Partial Differential Equations |
January 8, 2024

Homework

Assigned exercises and concept maps. Graded by completion.
Presentations

Assigned topics; responsible for giving a class.

Definition: Partial Differential Equation(s) (PDE)

An identity relating an uknown function, its partial derivatives and its variables.

F(D*u,...,D*u,Duu,x) =0, xeUcR"

where U is an open subset of R”, u: U CR" = R, Du = (8, uy,...,0,, ).

Then F:R" X - xR"XRXR" - R, where F is given.
x=(x1...,x,) is (are) the independent variable(s).

u is the unknown function or dependent variable.

k is the order of the PDE.

Goal

Given a PDE, we consider

» Existence
* Unigueness

- Stability

Recall: Multiindex Notation

a=(ay,...,a,) avector such that a; € Zs,.
Then we say that « is a multiindex with order |a| = a1 + -+ + a,,.

Notation

u:UCSR" >R a=(a...,ap,).
0
u®:=D%u=0y"---05 u, where 8 u = u.

Definition: Linear Partial Differential Equation

A linear PDE of order k is of the form

(%) > aa(x)D"u=f(x)

la|=k



Remark
This means that F is multilinear in the first nk + nk_1 + --- variables.

Definition: Homogeneous Linear Partial Differential Equation

A linear given by (%) is homogeneous if f(x) = 0.
Otherwise, it is non-homogeneous.

Example 1: Linear Transport Equation

Vu-(1,b)=u;+b-Du= f(t,x)

This is a linear PDE of order 1 on Rx R" = R"*" where (t,x) are independent variables and u is dependent.

Here, x is the spatial variable while ¢ is time and Du represents the gradient.
Vu=(0,uVu),b-Du=Yy 1 b;id,u, (by,...,b,) €R"is fixed.

Example 2: Laplace Equation

n
Au:= Zaxi u=0
i=1
This is a linear, homogeneous PDE of order 2.

Example 3: Poisson Equation

—Au:= f(u)
This is a nonlinear PDE of order 2.
Consider f(u) = u°.

Example 4: Heat Equation (Diffusion Equation)

u—Au=0
This is a linear, homogeneous PDE of order 2.

Example 5: Wave Equation

utt - Au = 0
This is a linear, homogeneous PDE of order 2.
Transport Equation

u:R"(0,00) = R given by

n

u;+b-Du=0, beR

In order to get a solution, first assume that ther exists a “nice” (e.g. smooth, C', differentiable, etc.) solution.



Step 1

Notice that the PDE is equivalent to

Vu-(b1)=0

((0,00), 1)

a(s) X

Step 2

Consider a curve on R"*" with velocity (1, b) which passes through (x, t). i.e.

a(s)=(x+sbt+s)
Notice a'(s) = (b, 1).

Then, let us study u along the curve a(s).

z(s) := u(a(s))

Taking the derivative with respect to s,

d
2(s5) 1= o=(uoa(s)) = Vulagy - a'(s) = Vilay (1) =0
Thatis z'(s) = 0, z(s) is constant, and u along a(s) is constant.

Conclusion

If we know some value of u along a(s), then we know all values along a(s).
If we have some value of u along every a(s), then we know u on R" x (0, 00).

Transport Equation - Homogeneous Initial Value Problem

(*){vﬁ-(b,l)io, _[Rnx(o,oo)
u=g, R x{t=0}



((0,00), 1)

| ,(,)go,’(,)),x,/: ,,,,,,,,,, s
a(s) - X (R", x)
Here, g : R" — R is given.
Consider (x, t); we want to find (x,,0).
We know a(s) = (x+ sb, t+s) = (x,0), therefore
x+sb=x (1)
[+s=0 = s=—-r (2)

Then, by replacing (2) in (1),

Xo=Xx—1tb

Then from the conclusion

u(x, 1) = u(x0,0) = g(xo) = g(x = tb)

Therfore, u(x, t) := g(x—tb) ().
Remark
1. If there exists a regular (differentiable or Cl) solution u for *, then u should look like ®.

2. If g is (differentiable or Cl), then u defined by ¥ is a (differentiable or Cl) solution for my problem.

Homework

Show that ¥ satisfies *.
Transport Equation - Non-homogeneous Initial Value Problem
() Vu-(b1)=f(x,t), R"x(0,00)
u=g, R'x{t=0}

Where g : R" - Rand f:R" x(0,00) — R are given.
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Solution

Notice that the PDE is equivalent to

Vu-(b1)=f(x,1)

Define the “characteristic curve”

a(s)=(x+sbt+s)

and

z(s) := u(a(s))

Taking %,

2(5) = Vulag (1) = flals)) = 2(s) = f(x+sb,t+5) ()

Notice that c is an ordinary differential equation. Integrating from —¢ to 0.

0 0
J 2 (s) ds=J f(x+sbt+s)ds
—t —Ot
z(O)—z(—t)=J f(x+sbt+s)ds
Notice that z(0) = u(x, t) and z(—t) = u(a(—t)) = u(x—tb,0).
0
u(x,t) = u(x—1tb,0) +J f(x+sbt+s)ds

Then

u(x,t)=g(x—tb)+f0 f(x+sbt+s)ds
- g(x—tb)+th(x+(§—t)b,§) s
S=s+t 0
=g(x—tb)+ftf(x+(s—t)b,s) ds
0

Remark: Method of Characteristics

Try to vert the PDE into an ODE and solve using characteristic curves.
January 10, 2024

Definition: Harmonic Function

If u € C* such that Au = 0, then u is a harmonic function.



Laplace Equation

Consider u: U € R" — R with U open, then the homogeneous (Laplace) form is given by

Au=0

and the non-homogeneous (Poisson) form is

—Au=f
where f:R" — R is given.
Remark / Exercise

The Laplace equation is invariant under translation and rotation.
That is, if Au(x) =0and v(x) = u(x—y), then Av=0.
Similarly, if w(x) = u(O(x)) then Aw = 0 where O is an orthogonal matrix.

Fundamental Solution of the Laplace Equation

Remark: since the Laplace equation is invariant under rotation, we can consider a function in terms of the radius
v(x) = v(|x]).

Recall r = |x| = (&5 + -+ +xi)1/2.

Because of this remark, assume that u(x) = v(|x|) = v(r(x)) (%) where v:(0,00) - R.

Therefore, we need

or

1 2xl- _xi
ox; 2 (x§+,,,+x%)1/z r

Replace (*) in the PDE

S—Z = a%v(dx)) = v’(r(x))-(f—); =0 (r(x)) - 2
and

u

it GGG

= S ) 3+ ) 5 (5

o) 5| 7 i ()

2 2
=" xi +v 1_%
2 T3

1l
—~~
=~
~—

Thenm, summing across i,



Then the PDE is equivalent to

We need to find a solution for 0.

Assume, without loss of generality, that v' # 0 such that

1-n

) 1o gl ) =

v(r) T

Then, integrating,

log(|v']) = (1- n)log(r)+C=log(r1_n) +C

such that

n n 1-n+1

W=cr'™" = Jv=cr'" = v(r)=Cr +D=Cr’"+D
Definition: Fundamental Solution of the Laplace Equation

The function @ given by

n=3

=
—~
~
1]
—r—
|
[\
S
- g
oQ
=
—
|

n(n=2)a(n) " x["?’
where a(n) is the volume of the unit ball in R” is called the fundamental solution.
Remark

® solves the Laplace equation away from 0.

Lemma: Estimates for the Fundamental Solution

 First Estimate
|DO(x)| < % for x # 0.

o 0 2-ny _ C(2=n) o-p10lx|  1-n X -n
6_x,~_C6_x,~(|x| )— =7 | x| a%; = |x| |x|—sz|x|
Therefore
|D@(x)| < Clx||x| " = |Do(x)| = C|Xx|""
— Exercise

Compute for n = 2.



» Second Estimate
|D*®(x)]| < ﬁ for x # 0.

o ) .
Oxjdxiq)_ca_)c](xilxl )

i -n 0 -n
~cloylal ™" +xig 1ol

-n xilxl_n_lx]
=C|dylx]| +(_n)‘|—x

=C_5i1|x| Cx;ixy
i |x|n |x|n+1
Then
oD C  Clxi||x/] - 2 C
Ox;0xy| = |x|™ T |x|m2 T [x]" T |x|”

Then, we are done since

|D*®(x)| = Z(%)

]
Poisson Equation
Motivation

Suppose we have ®(x), the fundamental solution.

Then for an arbitrary, fixed element y € R", then we have x — ®(x — y) harmonic for x # y.

Consider f:R" — R such that y — f(y) then x - f(y)®(x — y) is similarly harmonic for x # y.

Now, if given {y,...,ym} where y; €R", then x - Y ", f(y:)®(x— y;) is harmonic Yx # {y1,..., ¥}
Then, what happens if we consider

u(x)i= [ fe-p)dy (8s)

Is u harmonic? No, since A®(x — y) is not summable in R” we may not pass the limit into the integral.
(to be covered later) However, since A®(x — y) acts as d,, in distribution, this may solve the Poisson equation.

Remark / Exercise

Assume that f € Cé([Re”) (i.e fis twice continuously differentiable with compact support on R").
The function @ is integrable near the singularity on compact sets.

Prove using spherical coordinates.

Therefore, u defined by O3 is well defined

< o0

lul=| [ roiee-nar|=| [ ot-r)ay




Theorem: Solving the Poisson Equation

If f e CA(R") and u is defined by O, then

1. ue C*(R")
2. —Au=f,inR"
* Proof of 1

Since @ presents a problem at x = y but f is well behaved, we will change variables suchthaty=x—y, y=x-7,
and %(—l)lmxm and then redefine y = y.

ux)= [ G- dy= [ fe-pemar= | f-pe)dy
R R" R"
In short, we have sent the problem from @ to f.

Now, let us consider e; = (0,...,1,...,0).
Then for h > 0,

he;) —
M =) L[ @G+ her =)= fx= )] dy
Now, the limitas h — 0
H(ﬁlyy)
- u(x+he)—u(x) ' flx+he;—y)=flx=y)]
pm Z = Jim LR" q’(y)[ 7 } dy

of(x—y)
= qu)(y) B T dy

To justify passing the limit into the integral, take an arbitrary sequence h,, i 0 and consider

fm(y) := H(hy,, y)

We want to consider

| H(hm, )| s@(y)[f(“hmei —hy)—f<x—y>}

<o(y)f'(c)

Where c is along the curve between f(x+ h,e; — y) and f(x— y) and chosen by mean value theorem.

— Exercise

|H (B, )| < @£ 1o X800r) (7)
Note that

¢ [ 1o ism)dy=[ o)l dy<eo
R™ B(x,R)

X,

9



— Exercise

Using the fact that a continuous function is uniformly continuous on a compact set, show that u € CZ(IR”).

Dominated Convergence Theorem

If f,(x) such that f,,(x) gty f(x),and | fn(x)| < g(x) forge L', then f is integrable and

pointwise
nlli_r)nooffm(x) dx = [f(x) dx

January 17, 2024
Recall: Averages
f:{1,...,n} >R
i—a(i)

The average is given as
Then for f: Q — R, the average is given as

a(i)+-- +a(n)

o | av=§ rau

Inourcase, f:QCR" >R

1
ap s —— d
:I:B(x,n)f K | B(x,n) B(x,n)f :

1

dp=——— d

jfaB(x,n)f K= |aB(x,I’Z) 0B xb)f H
Rn
r B(x,r)

X

0B(x,r)

Theorem: Lebesgue Differentiation
u|x| = lim udy=lim udy
=0 J B(x,n) =0 J5B(x,n)

10



Integration by Parts

ov
uAv = — Vu-Vv+ U —
Q Q oo 0N

Recall: Poisson’s PDE
feCIR"|, u(x) = [ ®(x =) f(y) dy.

1 1
D(x) = Jin(n—z)m(n)l |X[(n-2)

u(x)y =+ [ flr=y)aty) dy

Part A
2 n
ueC(R)
Then
ou of
o J'Rna—xl(x—J/)‘D(J’) dy

0 u o f
ox, Xy JW 0x) Xt (x=y)o(y) dy

Notice that if we prove that

g() = [ nx=y)e(y)dy

— where h is continuous with compact support — is continuous then we are done.
Let us prove that g is continuous.
Lete >0,

8= glw)l = [ @(laCx=y)=h(xo= ] dy

Without loss of generality, h has compact support on B(0, r) for some radius r.
Therefore h(x, y) has compact support on B(x,r) and h(xg, y) has compact support on B(xg,r).

11



Consider |x — xo| < 1, then |h(x — y) — h(xo — y)| has compact support on B(xy, r +1). Then

1g(x) - g(x0)| < [

o(y)|h(x—y)—h(xo—y)| dy
B(xy,r+1)
Since h is continuous on a compact domain, it is uniformly continuous.
Therefore 36 > 0 such that |w —z| <6 = |h(w) - h(z)| <e.

