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Review
If X,Y are topological spaces and f, g : X — Y continuous maps, we say f and g are homotopic (written f = g) if there

is a homotopy H: X X I — Y (where I =[0,1]) such that H(x,0) = f(x) and H(x,1) = g(x) forall x € X.
We say that f is null-homotopic if it is homotopic to a constant map.

Proposition

Homotopy is an equivalence relation on the collection of continuous maps.

1. f=fby H(x,t):= f(x).
o %8¢ — g~ fbydefining A(x ¢) := H(x,1-1).
3. (fgg/\ggh) = f=hby

F(x,2t) 0<t<1/2

H(x,t):= .
(1) {G(x,Zt—l) 1/2<t<1

Proposition

.. F G
Forfo,fi: X—>Yand gy g :Y — Z,if fo= fi and go = g1, then gy o fo = g1 ° fi.
Proof

Define H(x, t) := G(F(x,t),t) such that H(x,0) = G(F(x,0),0) = G(fp(x),0) = go © fo(x).
Similarly, H(x,1) = g; o fi(x).

Definition: Homotopic Spaces

We say that two spaces X and Y are homotopic to each other (X = Y) if there are continuous maps f: X — Y and
g:Y — Xsuchthat fog=idy and go f = idy.

Example

R" is homotopic to {0} (or any single point) by t: 0 » R" and r : R" — 0. Thenrot: 0 = 0isidgandior:R" 3 x> 0€R"
is homotopic to idgs. In fact, consider H:R" x I — R" where H(x,t) = tx, H(x,1) = x = idg»(x) and H(x,0) = 0.

Definition: Path
A path in X from p to ¢ is a continuous map f : I — X such that f(0) = p and f(1) = g.

Definition: Path Homotopic

Let f,g: I — X be two paths in X from p to q.
We say that f and g are path homotopic (write f ~ g) if there is a homotopy H : I X I — X such that H(s,0) = f(s),
G(s,1)=g(s), H(0,t) =pand H(1,t) = q.



Proposition

Path homotopy is an equivalence relation on the collection of paths from p to g.
Write [ f], the equivalence class of f in the quotient.

Definition: Loop

In the special case that p = g, we say that f: I — X is a loop

Definition: Fundamental Group

Given (X, p), n1(X, p) (the fundamental group of X at the point p) is the set of all loops at p modulo the path homotopy.

{loops at p}/ ~

Equivalently, (S',1), {loops at p} = {continuous maps f: (S',1) = (X, p)} with f(1) = p. We say this is the homotopy
“relative to 1 € S™”. We have H: S' x I — X such that H(s,0) = f(s), H(s,1) = g(s) and H(1,t) = p.

Definition: Free Homotopy

For two loops f,g: st X, we say that f and g are free homotopic if f =~ g.
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Lemma

When f: I — X is a path from p to g, if f o is a reparameterization of f then (f o) ~ f where ¢ : I — I satisfies
@(0)=0and ¢(1) =1.

Proof
Note that ¢ is homotopic to the identity map id; through H(s, t) = ts+ (1 —t)¢@(s) since H(s,0) = ¢(s) and H(s,1) =

§= id[(s).
Then consider fo H: I X I — X which is a path homotopy between f and f o ¢.

Fundamental Group

Let f,g: I — X be two paths with f(1) = g(0).
Then we can “compose” (concatenate) f and g together (f-g): 1 — X by

f(2s) 0<s<1/2
g(2s—1 1/2<s<1

(f‘g)(5)1={
Lemma
If fo £ f1, 80 S g1 and fo(1) = £1(1) = g0(0) = £1(0), then fy- g0 ~ fi - &1-

Proof

Define



Then

F(2s,0) = fo(2s) 0<s=<1/2

H(s,0) = .
(5,0) {G(Zs—l,o=g0(23—1) 1/2<s<1

Similarly H(s,1) = (f1 - g1)(s), hence fy- go ~ f1- &1-
With this, we have a well-defined [ f]-[g]:=[f"-g].

