P(no evals in (a,b) | r evals in (¢, d)).
» Asymptotics of kernel of Riemann-Hilbert.
+ Connections to combinatorics.

» Other matrix models.
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