Set w=x—yand z=xy— ysuch that |w—z| = |x—x¢| <8, then |h(x—y) — h(xg— y)| <e. Thus,

Part B

18(x) - g(x0)] j

B(x,r+1)

o(y)dy

-Au=f

Letting € > 0 and taking the Laplacian of both sides,

M) = [ Acf(e=p)e( dy

I, Je

[ Axf(x—ym(y)dwj Axf(x—)(y) dy
B(0,¢) R"\B(0,¢)

12



Then

|fg|sj |8, f(x— y)|(y) dy
B(0,¢)

2
< |1V ]| jB(O oy
,E

e
O(y)dS(y) dr

0 JaB(o,r)

FE

L us)d
.
o Jas(o,r) |y|"? Y

€ 1

ds(y)dr

o Jap(o,r) 172

€ 1

dsS dr
o r"2 JﬁB(O,r) )

CE rn_l

As an exercise, attempt the same argument with n = 2.

Therefore,

and lim,_,o I, = 0.
Now, we need to control J,.

Ayu=1I+];

o= [ Ao dy

2

Af(=1)= Y L pe-)

of of
a(x_J’)zvflz:(x—y)'ei: a_zilzz(x_.)/)

oOf of

a_xlg = @lz#x—y)

13




A== Y G- p)

of of
a_yi(x_.}’) = vf|z=(x—y) i _a_zi|z=(x—y)

o’f o |
S 2 - L 2lz=x—y
oy; 0y}
So
Je =J Ayf(x—y)o(y)dy
R"\B(0,)
Ke Le
, . 37 .
| e pveyays | Y o(y) ds(y)
R™"\B(0,¢) ¥ a(R"\B(0,¢)) 0T
and

Ayu=I+K, +L,

To control L, since

971
L| < ==(y)d
|Ze| LB(O,E) oy P dy

sj |V Fl@(y) dy
0B(0,¢)

SVl f o) ay

0,

1
<c —d
LB(O,g) [y|"—2 Y
c
= d
g2 A[?B(O,e) Y

n—1
CE
En—2

=C&E

14



o0 _ -y |yl 1

and K, since =V -1 = 2rdni N = eyl — nalm)ly

|n—1

K== vi-pnve)dy
R"\B(0,¢) y

0

[ Flx=y)a,0(7) dy—j flx—-)
R"\B(0,¢) A(R"\B(0,¢))

f0)
_LB(o,s)f(x Y) on
= as(y)

1
- JaB(o,e) flx=y) na(n)|y

L)
on

1
o S x—y)dS
R LB(O’E)}C( y) ds(y)
volurine
= z)dS(z
S LB(O@ £(2) ds(z)
_Y_l
1
= — < dZ
3B(0,)] Jonoey T2
=— »J[ f(z)dz
0B(x,e)
Laplacian as a Distribution
—AD(y) =6(y)
Define the Dirac delta “function” as
(o 0] y =
5(v) =
() {0 J£0
such that [, 6 =1.
Translate the Dirac delta as
5,=47° V=7
0 y#x

15



and recall that

sue)=a( [ olx=nrna)
=5.(¥)

| 3eG=rirtmay

- | amrmay

- | amnrway

——

1) [ 8utn ay
- —f(x)

Harmonic Functions

Suppose u is harmonic

u:Q — R" harmonic.

Mean-value Formulas

Let U be an open setin R”, u: U — R such that Au =0in U. Then

u(x) = JE@B(O,,> —u(y) dS(y)

= jﬁ u(y) dy
B(x,r)

where B(x,r) € U.
IMAGE HERE

Proof

Consider ¢(r) = m Jonery u(¥) dS(y).
If gb'(r) = 0, when we are done since that would make ¢ constant and ¢(r) =lim;_¢(s) = u(x). Then

16



1
¢(r)= T0B(x )| anr)u(J/)dS(J’)

1
y=x+rz pa(n)r"!
_ 1

na(n) Jap(o1)

J u(x+rz)r" ' ds(z)
aB(0,1)

u(x+rz)dS(z)

Therefore

&(r) = Vu(x+rz)-zdS(z)
na(n) 0B(0,1)
1
y= X472 |6B(0 I‘)l 0B(x,r)
1 s
= — Vu(y)-ndsS
|GB(O, r)l JoB(x,r) (y) 7 (y)
1 f oy
. as
|aB(0’r)| 0B(x,r) on ( )
|GB(O,I‘)| J B(x,r)
=0

Au

January 22, 2024
Mean Value Formula

For U € R", U open with u: U — R such that u € CZ(U), Au =0, we have

u(x) = f u= j[ u
0B(x,r) B(x,r)
forall B(x,r) € U.

Recall that (a) was proven above by setting ¢(r) = faB(r) u(y) dS(y) and showing ¢'(r) = 0.
For (b), we again apply spherical coordinates such that

Joo umar=[ ] utasias
u(x)

[ 10B(x, s>|]f () 4s(y) ds

u(x) L |0B(x,s)| ds

u(x) Jor na(n)s" " ds

u(x)na(n)sS"|r
n
|B(x,r)]

u(x)a(n)r"

17



Converse

Recall that

1

na(n)r*!

¢'(r) = jB(x u(y)dy

Suppose then that we do not know that Au = 0 but we have

u(x) = J£ u, VB(x,r)cU
0B(x,r)

Then, necessarily, Au=0in U.

* Proof
Suppose, for sake of contradiction, that Au # 0. Then, without loss of generality, there exists y € U such that

Au(x)>0for xe B(y,n) € U.
IMAGE HERE

o(r) = Jfag(x 0 ds()
and

1

na(n)r*!

6(r) = J Au(x) dS(x) > 0
B(yr)

which contradicts ¢'(x) = 0.

Strong Maximum Principle

Let U < R” be a bounded open set, u € C*(U) N C(U), Au=0on U. Then

1. maxg(u) = maxgy(u).

2. If U is connected and u has its maximum in an interior point, then u is constant on U.

IMAGE HERE - 2

Proof of A

Since 0U ¢ U, maxgy (1) < maxg(u).
Let xo € U such that u(xg) = maxg(u).
IMAGE HERE - 4

So either xo € 0U or xg € U. o
Let U' be the connected component which contains x,. Then x, € U', so by part (b) u is constant on U'. So

mﬁaX(u) = u(xo) = max(u) < max(u)

18



Proof of B

Then there exists xy € U such that maxg(u) = u(xy) = M.
Let us define Q={y€ U : u(y) = M}. Then

1. Q:/:@,B\XOEQ.

2. Q open set.
IMAGE HERE - 3
1. Qs closed, since Q = u_l({M}).
It follows that Q = U and, therefore, u(y) =M, Vy e U.

* Proof of 2
Let ye Q, ye U, u(y) = M. Then there exists B(y,r) € U, and

M=u(y)= th(yr) u(x)dS(x)<M

Then
:][ u(x)dx=M
B(yr)
so u(x) =M, Yx € B(y,r) and, therefore B(y,r) € Q and Q is open.

Remark: Boundedness Is Important

1. Consider f(x) = x on Ry.

2. IMAGE HERE - 5

Remark: Strong Minimum Principle Is Equivalent
Consequences

1. Positivity of harmonic functions.

2. Uniqueness of the Poisson problem.

Corollary: Positivity of Harmonic Functions

Suppose that U is connected and u: U — R, u € C*(U) n C(U) solves the following problem

Au=0 onU
u=g onaou

If g =00naU, then u is positive on U as long as g is positive in some point.

19



Proof

Assume Jx; € AU where x is the minimum. Then u(x,) = ming(u) and, Vx € U,

0<u(x)= m[_;n(u) < u(x)

so u is non-negative. If u(x) = 0, then u(x,) = 0 and the minimum is achieved in the interior. That would mean u(x) = 0,
Vx€eU20U and g(x) =0, Vx € U which would be a contradiction.

Theorem: Uniqueness of the Poisson Problem

Suppose U ¢ R" is open, connected and bounded. Then, there exists at most one solution to
s e

where u € C*(U)n C(T).

Proof

Let u; and u, be two solutions of *.
Consider w = u; — u, and observe that

Aw=Auy—Auy=—-f+f=0, inU

and w|sy = g— g =0o0noU. Therefore

Aw=0 inU
w=0 ondU

By applying the minimum and maximum principles,
w(xo) = min(w) < w(x) < max(w) = w(x)
U
so w(x) =0, Yx € U and therefore u; = u,.
Example
Let's consider f : C — C analytic (i.e. f(z) =Y 1., anz" for a,,z €C). Then

f(2) =u(z) +v(z)
If C = R?,

fx+y)=ulxy)+v(xy)

foru:Rz—wRand ViR SR
Claim: u and v are Harmonic.

u(x,y)+v(x,y) =) an(x+iy)"

n=0

20



and

ou o
. _ . n—1
a5 tiag T ’;ann|x+zy|

ou Ov — . n-1.
—+i— = an|x+i i
So
7 a_u+@ —a_u_{_'@
"\ox T'ax )T oy Tlay
and

ou__ov . ov_du
oy ax 2" dy  0x

Recall: Convolution and Smoothing

Let U cR" be an open set.

For e > 0, define U, = {x € U : d(x,0U) > €}.
IMAGE HERE - 6

Define

n(x) {;e( |x|%—1) |x| <1

|x| =1
with ¢ such that [, n(x) dx=1,n€ C*(R")

IMAGE HERE - 7
Note that supp(n) = B(0,1) and take

ne(x) = (%), neec @)

Then

[ ne(x) dx =1
Rﬂ

and supp(n,) € B(0,¢).
If fis locally integrable on U, define its mollification

= ()= Lne(x—y)f(y) dy Vxel,
January 24, 2024

Recall: Mollifiers

Define

|x] =1

= ce(|x|§_l) |x| <1
n( )—{0

21



where € C*(R"), [p.n(x) =1 and supp(n) € B(0,1).
Then for e >0, n,(x) = 2 (f) where 1, € C®(R").

£

S0 [ me(x) =1 and supp(n.) € B(0,¢)
Given f locally summable; f: U - R,
fo(x):= JUng(x—y)f(y) dy x€U;

~ | nG-nrmay xeu,
B(x,€)

Properties
1. ffeCc™(U,).
2. f*— fae.
e—0

3. If f continuous, then f° 0 f uniformly on compact sets of U.
E—

Theorem 6:

Let u € C(U) with U € R" open and such that u satisfies the mean-value property (i.e. u(x) = J:GB(x,r) u(y) ds(y),
VB(x,r) S U), then ue C*.

Corollary
If ue C*(U) is harmonic, then u € C*°(U).

Proof

Let us take xg € U

IMAGE HERE - 1

Notice, that if we prove that u = u, on U, then we are done.
Let x € U,, and noticing that n(x) = n(|x|),

22



ue(x) = jB(m) ne(x = y)u(y) dy

1 |x =yl
=— L u(y)d
o fB(“)n ——u(y)dy

=N b=y asyyar
spherlcal en 8B(x,r)

- —j j u(y) ds(y)dr

1

= |OB(x,r)| u(x) dr

|aB(0,r)|

o]
OB(() r)dS(y)dr

= u(x)J dS(y)dr

r————*————-ﬁ

“u(@) | e dy=u(w)
B(0,¢)
Theorem 7: Local Estimates of Harmonic Functions

Suppose u € C*(U) a harmonic function.

Then |D%u(xo)| < %Hlﬂ |21 (B(xyr))» B(X0,7) € U, where a is a multindex of order k, Cy = ﬁ and Cy =
k=1,2,....

We may take a since, by previous theorem, u € C*(U).

Proof
By induction.
Consider k = 0.
u(xy) = j[ u(y) dy
B(XO)r)
| una
= u
a(")rn B(xo,r) yray
u d
ul = g [ lulay
Co
= ﬁ||u| |L1(B(x0,r))
For k=1, if|a|— = 1then D%u(X,) = 2 (x) fori=1,2,....

0x;
Notice that |s also harmonic.
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Applying the mean-value formula to (xo) in B(x,r/2).
IMAGE HERE - 2

axl 0) j[ (xo r/2 axl (J/) Y
ou

a(n)r B(x r/2)axl(y) Y

Recall IQ wAU=—IQVW°VU+IQ w

2" J

= Vu(y)-Vy; d

e;=Vy; a(n)rn (x0,7/2) ‘—v—’(y) ‘V"J;l ¥
w

2" [ J J
= — - u A 1 d + u
1BP a(n)r” B(xo,7/2) (n)ayidy 0B(x0,7/2)

Note that
6 .
a—f;=vyl =e;"n=1;
and
0yi B
S| = Il < Inl =1
So,
ou l 2" f
—Xy| £ —— u dS
5] = 0 Jopgas oy 11 45
Z"na(n)(g)n_l
= 2" ]l 2o (0B (xo,r/2))
2n

= —||M||L°°(aB(x0 r/2)

*

Let’s analyze *.