Simple Properties

For f from p to g where ¢, is the constant map at p,

1. [epl-[f1=[f1=1[f]-[cq] since c, - f is a reparameterization of f.
2. Let f be the inverse path of f (i.e. f(s)=f(1-y5)). Then [f]-[f]= [cp]and [f1-[f]= [cq]

f(2s) 0<s<t/2
H(s, t):=1f(1) t/2<s<1-1t/2.
f(2-2s) 1—-t/2<s<2

1. ([f]1-[g])-[R]1=1[f]-([g]-[R]), since these are reparameterizations of the same path.

Group Structure

m1(X, p) = {loops at p}/ ~.
Define [f]-[g]:=[f-g]

It has an identity element [c,, ] = e.

For any f € m;(X, p), it has an inverse [ f] such that [ f1-[f]1=[f]-[f]1=[c,].
Finally, it is associative by (3) above.

Proposition

Suppose p, g € X with X path-connected.
Then 71 (X, p) is isomorphic to 7, (X, g).
Remark: this isomorphism is not canonical.

Proof

We define a path y from g to p and @, : 7, (X, p) = w1 (X, q) by [f]1= [y f-7].
@, is a group homomorphism.

o, [f]- @ [gl=[y-f-¥]- [y -g7]
=[ly-f-vy-v-gvl

=[y-fl-[y-rl-lg-7]
=[y-(f-g)-7]
=q)y[f'g]-

®, has an inverse, @y : m,(X, q) — 11 (X, p).

Dyody[fl=¢ly-f-y]=[y-v-f-v-r]=1f]
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Induced Homomorphism

¢:(X,p)— (Y,q) induces

¢x (X, p) > (Y, q)
[fl=[pof].

@« is @ homomorphism.

(@0« (pxlg]) =[pofl-[pogl=[(pof) - (pog)l=[po(f-8)]l=0«[f gl
Proposition
If o, : (X, p) = (Y, q) are homotopic, then ¢4 = w4 : 11 (X, p) = m,(Y, q).
Proof

Let[flemi(X,p), p«[fl=[@ofland wi[f]=[wo f]and H: X X I - Y a homotopy between ¢ and v.
Then define H:=1x1— Y by H(s,t) = H(f(s), t) such that

H(s,0) = H(f(5),0) =¢o f(s)
H(s,1) = H(f(s),1) =y o f(s).

Corollary

If X =Y, then ﬂl(X) = ﬂl(Y).
Examples (*)

m.(S')=Z and 7,(S") =0 for n=2.

For n > 2, write " = A, U A_ where A, and A_ are large balls centered at the north and south pole respectively.
Then A, and A_ are both homeomorphic to R” and A, N A_ (their intersection about the equator) is homemorphic to
S xR.

We fix a base point p€ A, N A_andlet f:I— S" be aloop based at p.

There exists a partition of I, 0 = sy < 5; < -+ < s = 1, such that f|s, s,.,] is contained in A_ or A,.

Draw a path y; from p to f(s;) such that y; € A, nA_. Let f; = fl[s,s,,,] Such that f = fo - fi- fc. Then this is path
homotopic to

(fo-v))-(ri-fo72) (V=1 fiem1-7i) - (Vi fie)-
Eachy;- f;-7; is contained in A_ or A, hencey;- fiY;4, ~¢p, f=cpand [f]=e.
April 2, 2025
Correction

For ¢, v : (X,x9) — (Y,y9) where ¢ ~ y, we say a homotopy H between ¢ and v is base point preserving if
H(.Xo, l') =3 forall r € [0, 1]



Proposition
If ¢ ~ v through a base point preserving homotopy, then ¢, = w4, 71(X, x9) = 11(Y, yo).
For X=Y,p:X—>Yandy:Y — X where wog =idy and g oy =idy, in general v o ¢(xq) # x9 and ¢ o w(yy) # yo-

Set up: @g, 1 : X = Y with ¢y = ¢; through a homotopy H.
Write ¢, = H(-,t) : X = Y and fix a base point xy, € X and set y(t) = ¢,(x) for t €[0,1].

Proposition 1
(po)s =@y 0 (1)« :mi(X,x0) = w1 (Y, 0(x0)).
Proof

Let f be a loop at x,.

IMAGE 1

Let y, be y|[o,,] and then, by rescaling the domain [0, r] to [0,1] i.e.
Yt : [0’ 1] -Y

s y(ts).

from ¢o(xp) to y(t) = @(x0). Then y;- (¢; o f) -7, is a homotopy between (g o f) and y- (¢; o f)-y. Hence

(90)«[f1=Tpoo f1=Dr]-[@10of]-[¥] =Py o (p1)«[f]
Proposition 2
If X =Y, then 7, (X) = 7, (Y).
Proof

Since (y o @) =~ idy, by Proposition 1

Vs Oo@Px = (W°<P)* = (Dy o (idx)* = q)y-
Hence 1y, o ¢, is an isomorphism (as is ¢4 o w4). Therefre ¢, and v, are isomorphisms.
Recall: Covering Map

For X, X connected, 7 : X — X is a covering map if for each p € X there exists a neighborhood U ¢ X such that n~ ' (U)
is a disjoint union

n_l(U) - UaeAUa

such that 7|y, : U, — U Is a homeomorphism.



Lifting Properties

Aliftisamap f suchthat f=no f.

1. Path Lifting: Let f : I — X be a path from xo. Then, forany %, € 7' (x,), there is a unique lift 7 of £ with £(0) = %.

2. Homotopy Lifting: Let fy, fi : I — X be paths in X with f,(0) = f1(0) = xo and fo(1) = f;(1). Suppose H is a path
homotopy between f, and f;. Then for any %, € 7' (x,), there is a unique lift H: Ix I — X of H. In particular,
is a path homotopy between f, and f;. That is if H(0,t) = x, then A(0,t) € 7~ (x,) for all £. Hence H(0, £) = %,
Yt € [0,1]. Similarly, A(1, t) is identically constant. In particular, fy(1) = A(1,0) = H(1,1) = f;(1).

Fundamental Group of the Circle
m(s') =z

Example

1 2mi-s
n:R—>S bys—e .

Proof

Take as a base point 1 = x, € S' € C. For each n € Z, we define a loop w,, : [0,1] = S" by s~ ™™ Let f be a loop
at xo € S'. We canllift fto f: 1> Rat0€eR. Then f(1) e n '(x,) = Z S R. This defines a map ¢ that sends a loop f
to f(1) € Z. This ¢ induces ¢ : m1(S", x0) = Z well-defined. If fofi:l— s' at x, are path homotopic via H, then we
may lift H to H: I x I — R which implies f;(1) = f1(1).

@ is surjective, since for any n € Z we may,cpﬁsider the loop w, where @,(1) = n.

¢ is a group homorphism since ¢[ f - g] = f - g(1) =~g+f(1) =o[fl1+9lg] )
@ is injective, since if [ f]=0 (i.e. £(0) =0) then fis aloopin R and f is null-homotopic to ¢y by H. Therefore m o H
is a path-homotopy between f and c,, (i.e. [f] = e).

Path-Lifting

For f : I — X, we have a special case where im f € U evenly covered. Write 7~ ' (U) = | T, and pick the U, which
contains %. Since n|g, : U, — U is @ homemorphism, f := (n|ga)_l o f is the unique lift of f at X,.

In general, pick a partititon of I =[0,1], 0= £y < t; < -+ < t,, = 1, such that im f [, ;,,,] € U; evenly covered. We can
lift f1[o,,,] at o, giving £ : [0, ] — X. Next, we lift £, ,,] at f(#;) € X. Since the partition is finite, we may repeat the
process until f is entirely lifted. This lift is unique.

Homotopy Lifting

For each fixed (yg, fy) € I X I, by continuity, there is a neighborhood N(y,) X () — €, fp + €) such that H sends
N(yo) % (ty — ¢, to + €) inside an evenly covered neighborhood. By compactness of {y,} X [0, 1], there is a finite collec-
tion of Ny, (yo) X (t; —€;,t; + €;) such that they cover {y,} x I and the image of each under H is contained in an evenly
covered neighborhood. Set N =), N (o), a neighborhood of y,, and construct a partition 0= £y < f; <+ < £, = 1
such that H(N x [t;,t;41] € U; evenly covered. Then we can start with H|yx[o,;,] and lift it at %, by some (nlga)_l.
Then lift each H|nx[s,r,,] ONe by one. Eventually, we have H: N x[0,1] — X that lifts H: N x[0,1] — X at %,. This
lift holds for any y, € I and, if two strips overlap, then the lift must agree there by the uniqueness of path lifting. This
assures that A : I* — X is continuous.