Let x € dB(xo,r/2), then B(x,r/2) € B(xg, ).
IMAGE HERE - 3

Then we may apply k = 0.

|u(x)| ||u||L (B(x,r/2))
(2)

Co

(5)

<

7 || ul |L1(B(x0,r))
Then

u IleOr

ax, Xo)| =
2n+1
= m”uHLI(B(xO,r))

HOMEWORK: Induct for arbitrary k.

0yi

e

yan



Theorem 8: Liouville’s Theorem
Suppose u : R" = R is harmonic and bounded. Then u is constant.

Proof

n
a _ ou
D% u(x)] = Z[ } < |3
Let r >0, B(x,r) S R". Then, using estimates
T )] = ey
Therefore,
nC;
|D"u(x)| = n+1||u||L (B(x,r))
nC1 J
= u d
TS B(”I Nldy
nCy
= n+1||u||L°° (B(x,r)) a(n)r
~ C||u||L°° (B(xr))
- r
and
( )‘ C||u||L < (B(x,r))
dx,
ou 1
ax, ——(x) <C||u||Loo(er)) lim = = a—(x) 0 = u=Ck

Theorem: Representation Formula
Recall: f € C3(R"), (%) —Au= finR", we saw that

() [ e(x-3)f() dy

solves x*.
Let us consider u € C*(R") solving —Au = f for n = 3 where f € C>(R") and u is bounded.
Then u(x) =a(x)+C= IW o(x—y)f(y)dy+C.

Proof

Notice that if i is bounded, then we are done. Because we may consider w = u — ii on R" where

Aw=Au—-Aia=—-f-(-f)=0

Therefore w is bounded and, by Liouville’s Theorem, w=Cand u—ii=c < u=1ii+C.

()| sj ®(x—y)f(y) dy
B(0,k)

< 11 F 1=y [B(O o= dy
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If this is less than some C which does not depend on x, we are done.

Since ®(x) — 0 for |x| — oo, for any C; Ja such that if |x| > a then |®(x)| < C;.
IMAGE HERE - 4

dist(x, B(0, k)) = dist(x, yy) where y, € B(0, k).

IMAGE HERE - 5

There are two cases.

» Case 1
dist(x,B(0,k)) < a
B(x,k) € B(0,a + Ck)
Let y € B(x, k), then |y—x| <kso |x—y| < a.
Therefore |y—yo| <k+a = |y|<k+a+|y|=2k+a = y€ B(0,2k+a). Then

||f||Lw<Rn)j
B(

HOMEWORK - Consider the other case.

o(y) dy < ||f||Lw<Rn)j o(y) dy
k) B( k)

X, 0,a+2

January 29, 2024

Recall: Representation Formula

For n = 3.

() [ e(x=3)f() dy

It is sufficient to show that i is bounded. Then

jal<c|  o(x-y)ay
B(0,k)
VCi, Ja such that |z| = a = |®(z)]| < C;.

Case 2

For dist(x, B(0,k)) = a, dist(x,y) = a, Vy € B(0,k). Then

lx=ylza

1
<

|x -yl
1 1

_ n—2S n—1
|x =yl a

Sy

and

1 C
u(x SCJ dy < J d
) B(ok) |x—y|"™? Y a2 J(ok) Y

Theorem 10: Harmonic Implies Analytic

Let U € R” open, u € C*(U) harmonic. Then u is analytic in U.
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Proof

Let xy € U. We want to prove that the power series converges to u(x) for x in a neighborhood around x;.
: a

Let r =dist (x0, %), M = aone | [0 (s C U

IMAGE HERE - 1

We want to analyze x € B(xg, 7).

Notice that B(x,r) < B(xy,2r), and z € B(x,r) gives |z— x| < r so

|z—xo| < |z— x|+ |x—x0| <21
\—Y-l _‘V_/

<r <r

Applying estimates on B(x,r), |a| = k,

Ck
r,H_kllullLl(B(x,r))

Ck
< [l 2t (B(xp2r))

|D%u(x)| <

and
k
= S
sup |D u(x)| = ——————||u||1}(B(x,,2
xEB(xO,r) a(n)rn+k ( (Xo r))
k
Notice, by Stirling’s approximation or Taylor expansion, % < ek, Vk=1.So
la|'® < el |a!
and
k
k_ _ 1Bl _ |al!
n —(1+"’+1)— Z FZF
n—times 1Bl=k

where |a|! < aln®, B=(B1,-..,B2) and B! := B;!B8,!:-- B,,!. Therefore

a k
| |a!n

||“|

|a se|a||a|!se

and finally

(%) K < efain®

Applying * to the above inequality,

k
a (2"+1n) ekoclnlc
sup |D u(x)| =<

XEB(xo,r) a(n)rrk

n+l 2 \k
2 ne
(_) et

2] |22 (B(xp,2r))

7
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Let us analyze the Taylor expansion

Z Z D M(xo) = x0)°

k=0|a|=k

Where a = (ay,...,a,), y€R" and y* =y ---y5".
Pick |x — xo| < 55.5;. We want to prove that the remainder Ry (x) 2 0.
— 00

R =u) -y Y 2 (e

k=0 |a|=k

D%u(xg + t(x— x, x—x)%
= (o + 1 0))( 0), for some |t| <1

a!
la|=N

Using the remainder of the Taylor expansion with g(t) = u(xy+ t(x—xy)) forg: 1 - R.
Homework: show this around t =0 at r = 1.

Note that u(xy + t(x — x)) describes a straight long with r =0 = u(xp) and r =1 = u(x).
Notice also that x + #(x — xo) € B(xp, 7). Then, considering the superemum of the remainder,

2n+1nze N |(x X )dl
- A0
Ru(x) = ) (T)  Mat- =00

lal=N

Remark: for a = (ay,...,a,) and y = (y1,..., ¥n),

a?l aﬂ

BN A
< |y|* ey

— |y|a1+a2+m+an

=Tyt

=|yl*
Therefore

ontl 2, N N
[XOEDY (—r ) Mz - x|

lal=N

2"+1n2e N r N
<M-:
|a|Z:N( r ) (2"+2n36)

w3 ()

ulzm) T

()
<

IA IA
£ K
DN =~ N| —

n
Note that Zm:N(l) < n" since

N
a=(ay,...,ap)=(a1,,...,a;,)=n
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Theorem 11: Harnack’s Inequality

Define V cc U as “V totally contained in U” meaning V compactand V ¢V c U.
IAMGE HERE - 2

Let U open and u € C*(U) harmonic and non-negative.

Then for each connected open set V.cc U

supu < Cinfu
% %4

for some C that depends on V.

Remark
Then
1
Eu(y) <u(x)<Cu(y), Vx,yeVv
Since
u(x) <supu < Cir‘}fu < Cu(y)
v
and
Lu(y) < msupu sinfu < u(x)
Eu y _Esgpu_u‘} us=sux).
Proof
Take r = M > 0.
» Case 1
Let us suppose that x, y € V such that |x—y| < r.
IMAGE HERE - 3

Notice B(x,2r) € U. Applying mean-value formulas,

u(x) = j[ u= _ f u
B(x,2r) a(n)(zr)n B(x,2r)

But notice that B(y,r) € B(x,2r), so

(02— | =g f u=gpu)
U x)z2 ————— = — P
a2 Jpny ' 2" Jagny 27
That s, if x, y € V such that |x — y| < r, then u(x) = 5u(y) and, mutatis mutandis, u(y) = 57 u(x).

» Case 2
Let us cover V by an open covering of balls {Bi}ﬁl such that the radius of each ball is g and B;NB;_; #+ @.
IMAGE HERE - 4
Then u(x) = Zinu(z)ﬁu(y), so u(x) = %u(y)
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In the same way, u(y) = 77 u(x).

IMAGE HERE - 5

For three balls, u(x) = 23L,,u(y) and u(y) = zsinu(x)

Since we have a finite covering of N balls, the same strategy gives

u(x) = su(y) u(y) = S u(x)

and

N7 < u(x)

Taking the supremum y e V ;

supu(y) < 2N"u(x)
yEV

taking the infemum x € V

inf u(y)

xXeV

Recap: Laplace Equation

« Fundemental Solution
- Poisson Equation in R"

+ Mean-value Formulas

» Properties

Strong Maximum / Minimum Principles

« Uniqueness of the Poisson Equation on Bounded Domains

Regularity

Derivative Estimates

Liouville’s Theorem

= Representation Formula

- Uniqueness of the Poisson Equation up to a Constant on R" for Bounded Functions

Analyticity

Harnack’s Inequality
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Green’s Functions

For U open and bounded, aU € cl.
Goal: We want to solve —Au = f on U and u = g on 6U.

Recall: Green’s Formula

J A A J' ov ou
uAv—vAu = U— — V—
Q oo On 0n

Let x € U and consider u(y), ®(y — x) as functions of y.
Let € > 0 and consider V, = U \ B.(x). Applying Green’s formula; Q = V,

Obtaining Green’s Formula

00(y — x) ou(y)
u(y)A,o(y—x)—-o —xAu:J u(y)———-o(y—x
J, 1,000 -0t -nau= | unTEE e -7
=0
IMAGE HERE - 6
January 31, 2024
Green’s Functions
Goal is to solve for U € R" open and bounded,
-Au=f, inU
u=g, onou
by obtaining Green’s function.
Let x € U and assume u € C*(U), and consider u(y) and ®(y — x).
, _ f) a
Recall Green's formula [, uAv — vAu = [y, ugt - vgt.
Then, let € > 0 and define V.U \ B(x,¢).
IMAGE HERE - 1
By applying Green’s Formula,
R
' 0P(y—x) ou
[ utnaet-n-at-naum = | W 0- 03
V. \—6_/ a‘/g‘ T] T]:
o, O,

Notice that 0V, = 0U UAB(x,¢).
Let us analyze O along dB(x, €)
For O, along 0B(x,¢),

0
[ atr-022 csupivul [ a(y-x)as)
0B(x,€) on U 0B(x,€)
=3
= das
g2 0B(x,€) (y)
an—l

6'_2

= CE€
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Then lim,_, IOB(x,e) O, =0.

Now, for O; along dB(x,¢) and recalling V®&(z) = while n(z) = such that

na(ﬂ)lZl"

2
E.
na(m)e™  na(n)lzl"

0®
%(z) Vo-n=

we have

[ ™ ast) = [ e
OB(x,¢) on z=y=x Jou(0,)

1 u(z+x)
= dS V4
na(n) Jonoey 1271 45
1
R — u(z+x)ds(z
na(n)e™ ! JaB(O,e) ( ) d8(2)
1

y=z+x pna(n)e"!

= j[ u(y)ds(y)
0B(x,¢)

0P(z)
an |z| ds(z)

[ u(y) ds(y)
0B(x,€)

Then lim,_, I@B(x,s) O, = u(x). It follows, then, that

= '—6<I>(y—x)_ —xa—u‘ u(x
jU—q>(y—x>Au<y>—[aU‘u oy -0, u)

on
f o,
That is
ou Od)(y—x)
u(x)D=— O(y—x)Au+ O(y— ) U——o—
4 U ou n

Notice that we have —Au = f in U and u = g on 0U, but we will need ‘;—Z lou-
Definition: Corrector Function
Given a domain U <€ R" open and bounded with x € U, define the function ¢ (y) that satisfies the following

AP (y)=0, inU
“(y)=®(y—x), onyeadUu

Note that we do not know that such a function exists.
Green’s Function Continued

Suppose that we have ¢ (y). Then, applying green’s formula for u(y) and ¢*(y),

X o\ X _ a(px(J’)_ x a_u
| g ()0 T I A
o(y-x) 3
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Then

du J o™ (y) J’ x
O(y—x)5 = Uu———+ Au

LU by )677 03 Jou on U(P ()
Replacing O3 in Oy,

)=~ [ ol [ e [ gpau [ 200

and, therefore,

u(x) = - jUAu[cbu—x) —6* ()]~ LU”% [0y —x) - 6" ()]
Definition: Green’s Function

Given a domain U € R", the Green’s function for x € U is defined by

G(x,y):=®(y—x)—¢"(y)

Theorem: Representation Formula
Suppose U € R", and u € CZ(U) that solves
-Au=f, inU
u=g, onou

Then,

u(x) = LfG(x,y) - LUgaGE;;’y)

Interpretation of the Green’s Functions

A,G(x,y)=0,0(y—x) = A" (y) =6"(y)
0

and

G(x,y)=®(y—x)—¢"(y)=0, y€oU

That is, it is the Dirac delta on the interior which vanishes at the boundary.