Remark

Given a continuous map F: Y x I — X and a covering 7 : X — X, suppose that we have a map F: Y x {0} — X that
lits F|yx{o} : ¥ X {0} = X. Then there is a unique lift F: Y x I — X of F which extends F: Y x {0} — X.

Theorem: Fundamental Theorem of Algebra

A polynomial p(z) = 2"+ a;z" " + - + ap_, 2 + a,, (with a; € C) has a root in C.
Proof

Suppose otherwise. Then p(z) £ 0, Vz € C. Consider f, :[0,1] — st (r =0) by

p(reé™) [ p(r)
|p(re?™s) [ p(r)|

Then fy(s) = 1 is a constant loop at 1 € C, and f, = f; for each r > 0. Consider R > 1 large such that R > Y I |a;].
On {z : |z| = R}, we have

fr(s)=

n

n—i
E:laiz .

i=1

n n
|z”|>(z|a,~|)-|z” 12 Jagl- 12" =

i=1 i=1

This implies that p does not have any roots on {|z| = R}. Moreover, for p;(z) = 2" + t(ar 2"t + - ay_1z + ap) with
0 <t <1, p, does not have any roots on {|z| = R}. Consider

pi(RE™) [ pi(R)
|p:(Re2"S) [ p,(R)|

fR,t(S) =
Then

(R62ms)n/Rn _ (ezms)n

|(R62nis)n/Rn| :w"(s)'

fro(s) =
Therefore fr1(s) = fr(s) and fr = w,. But since w, # constant so this is a contradiction.
April 7, 2025

Definition: Retraction

Let X be a space and A € X be a subset. We say that a continuous map r : X — A is a retraction if r|4 = id4. In
particular, becasue r o, =ida, for xg € A

re 0 (1a)x 1 1(A x0) = 71 (A, X0)

is an isomorphism. Hence r, : 1(X, xo) = m(A, xo) is surjective.
Corollary

There is no retraction r : D> - S'(= dD?).



Proof

Suppose there is such a map r, then

=0 =Z

A

It ;Tl(Dzrxo)‘ - ;Tl(Sl,xoj
is surjective which is a contradiction.
Corollary
Every continuous map # : D* - D has a fixed point.
Proof

Suppose dh: D* - D* without fixed points.

IMAGE 1

Define r : D* - D” as the ray pictured from h(x) through x to the boundary. If x € dD?, then by construction r(x) = x.
Hence r: D* — S' is a retraction which is a contradiction.

Corollary (Borsuk-Ulam)

Let f: $* > R*. Then there exists a pair of antipodal points x and —x on S* such that f(x) = f(—=x). This carries
analogously to higher dimensions.

Proof

Suppose that f(x) # f(—x) for all x € S*. We define g: S* - S' by g(x) = % On $* < R®, we consider a

loop vy at the equator by y(s) = (cos(2xs),sin(2xs),0) for s € [0,1]. Because $*is simply connected, goy:[0,1] = s'
is path-homotopic to a constant loop in S'. On the other hand, we lift h:= goy to h:[0,1] - R with 2(0) = 0 € R. Note

h(s+1/2)=goy(s+1/2)=g(cos(2ns+7),sin(2ns+m),0) = g(—y(s)) = —g(y(s)) = —h(s).

Hence hi(s+1/2) € n~'(=h(s)) where 7 : R - S' is the covering map. Since 7 (=h(s)) = L + ii(s) + Z, for each

s€[0,1/2] there is an integer g, such that (s +1/2) = 1 + h(s) + g, and

1
2

R(s+1/2) = h(s) = 5 +ds.

The left hand side depends continuously on s and, by continuity, g, is a constant (call it g). This gives

- - 1 -
h(1)=h(1/2)+5+q=h(0)+1+2g=1+2q #0
which contradicts the assertion that & is homotopic to a constant loop.

Corollary (Large Fiber Lemma)

If £:[0,1]""" — R" is a continuous map, then there exist a, b € [0,1]"*" such that f(a) = f(b) and |a— b| = 1.
Remark: if z = f(a) = f(b), then the lemma says that diam f_l(z) >1.



Proof

]}’H-l

Take the sphere of radius 1/2in [0,1 , then by Borsuk-Ulam there exist a pair of antipodal points a, b € S' such that

f(a)=f(b)and |a—b| = 1.
Proposition

i (XXY)=m(X)xm(Y)
Proof

Write F:m(XXY) - m(X)xm (V) by [f]+~ ([g],[h])- Then f:[0,1] > XX Y is a loop at (xg, ), f(s) =
(g(s),h(s)),and g:[0,1] > X and h:[0,1] = Y are loops at xy and y, respectively.

Definition: Wedge Sum

Let X and Y be path-connected topological spaces. Then X VY = (X[]Y)/x ~ yo
Let {X,} be a family of such spaces. Then \/ , X, = [ [, Xo/ ~-

Sketch

nl(Sl_,xO) ->m(X,x) gen— a

11 (S, x0) = 1 (X, %) gene B
with @ # 8, af # Ba. Then 71(X, xo) should be (a, B).

Definition: Free Product

Let {Gy}4 be a family of groups. *,G, = {g182°*-8x : each g; is a word in some A, }.

Proposition

If for each a, there is a group homomorphism ¢, : G, — H then {¢,} induces a group homomorphism @ : *,G, - H
by 818k = Pa, (81)*Pa,(8k)-

Van-Kapen Theorem

Setup

Let X = | J, Aq, €ach A, open and connected where {A,} have a common point xo. Assume also that each A, N Apis
path connected. Then j, : A, = X induces j, : 71 (Ag, Xo) = m1(X, X0). {ja}ea iNduces @ : x 71 (Ag, Xo) = 71(X, Xg)
which is surjective by a similar argument as was used above for Example (*) (S° = A_ U A;) applied to X = ], Aq-
Now, what is the kernel of ®?

AOA/Aa\X
sy



m1(Aq)
nl(AaﬁAﬁ‘)% / /‘
71(4p) \ Then iga (w)iap(w) " isNOT id in * o1 (Aq).

But through @, it hsould be id € 71(X,xy). Hence every element in *,7m;(A,) of the form iﬁ,,c(w)i(w(w)_1 where
w € my(Aq N Ag is in the kernel of @.

7T1(X)

N
e

Theorem (Van-Kampen)

If every A, N Agn A, is path connected, ker @ is the normal subgroup N generated by {iﬁa(w)iaﬁ(w)_l ta,pe
A, wem(Aqg N Ag)}. Hence m (X, xo) = (%471 (Ag, X))/ N.

Remarks
1. In the case that X = Ay U A; with Ag N A; path connected, then the intersection condition holds.
2. If X=ApU A; and Ay N A; is simply connected, then N = {id} and 71 (X) = 1(Ag) * 71 (A;).
3. If X=ApU A; and A; is simply connected, then 7, (X) = m1,(Ag)/N and N is the normal subgroup generated by
ey (A1,xp)

ior (w) io(w) ™" = iy (w)

i.e. N is the normal closure of ig; (71 (AgN Ay)).

Example

IMAGE 2

For each a € {1,...,5}, let A, be a small neighborhood of T U e;. Every double/triple intersection is a neighborhood of
T. Hence it is path continuous and we have that 77, (A, ) = Z. Thus 71, (A, N Ag) = id, and 711 (X) = %7, (Ag) /N = *7Z.

Example

IMAGE 3

By Van-Kampen, 7;(X) = 71 (Agy) modulo the normal closure of i(7;(Ag N A;)). That is

<a,b | aba_1b1> =7

Remark

In general, orientable M, is the connected sum of g many toruses.

10



April 9, 2025
Recall: Van-Kampen Theorem

Write 71(X) = (n1(A) * 1,(B))/N where N is the normal closure of iaﬁ(w)iﬁa(w)_1 for w € m (AN B), igp:
ﬂl(AnB) e ﬂl(A) and lﬁa :ﬂl(AﬁB) e 7T1(B).

Example
My is the connected sum of g many tori, and 7, (M) = (ay, by,..., ag, bg | [aby]-+-[ aghg]).
Example

Ny is the connected sum of g many RP* (e.g- N, is the Klein bottle). N, has a polygon-representation by the 2g-gon
with boundary identified through a,a,a,a,+-agag. Therefore 7, (Ng) = (almag | afnoaz,}.