Theorem: Symmetry of the Green’s Function

For all x,y € U, x # y, we want to show that G(x, y) = G(y, x).
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Proof

Letx,ye U, x+y.

Define V(z) := G(x,z) and W(z) := G(y, z).
Notice that A,V =0forz+ xand A,W =0 for w+ y and V(z) = W(z) =0 for z € dU.

IMAGE HERE - 2
Then, let us consider € > 0 and

Then

It follows that

[ %
0B(x,€)

\

:J w
ou

Q. :=U\[B(x,e)] [B(ye)]

Let us analyze (b), fixing €9 > 0 such that € < &g

Since, given z € 0B(x, ),

[ ow
V—
B(x,€) on

V(z)=G(x,2) =®(z—x)— ¢ (2)

we have

Thus, we have lim,_, IaB(x €) V%_‘:zv =0

Let us analyze (a),

[V(2)| < |0z = x)| + ¢ (2)]

9™ (2)]

+ sup

< 2
n—
€ z€B(x,€q)

34

ov ow
on on
ov ow N WGV ow N
on on 0B(x,€) on on 0B(y,€)
(a) (b)
—A— ——
ov ow _J ow WOV
on on  Jap(ye) ON on
v v,
ow
< sup |V(z)] ——(2)| dS(z)
z€0B(x,¢) B(x,¢e on
< sup |VW(z)|f ds(z)
z€0B(x,gp) 0B(x,e)
<ce"™ sup |V(2)]
z€OB(x,¢€)
< Cen_l(—c )
e"?+C
=Ce+Ce"!

ov



P(z—-x) 0¢61§z)} as(2)

o oo )]
W(z)=—(z)dS(z) = W(z
J@B(X,E) (Z) 677( ) ( ) 0B(x,e) ( ) on

(e) (h)

[ w0 9@
_J(?B(x,e) W(Z) on W( ) on dS( )

Analyzing (h),

0o (z
[ w@ B wp v @liwal | ase)
0B(x,¢) 0B(x,g0) 0B(x,¢)
_ CEn_l
Then lim,_,o h =0 and
0o
lim w(z)22E=0 iy
e—0 0B(x,€) 0
So lim,_,¢(a) = W(x). Then
) ov ow
lim W—-V = W(x)
-0 dB(x,€) 67] 0
Applying the same process,
. ow ov
lim -W——=V(y)

e—0 0B(y,e) W an
Therefore W(x) = V(y) and G(y,x) = G(x, y).
Definition: Half Space

Define the half space R’ = {(x1,...,x,) : x, > 0.
IMAGE HERE - 3

Definition: Reflection
Fora x = (x,...,x,) € R}, define its reflection % = (x1,..., —x,).
Green’s Function in the Half Space

We want to find ¢*(y) that solves

() Ap*(y) =0, inRY
¢*(y)=@(y—x), ye€oRrl

Let us consider ¢*(y) := ®(y— %), x,y € R}. Then ¢"(y) satisfies *.
Then we can see that A¢™(y) = 0.
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Let y € OR} such that y = (y1,..., ¥n-1,0). So

¢ (y)=0(y-x%)
=o(|y-x[)
= CD(\/(J/l —x1) 4+ (Ypo1 — Xpo1) + (0+x”)2)
=o(ly-x%)
=o(y—x)

February 5, 2024
Recall: Green’s Function

G(x,y)=®(y—x)—¢"(y).
For U Cc R}, when

G(x,y) =@(y—x) - ®(y—X)
we proved that if u € C*(T),
u=g, oU

{—Au =f, U

then

0G(x,y)
ux)= | rotnpyay- [ g2 asiy)
U U n
Let us consider
Au=0, R}
u=g, OR}

such that

un=- [ ¢25asy)

Let us compute g—g.
IMAGE HERE - 1 UPPER HALF SPACE WITH NORMAL VECOTR ETA
Recall

Ve = Tl

0d(z) -z,
0z, na(n)|z|"
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S0, since y — X, = yp + Xp,

9 _ VG(x,y)n

on ’
_0G(x,y)
T 0Vn+1

0 -
= oy (P -0(y-%)

=_[ =(¥n = %n) ~(¥n +%n) }

na(n)|y—x|" na(n)|x-x|"

But recall that if y € 0RY, |y — x| = |y — %|. Then y € R,

0G(x,y) _ 1 2xp

=— “VntXntyptxy]=———o——
on na(n)ly—XI”[ Yt Int Yat ] na(n)|y - x|"

Then

_ 8(¥)2xy
)= LM wa(m)ly = )

Definition: Poisson Kernel

K(x,y) = 2xy, _0G
V) a(n)ly— "~ 9y

is called the Poisson Kernel and

u() [ g(K(xy) as(y)

is called the Poisson Formula.
Notice (HW): L?Rﬁ K(x,y)dy=1, Vx€eR} (hint: apply spherical coordinates).

Theorem 14:

Define

() w0 = [ Kny)g(ndsty)

Suppose that g € C°(R" ) nL®(R" ).
Then

1. ue C(RY)NL®(RY).
2. Au=0,R}.

3. limy,0 u(x) = g(xo), xeR?, x" € oR".
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Proof

We know G(x, y) satisfies

AyG(x,y)=6"(y).

Notice that y — G(x, y) is harmonic for x # y.

Recall that G(x, y) = G(y, x), so x = G(x, y) is harmonic for x # y.
Then x — %}’f’y) is harmonic (*,) for x # y and for y € oRY.
Homework: compute this directly.

Noticing that K is smooth when x # y, then

ou 0
o= |, A KN dsy)

Homework: justify puting the limit inside the integral.
Homework: prove that % is continuous.

By repeatedly taking derivaties, we see u € C™ (R’ ).
Moreover,

A= j AxK(x,y) g(y) dS(y) =0
oAk y)

by *,. Then

u() = [ 1K1 S = gl | K(xy) ds(y) <oo
oR" 2 oRY ’

Y

=1

For part ¢, consider x° € 0R” and ¢ > 0.

Since g€ C®(R"™1), let § >0 such that |y — x| <6 = |g(y) —g(x°)| < & for y € AR".
IMAGE HERE - 2 DELTA BALL AROUND X0 HALF DELTA BALL WITH X INSIDE

Now, let us consider |x — x| < g.

|u(x) - g(x U (x,9)8(y) — K(x,)g(x") ds( y)‘
< [ KGny)]gn-g()] dsiy)

:[ K(x9)1g(y) - g(x%)] ds(y>+[ K(x9)1g(y) - g(x°)] dS(y)
OR? NB(x°,6) ) OR} NB°(x°,6) )

1 17

Then

I< eJ K(x,y)<e
R NB(x°,6)

Now, we want to control I7

| K(xp)g() - (") ast) = Cllgllu |
AR NBC(x°,5) ORI NBC(x°,5)

2C X
- = — dS(y)
na(n) OR? NB°(x°,5) [x—yl
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We want to control |x° — y| with something related to |x — y|.
We know |y — x°| > & and we will consider |x— x°| < 2. So

0 0 6
ly—xl=ly-x[+|x-x|<|y-x|+35=<|y-x|+

— . . "
So |)/2.X()| < |y_ xl |mp||es that W < |_)/—2—XO|n Therefore

| K(x,)lg() - 8] as(y) = Cx |
ORI NB¢(x°,5) 0

RINB(x,0) |y — x°|

0
ly—x|

—dS(y)

o0 1
= — dS(y)dr
1[5 J@B”"l(xo,r) r' (_V)
* 1

-2
= J ﬁrn dr
6

6 T
1
=C(3)ls
_C
)
Then II < %. Now let us consider |x — x0| < % where % <e&. Then
Clx—x°| 1)
IIs——=<C—==<Ce

0 oJ

Energy Methods: Uniqueness

Consider the boundary value problem
%) {—Au=f, U, fec(U)
u=g, 0U, geC(aU)
with U open and bounded in R”, u € C*(U) and oU € C".
Theorem 16: Uniquness
There exists at most one solution u € C*(TU) for .

Proof

Let us suppose that i is another solution.
Then w := u — ii solves

Aw=0, U, weC*(U)
w=0,

where

2 ow
0=J wAw=—J' |[VW| +[ w——
U U ou 0N
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SO

=f|vM2=:Vw:0=:w=0=:u:a
U

Definition: Energy Functional

Let us consider

A={w€C2(l_I) : W|5U=g}

for ge C(0U) and f € C(U).
2
Define the energy functional I: A — R given by I(w) := jU NT’” - fw

Energy Methods: Dirichlet Principle

Calculus of variations applied to the Laplace equation.
Theorem:

Suppose u € C*(T) is a solution to the problem

—Au =
a u=f, U
u=g, oU

Then,

(%) I(u) =min{I(w)}
weA
Moreover, if u € A such that x happens, then u satisfies O.
Proof

(=) For w € A,

(_

0= (-Au-f)(u-w)
=0

= —Au(u—w)—J flu—w)
= V(u—w) -Vu- J (u—w Jf(u w)

= |Vu|2—J' Vw~Vu—{ fu+l[ fw
Ju U U U

a+b
2

Notice that, since |a— b|* = 0 implies

1 2 1 2
Vw-Vus< |Vw||Vu|s§ |V w| +5 |V ul
U U U U
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Therefore

J |Vu|2—J fu= Vw-Vu—J fw
U U Ju U
2 2
[ |Vw Vu
LN LT
JU U U

2 2
| Vul [ [Vuw]|
—fus< - fw
JU 2 JU 2

Then

I(u)<I(w), YweA
B/u € A.

February 7, 2024

Recall: Energy Functional

For U € R" bounded, g € C(aU), f € C(U)

we have

Theorem:

Suppose u € A such that I(u) = min{I(w) : w € A}. Then u satisfies

-Au=f, inU
u=g, onou

Proof

Consider v € C.°(U).
Define i :R— R suchthat t— I(7) := I(u+71v).
Notice that u + T v is a perturbation of u and, since u+ v € C*(U) while u +1v|oy = uloy = g, u+tv e A Then

i(0)=I(u)<I{u+7tv)=1i(1)

so i has a minimum point at T = 0. Compute

i(t)=1I(u+7v)
C|V(u+to)|?

= f—f(u+rv)
Ju
2 2 2
( |Vu 7°|{Vv
= | 2| +T<Vu,VU>+%—J fu—rj fv
JU U U

( |Vl 7 2
= 5 +7T (Vu,Vv)+7 [Vv|"= | fu-t| fv
Ju U U U U

41




So i is a polynomial in 7, and

i'(0) = i'(1) 20 = (J'U(V u,Vu) +TIU |Vo|* - [va)‘[:o
So

0=1'(0)

= U(Vu,Vv)—Jva

f ou
=| -Au-v+ —-v—| fv
Ju ou 0N u
\ﬁ_l

=0
-
= | (mAu-f)v
I

Since 0= [ gv, Vv e C.°(U) requires g = 0.
Then —Au—f =0.

Heat Equation (Diffusion Equation)

The equations

(%) u; —Au =0, homogeneous case
u;—Au = f, non-homogeneous case

(note that Au = A, u)

subject to some boundary and initial conditions ¢ > 0 time and x € R", space variable, x € U and opsen set of R".
u:Ux(0,00) > Rdefined as (x, t) — u(x, t) with u unknown.

IMAGE HERE - 1

Motivation: Fundamental Solution of the Heat Equation

We would like to have the following:
If u solves

u;—Au=0, R"x(0,00)
u(x,0)=g(x), R"x{0}

then

u(x, t) = JW G(x—y t)g(y)dy

How do we get G?
Let us suppose that u(x,7) solves

{u; —Azu=0
u(%,0) =g(x)
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We would like to have invariance under dilation.

v(x,t):=u(Ax, )th)

Such that
0| Ax
Uy = VU|(/1x,/12t) 37 /lzt
= /lzu;(/lx, 2° t)
vy, = Aug, (Ax, Azt)
Vi, = Azugifi(/lx, )th)
Therefore
v,i—Av= )Lzu; - AzAxu = Az(u; —Azu)=0
%—J
=0
with

v(x,0) = u(Ax,0) = g(Ax)

Then, applying the motivation,

v = [ Ge-ygndy = | 6(x-F.1)s@

On the other hand,

v(x, t) =u(Ax, 22 t) = J' G(Ax -z, )th)g(z) dz
Rn
It follows that

w

! G £y =G(A Azt)
G X 1T X— 2z,

1
TGw, 1) = G(Aw, A1)

If A%t =1, then
G ! G 1 1
(w,t)—m ﬁw,
If we call G(ﬂ 1)= v(l) then we are looking at G(w, t) = —: v(i)
7 \/7 ; ’ t”/2 t1/2

So, we have motivation to define

u(x,t)=t—1av(t—);>

for a, B appropriate and v(y) : R” — R.