Abelianiztion
1. Ab(m,(My)) is the free abelian group generated by {a;,b;, ..., ag, bg} = 7.

2. Ab(m;(Ng)) :Ab(<a1~-~ag_1a1a2~-ag | afmczz) =785 07,.

Corollary

None of the surfaces in {Sz,Ml,...,Mg,...,Nl,...,Ng,...} are homotopic to each other.

Definition: Cell Complex

0-cells are points; 1-cells, el, are intervals; 2-cells, ez, are disks; n-cells, ", are B".

A cell complex for space X is a decomposition (assuming finite dimensions) X = X'ux'u---u X" where X° is the
discrete set of points (i.e. 0-cells), X' is the space obtained by gluing 1-cells to x° (g : aeé - XO), X% is the space
obtained by gluing 2-cells to X' (¢, : de5 — X'), and in general X" is obtained by gluing n-cells {el}, to X"~ by
@q0eh=8""5x".

Examples
Cell complexes need not be unique. S* = X' U, €5 U, e and §* = {e"} U, {e*}.

RP* = {e'} U, {€°} where ¢, is given by z — z°.
T is gluing e toS'vsh.

Theorem (Computing Fundamental Group)

Set up

Let X be a path-connected space, Y = X U, ei (i.e. X is created by gluing 2-cells {ei}a to X via ¢y : aei — X). The
inclusion ¢ : X — Y induces 14 : 7;(X) — m1(Y). Fix a base point s, € S'. For each a we draw a path y, from x, to

®a(So)- Theny, -, -7, is aloop based at xy. Thus v, - ¢4 - ¥, is null-homotopic in Y (because ¢, is null-homotopic
in e2). That is 1x[Ye - Pa ‘Y] =id in 7;(Y) and is therefore in the kernel.

11



Theorem
Let N be the normal subgroup in 7, (X) generated by elements of the form [y, - ¢4 -7, ]- Then n1(Y) = (X)/N.

IMAGE 1
Example

RP* is X' with ¢ gluedtoitby the map ¢ : z — Z*. Then nl([Re[Pz) = nl(Sl)/N = (y | y2> where N is generated by ¢.
Similarly, the theorem applies to any M or Ng.

Definition: Deformation Retraction

For X € Z, r: Z — X is a retraction if r|x = idy implies rot =idx. If tor: Z — Z is homotopic to idy, then
ry :1(Z) - m(X) is an isomorphism.

Proof
For each a, we glue a strip S, along y,. We set the base at zy above xy, Z =Y U, S,. Y is a deformation retraction of

Z (m(Y)=m(Z)).

IMAGE 2

Set A= Z-J,{ya}, where y, is a pointin ef, not intersecting S,. B = Z—X. A deformation retracts to X 7;(A) = 7;(X).
B is the union of some S, (removing r,) and some ei (removing aei). B is contractible, 7;(B) = id and AN B is the
union of strips S, and open disks punctured at y,. Therefore

m (V) =m(Z) = (11(A) ¥ m1(B))/N = m1(A) /15 (11 (AN B)) = m,(X) /14 (11 (AN B)).

Consider the loop 64 * Yo * Yo * V4 -84 where 8, runs from z, to x,, call this A,. It suffices to show that these generate
n1(ANB,zy). Cover ANBby A, =(ANB)— Uﬁm ef;. Then A, is a union of strips (with trivia fundamental group) and

a single punctured, open disk e —{y,} and 71 (A,) = Z = (A4). S0 A, N Ag is the union of strips, equal to A, NAgN A,
and simply connected. By Van-Kampen,

m1(ANB) = (%qm1(Ag)) /N = *am1(Ag)
is the free group generated by {1, },. This completes the proof.

Generalization (Theorem: Part 2)

If Y = XUgeg for n =3, then m,(Y) = m,(X).

This follows from the same argument where instead A, is the union of strips and a single punctured ball B" — {y,} =
S"!. Som(A,) =id, m (AN B) =id, and 7, (X) = m,(Y).