43



Obtaining a Fundamental Solution to the Heat Equation

Let us compute u, and A, u.

t p
(o) fx) 10/( (x
t“"’ly B t% ot v B
_(_a) i +i V | a i
REPTEI  RPT  PAN?
(=a) (x),  (=B)
U; = e v 7 +tatﬁ+1vvlziﬁ'x 0,
and
du_1 o (x
0x; t%0x; v B
_iv | i i
@V UV ax \ P
__L o
T [atbox; '
while
o*u 1 0%

= X
0x;x; ta+t2B O0x;x; P

Then, replacing O, and O, in *,

] Py L avls Lo
ta+1y B patpl Vl[_ﬂ.x_ta+2ﬁ Ul[_ﬂ_

Se’{ytztilj

a B 1
~ e v(y) - el v(y)-y- mAv(y) =0

Multiplying through by — 1,

av(y)+ﬁVV(y)~y+#AV(y) ~0

Let us assume that 2 —1 =0 such that g = % giving

av(y)+ 3 Vo(y)-y+8u(y) =0

Since the Laplacian is rotationally invariant, assume v(y) = w(|y|) for w:R" - R.

0 0 i
Recall that O_yilyl = a—yi(\/yf+ -~~+y,21) = ﬁﬂ Now

90

0
o) =
dyi ) 0yi

(wIy1) = w1y} 515D = w'Clyl)- 22
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Fu(y) @
3y: 7 5y( (l |))| | (|J/|) 5J’z<| |)
I a 1
= w'(ly)- wﬂy')[m”fa_yi(m)]

" J/i i
= (Iyl)ly| (Iyl)[ly| ylg}

Replacing in the PDE of v,

L'y w9 i
0= alu(|y|)4- | | J/+'§: (|Y|)| | (lyl)[|}4 ylg}

=aw(|yl)+ 1W(Iyl)lyl+w (|y|)+W(|y|)[|y| |;|}

If |y|=r

1
0=aw(r)+ zw'(r)r + w”(r) + w'(r) ?
Take a = 2 and multiply through by r

n—1 n

nr w(r)+%w'(r)+w”(r)rn_1+w'(r)(n—l)rn_2

2
= %[w(r)rn]' + [w'(r)rn_l]’

Then by the fundamental theorem of calculus, w'(r)r" " + % =C.
We would like w, w' — 0. Then C =0, so

0=

r—00
J n—1 lU(r)rn
w(r)r  =- 5
Which gives
1 —wr wor 1 1T ! B r? d
Ww=— = ;=5 < (In(w)) =5 = n(w)——z+
and, finally,
72
w(r)=be *
Then define
1 b
u(x, )= n/2v(ﬁ)
1 X
~ o\
2
_ b il
tn/2
_ bt
tn/2

Where b is chosen such that the expression integrates to 1.
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Definition: Fundamental Solution of the Heat Equation

The fundamental solution for the heat equation is given by

d)(x,t)=me i, xeR", t>0

0, xeR", t<0

1

where we have chosen b = =z
(4”))1

IMAGE HERE - 2

Notice that these match in the limit away from the origin (lim(y, ;) (x,0) ®(x,t) = 0).

Remark: ®(x, t) has a unique singularity at (0,0).

February 12, 2024

Recall: Heat Equation

2

b —lx] n
q)(x t): ([)n/Ze 4t t>0;x€R

0; <0

Remark: @ is radial such that ®(x, r) = ®(| x|, t).

Lemma:

For each ¢ > 0,

fnq)(x,t) dx=1

Proof

b -1
JW ®D(x,1)dx = D J'W e dx
x |2
_b f b
tn/2 n
_ b -lzl’ n
= e (2vVt)" dz
Rl’l

Zzﬁﬁ tn/z

2
:bz”[ e 7 az
oo
Z"bJ ..
—00
o0
2nb[J e dx}
— 00

46

o0 —Zz—-..—zz
| AT g,
— 00
n
—X

‘dz,



We need

Therefore A> =7 and A= V7. So, picking b = W,

J o(x,t)dx=b2"A" = p2"n"? =1
R"

Remark:

® solves the Heat Equation, except at the point (x, t) = (0,0).

Remark:

@ is infinitely differentiable on R" x (§,00), V6 > 0.

Cauchy Problem (Initial Value Problem)

u;—Au=0, R"x(0,00)
u(x,0)=g(x), xer"

Recall y € R,

(x,1) > d(x—y)

solves the heat equation except at (y,0).
Define, x e R", t >0,

(%) u(xt)= JRnoD(x—y, 1)g(y)dy = ﬁ JR,I €

Theorem (#?): Solution to the Cauchy Problem

Assume g € C(R") n L (R"). Then u defined by * satisfies

1. ue C*(R" x (0,00)).
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2. u(x,t)=A(x,6)=0, (x,t) ER" x (0,00).

3. lim(y ) (00 U(X, 1) = g(X0), X0 € R".
X€ER", £>0

Proof

Homework: justify putting the limit inside to prove (1).
For (2), observe that

g

=0

= Acu(x, 1) = IRHL®t(x— y 1) = A 2(x—y,1)]8(y) dy

For (3), let e > 0. Let § > 0 such that |x— xy| <6 = |g(x) — g(xo)]| < € (since g continuous). Then

u(n )= glw)l =| | o(r-3080)-gx0) [ @lx=no)dy

=1

< | ote=20lg( - gl dy

[ o(e-pnlg)- gl ay+ |
B(x0,6) R™\

. J .

o(x-yt)|g(y)—g(xo)l dy

XO,6

I 7

Bounding I, |y —xo| <6 = |g(y) —g(x0)| < € gives

ISEJ' O(x—yt)dy<e
B(x0r6)

\

<1
Bounding J, assume |x — x| < g. Then
= llgllien [ atx=yo)ay
R”\B(XO)é)

Now we want to compare |x — y| with |xo — y|. Then, for |x — x| < g and |y — xq| > 6,

Y |y — xo
ly=xo| <|y=x|+|x=xo| <[y =x[+5 <|y=x|+ ===

) “’_z—x‘” < |y —x|. It follows that

|)’—xo|2 2
T <y -
2 2
_ly=xI" __ly=xl
ar - 16t
_b=a? _lrexl®

e 4t <e 161
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Then

1 _Iyﬂcol2
Jl =<2 oo—J e 1 dy
sllsllie o f

C f _ﬁ' y:[xo
= — e t
(47t)"12 JR"\ B(x0,6)

2

dy

Letting z = y\_/;" such that Vi dz=dy,

P e
n/2 )on
(4mt) R"\B(0,6/v7) >
y
_L?
¢ e 16 dz

~ (4m)nl? Jn%e"\B(o,a/ﬁ)
Let 6, > 0 such that 6, = max{g,és}.
If |(x, 1) = (x0,0) < &2,

t<62<53

\/;< 53/2
1 1

5 Vi
16

o7 Vi

SO

B(0,1/6'%)c B(0,6/v7) and R"\B(0,6/V7) cR"\B(0,1/5"?)

Therefore,

|u|sCJ e 16 dz—0
R"\B(0,1/v3)
Intepretation of Fundamental Solution for the Heat Equation
O, —AD(x,t)=0, x€R", t>0
®(x,0) =6y(x), x€R"

Then

u(x, t) = JW(P(X- ¥, 1)g(y) dy

49



if £=0,

u(x0)= [ o(x-yn0)g(y)dy
= rW 5" (»)g(y) dy
y=x

~

= .0 sl dy
§() [ 6" dy=g(x)

R ———
=1

Remark: Infinite Propagation Speed

Let ge C(R"NL”(R")), g=0, g#0. Then

2
|x=yl

1 _
u(x,t)—J e g(y)dy>0, VYxeR", Vt>0
(amt)™2 Jgr

IMAGE HERE - 1
That is, the heat equation forces infinite propagation speed for disturbances.

Non-Homogeneous Heat Problem
(*2) u—Acu=f, f:R"x(0,00) >R

2 u(x,0)=0, xeR"
Motivation
Let yeR", s> 0. Then (x,t) —» ®(x -y, t — s) solves the heat equation exceptat x =y and ¢ = s.
That is, it satisfies the equation on R" x (s,00).
Then for s fixed, define

(O) u(x,t;s):= JW O(x—y,t—s)f(y;s)dy

which solves

u(x,t;8) = Acu(x, t;5) =0, R"x(s,00)

u(x,s;s) = f(x;s), R"x{s}

which is the IVP with t =0 < r=sand g(y) < f(y;s).

Definition: Duhamel’s Principle

If we integrate O from 0 to ¢,
t
u(x, t) = J u(x, t;s)ds
0
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Let us consider,

t
(O0,) u(x,t):= L J'Rn O(x—y,t—s)f(y;s)dyds
as a candidate solution for *,.
Theorem: Solution to the Non-Homogeneous Heat Equation

Suppose f € Cf((R” x (0, 00)) with compact support.
If we define u by O,, then

1. ue C3(R" x (0,00)).
2. u(x,t)=Agu(x,t) = f(x,t); x€R", t>0.

3. hm(x,t)—»(xo,o)u(x, t)=0,Vxy€ R".
X€ER", >0

February 14, 2024

Recall: Non-Homogeneous Heat Equation

Given

ur—Ayu=f(x,t), f:R"%x(0,00) >R
u(x,0)=0

we have a candidate solution from Duhamel’s Principle.

(%) u(x,t)= L JW(D(x—y,t—s)f(y,s) dyds

t 1 _ ey
= ———— e ) f(y,s)dyds
Jo J'l (4m(t—s))"/? flys)dy

Note that unlike the homogeneous case, the integral approaches the singularity at (0,0) and we cannot pass a limit
inside.

Theorem: Differentiation Under Moving Regions

Take Q(t) € R" a nice region with nice boundaries (0Q(¢) € C' and ¢ € R) and F(z, t) smooth.

i(I F(x,t) dz)=J Fvnds(z)+[ F,dz
dt Q(r) oQ(r) 0Q(r)

where v is the velocity vector on 0Q(t) and 7 is the unit outer normal.
Theorem:
Supopse f € Cf(R" % (0, 00)) with compact support.

Then, if u is defined by *,
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1. ue CH(R" % (0,00)).
2. u;—Ayu=f(xt);x€R", t>0

3. lim(y, 1) (x,,0) u(x,t)=0forxe R", t>0, Vx, € R".

Proof of 1

Since @ has a singularity at (0,0), we cannot differentiate under the integral sign.
Define y=x—yands=t—s, then % =-1, —ds=ds, and % =(-1). So

0
urt)== || oFIfx=7.t-3) ayas

Then, rewrite

u(x,t) = Lt fan)(y,s)f(x—y, t—s)dyds

We may now justify passing the derivative of the space variable inside

ou t 0
3= ), Lo 00 T =) ayas

In the same way, justifying putting the limit inside, we have % is continuous.

Now, apply the Differentiation Theorem for Moving Regions (above) where Q(t) =R" x [0, ¢].
Define F(y,s,t) :=®(y,8)f(x—y,t—s).

IMAGE HERE - 1
Then,
0 f I t
—u(x,t)= F(y,s,t)vndS(y,s)+J f 0:F(y,s,t)dyds
ot Jaa(s) 0 Jr"
g Z t
= F(j_/:?,t) dS(y,s)+I J' 0:F(y,s,t)dyds
JR"x{t} 0o JR"
r t
= F(y, t, 1) dy+J J 0.F(y,s,t)dyds
IR 0 JRr"
Therefore

ou t
Sen= | eoft-yoay+ [ [ oo ftx-yi-s) dyas
Homework: Prove that % is continuous to complete the proof.

Proof of 2

K

U= Ayu = J'Wd)(y, £)f(x~y,0) dy+L J'RnQ(ny) [F(i(x=pt=9)=Af(x=yt=5)] dyds
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Since ® has a signularity, let € > 0 and isolate

u—Ayu=K+ JO JW O(y,s) [ fi(x—yt—5)—Af(x—y,t—s)] dyds

v

e

+[ j O(3,5) [fy(x =yt =) = Aef(x =yt = 5)] dyds
N € [Rn J

g

I

Controlling Je,

1
—

el = Ul + 19 A11=) | [ @) dyas

< Ce

SoJ.—0ase—0.
Controlling I, using symmetry of ¢ and s and x and y,

t t
Ig=—J J q)(yxs)asf(x—y,t—S) dde—f CD(J/,S)Ayf(x—y,t—s) dyds
e JR? c

Recall that

i
[ uxl.v=—J ”in"'J uvn
U U U

where n_i is the ith component of . and

J'uAv—vAu—J' u@—va—u
Q s On 0n

So, integrating by parts,

t
Ig=—|:—[ J asq)(yys)f(x_y’t_s)dde'i'JJ (D(y’s)f(x_y,t_s)nn+l dydsi|
e JR"? A(R"x[e,t])
t
_J [ O(y,s)Ayf(x—y, t—s)dyds
e JR"

Since 17’“rl =1 and f has compact support, this gives

- f Ayp(y,s)f(x—y t—s)dyds

Notice that the first and last summands solve the heat equation on R" x [¢, ¢]. So

I, = —K+JRn<D(y,£)f(x—y,t—£) dy
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Therefore

ut—Axu:Iir%K+0—K+I O(y,e)f(x—yt—¢)dy
E— R"
Homework: prove that we may pass the limit inside.

-

w=Bgu= | O(30)f(x=yt)dy

- [ S ay

- [ s ay

- f(x, r)[ 5°(y) dy
Rn
= f(x’ t)
Proof of 3

Write

=1
———

t
uGn ol =111l [ | o) aydsser
General Solution to the Heat Equation

If feCHR"%(0,00)) and g € L(R") n C(R"), then

t
u(rt)i= [ | ox=pi=9f (o) dyds+ [ atx=png(y dy
is a solution for
ur—Ayu= f(x’ t)
u(x,0) =g(x)
Mean-Value Formulas for the Heat Equation
Definition: Parabolic Cylinder
Let U cR" be an open set and T > 0.
The parabolic cylinder U7 is given by
Ur:=UX (0, T]

and the parabolic boundary is

I'r=Ur-Ur

IMAGE HERE - 2
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Motivation for Mean-Formulas

In the harmonic case,

cl
d(x) = i n=3
( ) |x|n—2
for x fixed and r fixed
$:R" >R
y—=o(x-y)

Then the balls B(x, r) are the level surface of ¢. See that

¢ (o) ={yeR" : ®(x~y) = co}
C

= eER": —— =g
{y |x_y|n_2 0}

-2 n— C
={yer": lx-y|"" ="/ &}

_ n-2 c
—6B<x, \[ C_0>

Then to get the mean-value formula, it is worth it to pay attention to the level surface of the fundemental solution of the
heat equation.

February 26, 2024

Recall: Mean-Value Formula for Heat Equation

2
E]

<D(x, t) — (47”.)n/26 at
0 ,xeR",t<0

,xeR" >0

For U c R" open and bounded, T >0, U, = U X (0,T], 'y = Ur — Uy.
Definition: Heat Balls

Let x eR", t € R, r € R,. Defint the heat ball E as

E(x,t;r)={(y,s) eR™ : s<r,0(x—y,t—5)21/r"}

Remark 1

2
1 |x =yl
4r” E(x,t;r) |t— 5|2

dyds=1

Do as homework.
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Remark 2
0E(x, t;n), ® is constant.
Theorem: Mean-Value Formulas

Let u € Ci(Uy) solves the heat equation. Then

u(x, t) = —JJ (,s) d ds

E(x,t;r)

forall E(x,t;r) € Uy.
Proof

Define

1 12
o) =g [ [ utno) =2 ayas

E(x,t;r)

We want to prove ¢ constant with ¢' = 0.
Without loss of generality, set x = 0, ¢ = 0 such that E(r) := E(0,0,r). Then

JJ'u(y,s)ﬁ dyds

¢(r) =7

Rescalingby y=ry and s = r’s,
o(r )——J’[u(ry,r s) |y| Pt dyds

IyI —
i) f Bl
E(1)

2
==yl

1 1

Where we have E(1) because (y,s) € E(r) = E(0,0,7), s <0, e 9 2 5.
Al
< 1

Sor S<0 and W e -5 > pr
Therefore

_ 1 i

§s<0 and — 4=9)

an(-3))"/?

56



Reindexing y = y and s = s,

lyI®
E(1)

-~ Ou ou_ |yl
= [Zla— ,y,s)y,+a—2rs} dyds

Il
h)
f—l

4¢'(r)

%(f)
- n
u u |yl
= Za_|(ryrs)J’sz’dS+2 —r—d ds
35(1) i=1 E(D)

—12.4 n — — =
1N [v|°r ouy;, dyds Jjaur|y| r° dyds
W= | [y S e [T o
EC) = E(7)
|y|2 1 <& du 2 ou |y|
r”+ljf?Z?yi dyds+ n+1JJ6—Td d
By ! E()
A B
We want to analyze B.
Let us introduce the notation
Iyl
v(ys)= —log( —47s) + —— + nlog(n)
* Lemma 1
v(y,s) =0, (y5) €0E(r).
— Proof
1 =t
It (y,5) €OE(r), ®(-y,—s) = -, We i) = ri,, Therefore
—y2 nf2 -2
= (47,(_8))"/284( = o8((an(=5))"et=))
So
oy P |-y’
n og(r)—ilog(4n(—s))— s
« Lemma?2
oy _2yi _ i
dy; 4s ~ 2s
— Proof
oy 2
4y —y; =
> g
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» Analyzing B
Then, integrating by parts,

B=

4 (Ou
rnﬂf Z -y dyds
E(7

=0

4 0 (JOu ou i

e Z J[O_J,i(a%)wdydﬁ‘ J J'ayz't’”?
0E(r)

1

= n+IZJJ |:65 y,ay6:|dyds

! E(r)

Then, again integrating by parts,

62

Since — [,y 2 ylg;‘ |4ys| = — A, we have
4n ou 4 ou n
B=-Tm E(r)ngyds—mZL( Vigy, 25 4vds=A

So, since u solves the heat equation, we have Au = % and may integrate by parts

0

4n
/)=~ [, v dvds- ,HIZJ iy g dvds

4 0 4 0

n u un
A (0 vy.vua ds+j Juj__4_ J oun
ritl J'E(r) v Y 6E(r)w077 r”+lz E(r)ylaJ’izs

Then we have
)¢'(r) =0 and ¢(r) constant. We know
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o(r) = lim (1)

a1 2\ Iyl?
_E%ZJJu(ty,ts )3_2 dyds
E(1)

|yI°
= — u 0,0 —d dS
4 J'E(l) (0.0) 2

1

=u(0 0)1J |;/—|2dyds
4 Jeq) Isl?
=u(0,0)
Theorem: Strong Maximum Principle for Heat Equation

Let U be bounded, u € C:(U7) n C(U7) that satisfies the heat equation.

1. maxg, u =maxr, u.

2. If U is connected and (xo, fy) € Uy such that u(xo, fy) = maxg, u, then u is constant in ﬁto.
IMAGE HERE - 1 CYLINDER to Ut0

Proof of 2

Let (XO, l'()) € Uy such that u(xg, f()) = maxy, U =M.
Pick r small enough such that E(xg, ty; ) € Ur.
IMAGE HERE - 2 BALL IN CYLINDER

Then, applying the mean-value formula,

|xo—y|2
M=—J u( ,s)—d ds
ar® E(xo,%0;7) Y |t0_5|2 Y

2
M Xo —
ar E(xq,t0;1) |t0_5|
=M

Therefore u(y,s) = M, Y (y,s) € E(xg, to; 7).

* Part A

Let (yo, s0) € Ur such that we may connect (x, t) and (o, so) With a line L where L € Ur.
Then u=Mon L.

February 28, 2024
Recall: Strong Maximum Principle

Letue Cf(UT) NC(Uy), where Uy = U X [0, T], solve the heat equation. Then
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1. maxy u=maxr, u

2. If U is connected and if 3(xo, &) € Ur such that maxg; u = u(xo, o), then u constant on ﬁto

Proof of 2

Let (X(), l'()) eUr, M= maxg, = M(X(), tg).
Using mean-value formula, we proved 3r > 0 such that u = M is constant on E(x, fy; ).

* Part A
Let (0, 50), So < fo, such that (yg, so) and (xg, fp) are connected by a line L € Uy.
SoQ={s=sy: u(x,t)=MV(x,t)€Ls<t= ty}is nonempty since t, € Q
We know inf(Q) exists and, since u is continuous, min(Q) exists.
Set rg := min{Q}. From the construction, sy < .
We want to show that sy = ry.
Suppose sy < ry. Then Az, € U such that M = u(zy,rg) € L C Uy.
IMAGE HERE - 1
Applying the argument from the beginning, 3r such that u = M on E(zy, ry; ).
But E(zy, r; r) contains points on LN {ro— o < t < ry}, for some o > 0.
This implies that ry — o € Q which contradicts the assumption that ry was the minimum of Q.
Therefore, u(yo, so) = M = maxg_ u.

* PartB
Letx e U, r< 1.
Since U is connected, there exists a finite set of points xy,..., x,, = x such that the line connected x; with x;_; is
contained in U.
Then we may define a finite set of times, #, > ; > -+- > t,,, = t such that the straight line L; connecting (x;, t;) and
(x;_1,t;_1) is totally contained in Uy.
Then, applying Part A on each L;, we have u(x,t) = M.

Proof of 1

Trivially, maxr, u < maxg, u.

Assume that U is connected, and let (xo, o) € Ut be such that u(xo, ) = maxg, u.
If (x0, t0) € T'r, then maxg;_ = u(xo, fp) < maxr, u.

If (xo0, t0) € Ur, then, using 2, u = maxg, u is constant on Uy,.

Then we may pick (x;, 1) € U;, and x; € U such that

M = u(xy, ty) = u(xy, tp) < maxu < maxu
Tr Ty

If U is not connected, we may take U = | J;c, Ui,

max ¢ = max{max u} = max{max u} = maxu
Ty €N i ieh [ U

Remark: Strong Minimum

Given that strong maximum principle, we have also the strong minimum principle.
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Remark: Infinite Propagation Speed for Disturbances on Bounded Domains
Let U be bounded and connected, and u € C(Ur) n C(Uz) which solves
u—Au=0

u=0 ondUXx[0,T]
u=g onUx{0}

If g is postive, where g(x) =0, Vx and Jx; for g(x;) >0, then u(x,t) >0, V(x,t) € Uy.
Proof

By the strong minimum principle,

u(x,t) Zminu =minu =0
Ur Iy

If u(x,t)=0= ming  u, then u is constant on U, which contradicts the assumption that g is positive.

Theorem 5: Uniquness on Bounded Domains

Let g€ C(T'r) and f € C(Ur) with U bounded and connected.
Then there exists at most one solution u € C{(Ur) N C(U7) satisfying

—Au= U
(*){ut_ u=f T
u=g I'r
Proof

Suppose that u, ii solve *. Then

(u—i);—A(u—a)=(u;—Au)— (@, —Aa)=f-f=0

Then u — ii = 0 on I';. Applying the strong maximum and minimum principles to extend to U, we have

U—=0<= u=1i
Theorem 6: Strong Maximum (Supremum) Principle for Unbounded Domains

Let u € C3(R" x [0, T]) n C(R" x (0, T]) satisfy

u;—Au=0, R"x(0,T]
u=g, R"x{0}

2
with |u(x, £)] = 4e”*!" for some A,a = 0.
Then, SUPgis(o,7] ¥ = SUP §-
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Proof

Trivially, sup g < SUPRnx[o,7) Y-

» Part 1
Assume 4aT < 1, then for some € >0 4a(T +¢) < 1.
ForyeR", u>o0,

lx=y1?
e 4(T+e—1)

(T+e—1)"?

v(x,t):=u(x,t)— xeR" >0

Notice that v, — Av =0.

IMAGE HERE - 2

Then let r > 0 and let us consider U = B,(y) bounded.

Then we may apply the strong maximum principle for bounded domains to the function v.

Ur = Br(y) X (0’ T]
I'r=(8B,(y)x(0,T]) U (B,(y) % {0})

Then maxr, v = maxg, u. We need to analyze v on I'r.
Consider B,(y) x {0} and v(x,0) where x € B,(y).

Lx—yl?
ue 4(T+e

(T +¢)n/?

u(x,0) — < u(x,0) = g(x)
Let |[x—y|=r,

2
r

i)
v(x,t)=u(xt)- BT
(r+e—"2
r2
< Ae“(|y|+r)2 _ petr+en
- (T+e—1)"2

Weknow T—e—t<T+e¢, S0

(T+e—1)"? < (T+e)"?
- a <-——HF <o
(T +¢e—1)"? (T +¢)"/?

and
A(T+e—1t) - 4(T +¢)
2 = 2
r2 r2
e4(T+€—t) > e4(T+s)
Therefore

2 2
r r

—pereen - — e+
(T+e—1t)"2 " (T+e)n?

62



and

2
a(|y|+r)2 3 'ue4(T+s)

v(x,t) < Ae
(x.1) (T +¢)"/?