Theorem: Part 3

Suppose X has a cell complex X = XU X' U---U X". Then m;(X) = 7, (X?).
The proof follows directly from part 2.

Corollary

Given any group represented by generators and relations G = (ga | rﬁ), there is a cell complex Xg, of dimension 2,
such that 7, (Xg) = G.

12



Proof

For each g,, we draw a circle S}x. Then X' = \/aS}x has fundamental group *,7m,(Ss) = (g4)4- TO cOnstruct X, for
each rg glue a 2-cell ei along rg (think of r5 as a loop in Xl). Then in Xg := x' Ug ef; we have m;(Xg) = (ga | rﬁ).

April 14, 2025

Recall: Covering Spaces

Let p: X — X, both X and X path-connected.

1. Path-lifting: let f : I — X starting at £(0) = x,. There is a unique lifting  of f at %, € p~" (xo).

2. Homotopy-lifting: let fy, fi : I —» X be two paths with f,(0) = fl(o) = xo and fy(1) = fi(1). Suppose fris a
path-homotopy between f, and f;. Then there exists a unique lift f; between fy and fy at ¥ € p (x)

These come from the foIIowmg let f,: Y — X be a homotopy between f; and f;. Given fy: Y — X that lifts £,
there exists a unique lifting f;. For path-lifting, we take Y a point; for homotopy-lifting, ¥ = [0,1].

-
I

pof

<t

b

Proposition 1.31 (in Hatcher)

The covering map p : X — X induces py : m,(X, %) — m; (X, x).

1. p« is injective.

2. p«(m(X, %)) are exactly loops at x, that lift to loops at .

Proof of 1

Suppose p«[f]=id € m1(X,x0) where [f] € m1(X,%). Then[po f]=1id, and [po f] is path-homotopic to the con-
stant loop c,,. Hence the lifting p o f = f is path-homotopic to a constant loop cy, .

Proof of 2

Let[flem (X, %). p«[f1=[pof], pofliftsto f at %, which is a loop at X. .
Let f be a loop at x,. Suppose f lifts to a loop f at %, (i.e. po f = f). Hence [f]1=[po f1= p«[[f] € p«(m (X, %)).

Example

If p:S' - S' by z— 2%, then py(m,(S',1)) =22 < Z = 7,(S",1).
Remark

If p: X — X connected, then p~'(x) has the same cardinality for all x € X.

13



Proof

Fix xo € X. Consider A= {x€ X : p~'(x)and p~'(xo) have the same cardinality} # @. Then A is open since for

_ . p
each x € A, there is a neighborhood U of x such that U is evenly covered by p (i.e. p 1(U) = U e Va Where Vg = U).
Then p~' (') has cardinality |I| for all x' € U. It follows, since .A° is open, that A is also closed.

Proposition

The number of sheets is given by [71(X, xy) : p«(m1(X, %) ].

Proof

Write H = p(m,(X, %;)). Define @ : { H-cosets in nl(ﬂo)} - p_l(xo) by H[g]+~ &(1) where g is a lift of g at .

This map is well defined, since for [l1- g] with h € H, h-g(1) = §(1) (because h(1) = %).
@ is surjective. Let %, € p~ ' (xp)

IMAGE 1

and let g be a path from %, to %;. Define g = po g, aloop at x,. Then ®(H[g]) = g(1) = ;.
@ is injective. Suppose ®(H[g;]) = ®(H[g]) (i.e. §1(1) =&»(1).

IMAGE 2
Consider the loop g8, in X at x,. It lifts to &, &,, which is a loop at %,. This shows that [g,g,] € H (i.e. H[g1]= H[g]).

Recall (Manifolds 2)

If a smooth manifold M is non-orientable, then there is a double cover (2 sheets) p : M — M (M connected). Conse-
quently, 7;(M) has a subgroup of index 2.

Definition: Locally Path-Connected

A topological space is called locally path-connected if for each x € X and every neighborhood U 3 X, there is a neigh-
borhood V 5 x such that V € U and V is path-connected (i.e. Yx € X, there exists a local basis {U,} at x such that
each U, is path-connected). For example, the Topologist’s sine curve with endpoints identified is path-connected but
not locally path-connected.