Then for a < m, there exists y such that a+ vy = —4(T1+£). So

v(x, ) < Ae“ W _ e (O (4 g 4 y)) "

If sup g = oo, we are done. Otherwise, we claim that 3r big enough such that v(x,¢) <supg.
Idea: we want r*(a+7v) >> a(|y| +r)?, for r big enough. Write

(a+y)>a(|—3r/|+1)22a(|—3r/|+1>

and

March 4, 2024

Notation

The disjoint union between A and B is denoted AU B.
The interior of U is denoted U.

Recall: Strong Maximum Principle of the Cauchy Problem

Let u € CF(R" % (0, £]) N C(R" x [0, £]) satisfy

u;—Au=0 R"x(0,¢]
u=g R"x{0}

alx|®

with u(x,t) < Ae”""' , A,a > 0 constants. Then

sup =supg
R"x(0,T]

Proof

Trivially, sup g < supgny[o 77 U-

* Part 1
Let us assume 4aT < 1 and, for € small enough, 4a(T +¢) < 1.
Then for y e R", i > 0, define

lx=y1?
,ue 4(T+e—t)

(T+e—1)"?

v(x,t):=u(x,t)— xe€R" >0
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Notice that v satisfies v, — Av =0.
For r > 0, define U = B,(y). Consider Ur, and appy the maximum principle for bounded domains

max v = max v
Uy Ir

» Part 2
Analyzing v on I'r. Note that

I'r = (0B(y,r)x[0,T])w (B(y,r) x{0})

v(x,0)=g(x)

If |x — y| = r, we proved that for r big enough such that v(x, t) < supgn g,

v(y,t) <maxv=maxv<supg, Vre[0,T]
Up I'r R"

Then if u — 0,

v(y,t)<supg, Vte[0,T]
Rn

Therefore,
supu(y, t)<supg
ﬁT R"

Thatis, if T < é the maximum is achieved at T = 0.

* Part3
If 4aT = 1, we will divide [0, T] into subintervals such that each subinterval has length smaller than ﬁ Then

sup u=sup{ sup u, sup u,..., Sup  u}
R"X[0,T] R"x[0,T;] R"X[Ty,T»] R"X[Ty—1,Ty ]
=sup{ sup u, sup u,..., sup u}
R"x{0} R"x{Ty} R*X{T,_1}
<sup{supg, sup u,..., sup u}
xeR” RnX[O'TI] RnX[Tn—ZrTn—l]
<supg

Theorem: Uniqueness of the Cauchy Problem
Let g € C(R"), f € C(R" x[0,T]). Then there is at most one solution to
u;—Au, C(R"x[0,T])
u=g, R"x{0}

al

2
such that |u(x, £)| < Ae®*!" for constants a > 0, A > 0.
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Proof

Homework.

Homework

Show that the general solution satisfies this uniqueness property.
Theorem: Smoothness of the Heat Equation

Let u € C7 (U7) satisfy the heat equation. Then u € C®(Ur) (u€ C*(U7)).

Proof: Step 1

IMAGE HERE - 2
Take

c(x,;r)={(ys) : |x—y| < rt—r'<ss< t}

for (xo, 1p) € IC}T. Then

C:= C(Xo, t(); r)
C :C(XO,IO;ZT)
n, _ 1
Cc := C(XO, toz)
IMAGE HERE - 3
Let { € C* be a cutoff function such that
0<(=<1, C
(=1, c
(=0 near parabolic boundary of C

IMAGE HERE - 4

We may extend { = 0 outside of C.

Remark: {;, V¢, A{, R"™" vanishes outside C.
Proof: Step 2

Suppose w € C*(Uy) and define

v(x, t):=w(x, t){(x,t), xeER",0<st<t

We have

vy = wil + wi,

ov
a—xi = wxi('i' w(l
ov*
% - Wxixi( + wxi(xi + wxi(xi + waixi
i
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and

Av={Aw+2(Vw,V{)+wAl

So define

w{ +wl, —{Aw—=2(Vw,V{)—wAl := f

such that

(%) {”“A”ff .
v(x,0)=0, R"x{0}

Notice that f has compact support on R” x [0, t;]. Then by Theorem 2 (existence), we have

b(x,t)= Jot J'Rn O(x—y,t—s)f(ys)dyds

also solves ().
Claim: |v|,|#| < A for some constant A.

lo(x, 2)| < |w(x, 0)[[¢(x, )] < Jwlx, )] xc(x 1) < A

t 1
v(x,t)| < O(x—y,t—35)|f(ys)| dyds< A CD(x—y,t—s)dydsSAtosA"
0 JRe Y 0

2
Set A=max{A',A"}. Then A < Ael! and, trivially, v and v satisfy the growth control.
By the strong maximum principle, we have uniqueness of solutions and conclude v = . So

t
v(x, t) = J' J' O(x—y,t—s)f(ys)dyds
0o Jrr
Proof: Step 3

For (x,7) € C" c C' given w € C*°(Ur) solves the heat equation on C, { = 1 while {,,, A{ have support in C. Therefore

w(x,t)=v(x,t)
=ftj O(x—y,t—s)f(y,s)dyds
0 Jr"

=J' O(x—yt—s)[wl+wl,—{Aw—-2(Vw,V{)— wAl] dyds
o

If W solves the heat equation, w,{ —{Aw = {(w, — Aw) = 0. So for (x, 1) € C".

w(x, t) = L(I)(x—y,t—s)[w(,—Z(Vw,V()— wA(] dyds
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Notice that we do not have problems around the singularity (x, r), because w(; —2(V w,V{) — wA{ vanishes around
(x,1) since{=1onC.
Let us analyze

= (! o ow
O(x—y,t—s){Vw,V{)dyds = J' J O——dyds
fC ( Y )< ) Y Z:l t—r?> J B(xo,1) 0y; 0yi Y

=0

Lo o ( ac> ' o
= - — | d=— d +J ®—wn dy|ds
| P;Jt—rz JB(x(,,r) 0yi dyi Y 0B(xo,7) 0yi Ty

Where the latter term is zero since { = 0 near the parabolic boundary.

nort o0 ol 0%
O(x—y,t—s{Vw, V() dyds= I J' w| ——=—-®— | dyds
Jc ( ¥ X ¢rdy ; t—r2 J B(xo,r) [Oy,- dyi Oyf Y

= f w(V®,V{)— wdAl dyds
c

So

w(x, t)= J Qwl, — pwAl —2w(V®,V{)+2wdA dyds
o
= J Qw; + pwAl —2w(V®,V{)dyds
c

Proof: Step 4

Then, define

u’ i=ng*u, (Ur)e

the convolution on R"*1.

IMAGE HERE - 5
We know u° is smooth. Moreover, by properties of convolution, u° satisfies the heat equation. Applying Step 3 to u*,

K(x,f,y,s)
u(x,t) = I u (3, 5)[®¢, + @A - 2(V®, V()] dyds
C

When € — 0,

u(x, ) = J u(y,s)K(x,t,y,s) dyds
c

To be continued.

March 6, 2024

Theorem: Smoothness Continued

If u € C{(Ur) solves the heat equation, then u € C*°(Ur) (u € C®(U7)).
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Proof

Let (xo, 1)) € Ut and ¢ a cutoff function satisfying

0<(<1, C
(=1, c
(=0, near the boundary

Notice that ¢, V{,A{ =0on C'.

Fore>0
u (x, t):J u(y,8)K(x,t,y,s) dyds, V(x,t)eC"
c
where
K(x,t,y,8)=®(x—y,t=5)({s—A,{)=2VO(x—y,t—s)V{
Let e >0,

n

u(x, t) = J u(y,s)K(x,t,y,s)dyds, V(x,t)eC
c

= J u(y,s)K(x,t,y,s)dyds, Y(x,t)¢€ c"
c-c'

Notice that u is smooth on C". If we can prove that K(-,-, y, s) is smooth on C" for each (y,s) e C\ C'
IMAGE HERE - 1

But that's true because (y, s) is far from the neighborhood around (x, ¢), ¥ (x,¢) € C"

We have proven than V (xy, fy) € Ur, u is smooth on C(xo, fo; %) =",
Then we are done, because V (x;,11) € Ur, 3(x, fp) € U such that (x;,1) € C(xo, fo;é)-
Theorem 9: Estimates on Derivatives

There exist constants Cy; for every pair of integers k,1=0,1,2,... such that

kol Cri
ma}i |Dthu(x, t)l = k+21+n+2||u||L1(C(x,t;r))
C(x,t;; r

for all cylinders C(x, t;r) € Ur and u any solution of the heat equation on Ur.
Note that k should be understood as the order of the appropriate multiindex.

Proof

Without loss of generality, let us assume that (x, ) = (0,0) and C(1) := C(0,0;1) € Uy.
If C(%) = C(O, 0; %) using the same technique as in the proof of smoothness,

1
u(x,t):J K(x, 1,y 5)u(y, ) dyds, ¥(x,0)eC(5)
Cc(1)
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For K a smooth function,

o~ 1
1DD}) = Cur [ [ a9l ayas, vz ec(3)
Cc(1)

Taking the maximum gives
k1
max | Dy Dyu(x, )| < Crrl|ul| 12 (c(1))
c(3)
Let u satisfy the heat equation on Uy, C(r) € Ur. Then define
N
L
v(x,t):= u(7x,r°t)
where v satisfies the heat equation on C(1) € Uy. Then by the above computation
kAl
max|DxDiv| < Curl|v][Li(cqy)
c(3)

We may analyze

DfDiv(x, t) = Dl;Diu(rx, r? t)

= Df[(rz)lDiu(rx, rzt):l

21 k k1
=rr Dstul(rx,th)

and
vl eqy = J |v(x,t)| dxdt
c(1)
J (37 5) dyds
= v _’_
y=rx Jory I \T7r2 )1 rtr?
§:r2t
— f \u(5,5)| dyds
_rn+2 () Vs y
therefore
k1 Ckl
(%) max|DyDiul| < =2 ul o)
c(%) r
Remark:

Recall that if © was harmonic,

k Ck
|D"u(x0)| = rn+k||u||L1(B(x0,r))

such that B(xg,r) € U.
Moreover, recall that ﬁ was important in proving that u was analytic.
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Let us examine
n+l+k+l<k+2l+n+2
For r small, 1 is big, so

1 1

<
n+l+k+l — rk+zl+n+2

r

Then the estimate (*) is not good enough to expect that u is analytic when u solves the heat equation.
Remark:

Let us instead consider 1, fixed and ¢, : x — u(x, ty) where u satisfies the heat equation. Then

k Cro
|Dxu| = knt2 ||u| |L1(C(x,t;r))

Heuristically, we may consider replacing

Hull ey ~ 1wl oo

IMAGE HERE - 2
Then we can expect ¢, is analytic.

Energy Methods for the Heat Equation

Take f € C(Ur), g € C(T'7), and consider

— A =f,
(*){ut u - f, Ur
u=g, 1_‘T
with U bounded and open in R” and U € C".
Theorem: Uniqueness in Energy Methods

With the previous conditions, there exists at most one solution u € C; (Ur) of the problem ().

Proof

Suppose there are two solutions u; and u, of (*), then w = u; — u, solves

w,—Aw =0, Uy
w=0, FT

where W € C:(U7y).
Then define e:[0,T] - R" as

0<e(t):= J’U wz(x, t)dx
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where

e(0) = [U wz(x,O) dx=0

Taking the derivative

e'(t) = IU2w(x, Hw.(x,t)dx

= ZJ wA,w(x,t)dx
U

=0

2 ow
=2/ | |v Za
|BP2 L}| w| dx+J'6Uw6n y

therefore e'(¢) < 0 and e is nonincreasing such that e(0) = e(z).
Then it must be the case that e(r) =0, YVt €[0,T] and w = 0.

Method of Characteristics

We want to study F(Du,u,x) = 0 for u: U — R with z unknown and where F : R” X R x U — R is smooth given some
boundary data u=gonT S oU.

We will refer to this problem as (*) below.

Note that F is a first order, nonlinear PDE.

The idea is to convert the PDE into an ODE by analyzing u along appropriate curves.

Recall: Transport Equation

Du-(b,1) = f(x,1)

we found a(s) = (x + sb, t + s) were nice because it converts the PDE to

u(a(s))=2'(s) = f(x+sb t+s)
Notation

Write F(p,z,x) : R" XRX U — R, then

D,F=(Fp,...,F,,)
D,F=F,
Dy F = (Fy,...,Fy,)

Let x e U and xy € T'. Then let C be a curve linking x with x, parameterized by

x(s) = (x1(8),...,x,(5)): [0,1] > USR"

If u e C* is a solution of (%), then write

z(s) = u(x(s))
p(s) := Du(x(s))

pi(s) = j—;uu(s»
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Finding the Characteristic Equation

We want to find an appropriate x(s). Take

(9= 52 utxton)

P\ ox; ) @t
_[ *u °u

0x1x;”" " 0x,x;

][xl(S),---,xn(S)]

0*u I
S ()

n
j=1

and

0 0
a_xiF(Du’ u x) = DF'(Du,u,X) : a_xl[Du’ u, x]
_Fpl_
B l;f’" o*u *u ou
- FZ dxixl""’ax,-xn’ax,-’el
X1
_Fxﬂ_
n 2
0 u(x) ou
= . , U, +F,(Du,u,x)=— + F,,(Du, u,
;Fp](Du u,x) ox0%, (Du,u x)axi v, (Du, u, x)
=0

March 11, 2024

Recall

(Pzx)
F:R"XRxU—R, UcSR" open

F(Du,u,x)=0
u=g onT
I'cou.

IMAGE HERE - 1
We consider

x(s) = (x1(s),..., x(s))
P(s) =Du(x(s))

z(s) = u(x(s))
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and have

dp;, <& &°u
= ds _,Zlax 0x

Jj=

-(x())xj(s)

u
=>ZFP(Duux)a 5% +F(Duux) +F (Du,u,x)=0
j=1

Evaluating along the curve,

D" i (P(8), 209, 2() g5 (x(5)) # FoP(8) (), () g (x(6)) + Fy (PLs), 2(5),(5)) =0
j=1 i i

If we assume that x;-(s) = F),, (P(s),2(s), x(s)), then

= dp
j;ds

»Z(S),X(S))S—Z(x(S)) + Fy, (P(s),2(s),x(s)) =0
Taking %,

%=%u(x(s)) Viuly(s) - x(s =Za—u (s)" xz(S ZP(S) “ Fp,(P(s),2(s),x(s))
i=1

Definition: Characteristic Equations

(a) P(s)=—D.F(P(s),2(s),x(s)) - P(s) = DxF(P(s), 2(s), x(s))
(b) 2(s) = P(s)-DpF(P(s),z(s),x(s))

(¢) x(s) = DpF(P(s),2(s), x(s))

(d) F(P(s),2(s),x(s)) =0

(P(s),z(s),x(s)) are called the characteristics.
Example: Linear Homogeneous PDE

Linear with respect to to P and z variables. Let

F(Pz,x)=b(x)-P+c(x)z
with b(x) and c¢(x) given.
Then the PDE looks like

b(x)-Du(x)+c(x)u(x)=0
First: Find Characteristic Curve

Since DpF = b(x),

(b)  2(s)=P(s)-b(x(s))
(d) b(x(s))-P(s)+c(x)z(x) =0

(c) x(s) = b(x(s)) - P(s) = —c(x(s))z(s)
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Therefore

x(s) = b(x(s))
z(s) = —c(x(s))z(s)

Example 1

Solve

(%) xXjuy, —xouy, =u; U
u=g, T
with U = {x; >0,x, >0}, T = {x; >0,x, =0} S U.

(1) Identify Parts

Notice

b(x) = (‘x’fz), c(x) = -1

then * is equivalent to

(_xz)-Du(x) —u(x)=0

X1

(2) Obtaining Characteristic ODEs and Solving

Examining x(s) = [(1) _Ol}x(s),

i(s) = —x2(s) %1(s) = —x2(s) x1(s) = xpcos(s)
x1(s) = {1 &(s)=x(s) = {x(s)=xpsin(s)
z(s) = z(s) z=2z(s) z(s) = zge’

(3) Linking Solution with Boundary Data

x(0) = (31(0), %2(0)) = (+0,0) R

x1(8) = xgcos(s)
{Z(O) =20 =2(0) = u(x(0)) = u(xo,0) = g(x0)

2(s) = g(xo)e’
(4) Finding the Characteristic Curve

We need the curve which passes through (x;, x,) and the time at which it does so.
Let (xl,xz) eu.
We want to find x and s such that x(s) = (xycos(s), xgsin(s)) = (x1, %), SO

X1 = Xp cos(s) 2 2 2 2 2
=X1+XZ=XO=>XO= x1+x2

Xs = Xpsin(s)

Then 2 =tan(s) and s = arctan(ﬁ).
X, X1
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Solution

Then

u(xy, x2) = u(x(s)) =z(s) = g(\/xf +x§) ear‘:tan(%)
Example 2
Solve

Uy, + XUy, =0
u(0, xo = g(xo)

(1) Identify Parts

Notice that

b(x) = (xlz) o(x) =0

such that

1
(xz) -Du(x) =0
(2) Obtaining Characteristic ODEs and Solving

X(s):(l) _ x(8)=s+q

Xy x(s) = cpe’
z(s)=0 z(s) = c3

(3) Linking Solutions with Boundary Data

x1(0) =0 x1(s)=s
x2(0) = x, = {x = x(s) = xp€’
z(0) = g(xo) z(s) = g(xo)

(4) Finding the Characteristic Curve

x1(s)=s
JCZ(S) = X()es
z(s) = g(xo)

Let (x;,x2) € U. We want x, and s which makes the curve pass through the point.

(x1,%2) = (x1(5), %2(s) = (5,%0€")

So

X1 =S §=X
s > -5 —X
Xo = Xp€ Xg = X2 = Xoe
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Solution

u(x1, %) = u(x1(s), %2(s)) = 2(s) = g(xze™™)
Example: Quasilinear Homogeneous PDE

Quasilinear with respect to variable P.
F(Pz,x)=b(x,z)-P+c(x,z)
b(x,u(x))-Du(x)+C(x,u(x))=0

Obtaining Fundamental Equations

(c) x(s) = b(x(s),2(s))
(d) b(x(s),z(s))- P(s)+c(x(s),2(s)) =0
(b)  2(s) =P(s)-b(x(s),2(s)) = —c(x(s), 2(s))

therefore

{X(s) = b(x(s),2(s))
z(s) = —c(x(s), 2(s))

Example 3

with U the half space and T = {x, = 0} = 0U.

(1) Identify Parts

We have

b(x,z) = (}) o(x,2) = -2

so the PDE is equivalent to

(i)-Du(x)—uZ:O

(2) Obtaining Characteristic ODEs and Solving

x'l(s)=1 xl(s)=s+a1
K(s)=1 = {x(s)=s+a
2(s)=2" 2(s) =~

76



(3) Linking Solution with Boundary Data

{xm) = (x1(0), %2(0)) = (x0,0)
2(0) = u(x0,0) = g(xp) o) = -1

(4) Finding the Characteristic Curve

Given (xl, XZ),

X2(8) = Xy

{xl(s) =X

Solution

Therefore,

March 13, 2024

Wave Problem

Let U < R" open.
We want u: U X [0,00) — R satisfying

x1(8) =s+xg

X (s)=s

1
g(xo)

s—

X2 =S

S+ Xg = X1 Xg=X]1—S=X]1— X2
fr—
§S=Xo

u(xy,72) = 2(s) = - ————
Y2~ g(x1—xz)

Boundary and Initial Conditions: u(x,0), u,(x,0)

{utt—ALl:O

in the homogeneous case or

in the nonhomogeneous case.

Recall: Transport Equation

g —Au=f

us+b-Du=f
u(x,0)=g

u(x, t) = g(x— br) = L Flx+(s—1)b,s) ds

2.4.1.a

Consider n=1, U =R, and

{utt_ Uyy =0

u(x,0) = g(x), us(x,0) = h(x)
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we may consider (35 — 8 )u = 0 as a differential operator acting on u.
If u € C5(R), then

(0,+0,)(0,—0,)u=0
%—J

v=0,u—0,u

Then we have d,v + 0, v = 0 is a homogeneous transport equation, and

v(x,0) = u,(x,0) — uy(x,0) = h(x) - g'(x)

So

v(x,t) = (h—g')(x~ br)

and

(0,u—0,u)(x, 1) = (h—g')(x— br)

is a nonhomogeneous transport equation with solution

w(n )= glxt )+ [ (gt (1—s5)—s)ds
JO

t
=g(x+1t)+ h(h+t-2s ds—[ 'x+t—23 ds
glx+1) J, ( : ) Og( )

rx—

“gCern+ [ hy) dS(—%) - L:tg'(y) dy(—%)

Jx+t

1 X+t 1 X+t f
=glx+1t)+5 h(y)dy-+ g(y)dy
2 t 2 X—t

1 X+t 1
~gG+ )+ [ h(y) dy=g(gle+ ) -glx=1)
1 1 X+t
~5(gl+ 0 gx-)+3 [ nay
x—t
TODO Theorem 1: D’alembert’s Formula
If g € C*(R) and h € C'(R), then
1 1 X+t
u(xt) = 3glet 4 gle-)+g [ h(y)ay
x—t
gives
u e C*(R) x[0,00)
u;—Au=0, onRx[0,00)
u(x,0) = g(x), u;(x,0) = h(x)
So

TODO FIX BLOCK BELOW
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u(x,0) = 3 (g(x) + g(x)) = g(x)

ui(x,0) = 5 (8'(x) = g'(x)) + 5 (h(x+0) + h(x +0)) = h(x)
(1) = 5(g'(x+ 1)+ 8'(x = ) + 5 (h(x+ 1)~ h(x = 1))
uxx(x’ t) =

Then we may consider

1 1
u(x, t) = zg(x+ )+ Eg(x— t)

v v
Uy U

Where u; moves to the “left” as time progresses and u, to the “right”.
Remark
Note that this technique worked because n = 1 gave x° + °.

Wave Equation on Half Plane

Take V=R, ={x €R : x>0 and consider

Upp— Ugx =0
u(x,0) = g(x), u,(x,0) = h(x)
u=0o0n {0} x[0,00), g(0)=0, h(0)=0

Define g(x) : R — R as the odd reflection x >0+ g(x) and x <0+~ —g(—x).
Similarly define 4(x) = —h(-x), x<0and h(x) = h(x), x > 0.
Then for x € R define

X+

i(n)= (800 +glem )y [ RO ay

x—t

such that the restriction x >0, £ > 0,

+t
%(g(x+ t)+g(x—1)) +%J';C:r[th(y) dy x=t
X

”(’”):{%<g<x+r>—g<r—x>>+% s M) dy st

Since

JM h(y)dy = JO t —h(-y)dy+ Jm h(y) dy

x—t xX— 0

Note that when x = ¢, we have

1 1 X+t
u(x, 1) = 3g(x+ 1)+ 3 JO n(y) dy
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Then

(%) = 3(g (ot 1)+ 8'(x = 1)) 4 5 (h(x+ 1) = (x = 1))
uy (x,x) = 5(8'(x + 1) + /(1= x)) 4 5 (h(t +x) = (£~ )
o) = 5 (8" (v 1)+ " (v 1) + (WG4 ) = (= 1))
re(x,x) = (8" (x+ 1) = (1 =) + 5 (W (1 +2) = (1= x))
So we have a singularity if g" (x— 1) # —g" (£ — x)
Theorem: Euler-Poisson-Darboux
For n,m>2, ue C"(R")x[0,00),
{u” — U =0
u(x,0) =g(x), u,(x,0)=h(x)

Define

U(x,t,r)=4 u(y,t)dy

JoB(x,r)
h

H(x,r)=4 h(y)dy
JOoB(x,r)

G(x,r) =1 g(y)dy
JoB(x,r)
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Fix x,t and let U(r) = U(x, t,r). Then

1

Up(r) = ()T J'B(x’r) AU(y)dy =

S|~

j[ AU dy
B(x,r)

r

= — AU(x+rz)d
y=x+rz na(n) B(0,1) (x+rz)dz

Urr(r)

AU(x+rz)dz+

Dv(x+rz)-zdz

AU= vna(n) B(O,1) na(n) Jpo,1)

d y
=— AU(x+rz)d +—J Dulv)-
na(l’l) JB(O,]) (x TZ) Z na(n)rn—l B(xr) (.y) (
! 1 Vi )
=— AU(x+ dz+ —M— . dv) d
na(n) IB(0,1) (x+rz)dz na(n)r*! (ZJ'B(x,r) yy’( r ) yay

II§P #(n) B(0,1) AU(x+rz)de+ W (Z J'aB(x,r) y(yl r )(yl ) as(y) -

1 1
= f AU(x+rz)dz+ ——— J v' L v(y)dy
na(n) Jp(o,1) na(n)r" 0B(x,r) x,r)
:LJ' AU(x+rz)dz+J AUds(y)—ﬁJ AU(y) dy
na(n) B(0,1) 0B(x,r) a B(x,r)
l][ AUdy—j[ AUdy+j[’ AU dy
" ) B(xr) B(x,r) 0B(x,1)

J' AUdy+ jE AU dy
B(x,r) 0B(x,r)
U,

=)

B(x,r)

1l
—~~ — —

) jta xr)U”dS(y)

+ Uy

’—‘ :I»—' :I

-1)
-1)
)

Therefore, we have

U= Uy = 1U, =0
U(x,0) = G(x,0)
U,(x,0) = H(x,0)
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