Proposition: Lifting Criterion

Let Y be path-connected and locally path-connected. Given a covering map p : (X,%) = (X,x0) and a map f:
(Y,y0) = (X, x0), f has alift f at % (f(y0) = Xo) if and only if fi(w1(Y,y0)) S px(m:1(X, %))

Proof

(=)
X _ n(X)
sl
vy —Ls x m(Y) —L m(X)

f*ﬂl(Y)=(P*°f*)(n1(Y))SP*WI(X)-
(=) Let y € Y, and draw a path y from yq to y.

14



IMAGE 3

We lift f oy to a path in X starting at %, and define f(y) as the endpoint (i.e. f(y) = f o y(a)).
This is well-defined, since (foy)-(fo¥ )isaloopatxgand [(foy)-(fo¥ 1= fily-T1€ fimi(Y,y0) < pemi (X, Xo).

Hence (foy)-(fo7) lifts to a loop at X.
IMAGE 4

Therefore foy(1) = foy'(1).
f is continuous. Fix f(y) € X and let U be a neighborhood of f(y) that is evenly covered by p. Choose a path-
connected neighborhood V of y such that f(V) € U. We check f|y.

IMAGE 5

Because V is path-connected, we may draw a path i in V from y to . Then f(y') = foyon(1), and F?Liijirst lifting
foy at X, followed by lifting fon at #(1). Let U € X such that p|g : U — U is a homeomorphism and foy(1) € U.
Then Fon(1) = (p )y o f(y). Hence F(3') = fo(yom)(1) = Fon(1) = (p Dlue f() (ie. F=(p lu=fon

1~/). Hence f is continuous aty. .
fisaliftof f. Infact, (po f)(y)=po (fy(1)) = f(y).
Corollary
X
1
y L x

If Y is simply connected, then f,m,(Y) < p4m,(X) always holds (i.e. we can always lift fto f:V —» X
in this case).

Proposition: Unique Lifting

Given p: X —» X and f: Y — X, if two lifts f; and f, of f agree at one point, then the agree everywhere on Y.

Proof

Take A={y €Y : fi(y) = fo(y)} # @. Locally for each y € Y there exists a neighborhood V of y such that
f= (p Dlyof. IfyeA then fi(y) = fa(y). Take a neighborhood U of f(y) that is evenly covered and U of
fi(y) = fo(y) such that p|g : U — U is a homeomorphism. Then on V, a path-connected neighborhood such that

fW)eu, fi=(p Dlyof e fi=fhonV).If ye A, fi(y)+ fo(y). Then T; 5 fi(y) with U, n U, = @. Thenon V,
fi=(p g, of (ie f and f, never agree on V). Hence A =Y.

Remark

If p: X — X is a covering map, recall that a covering transformation is a map f : X — X such that

N

X

X

<
|\h

commutes. This f: X — X is alift of p: X — X. If we fix %1, % € p_ ' (xo), the lifting criterion
says that p,m, (X, %;) < psm1 (X, %). In particular, if 7;(X) is, then this holds. Hence there is a unique lift of p (i.e.
covering transformation) f such that f(%;) = X,.

15



April 16, 2025

Question

Given X path-connected and locally path-connected, when does X admit a simply connected covering space p : X —
X?

Definition: Semi-locally Simply Connected

We say that X is semi-locally simply connected if for any x € X there exists a neighborhood U such that every loop in
U is null-homotopic in X. That is Im(7;(U) — 71(X)) is trivial.

Non-example

The Hawaiian earing in R®.

Example

The cones over the Hawaiian earing.

IMAGE 1
In fact, this is simply connected.
Example
The double Hawaiian earing with cones.

IMAGE 2
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Theorem

X has a simply connected covering space (i.e. a universal covering) if and only if X is semi-locally simply connected.

Proof

(=) Let x € X and pick a neighborhood U of x that is evenly covered by p. Let f be a loop at x in U. f lifts to f at
%o, Which is a loop. Retract f to cz, by a path-homotopy H. Then p o H shows that f is null-homotopic in X.

(<) We construct X as follows: fix x, € X and set X = {[y] path homotopies : y is a path starting at x,}. Let
U={U : Im(n;(U) - m,(X)) is trivial}. By assumption I/ is a basis for X. For each u € U/ and each y from x, to a
point in U, we define Uy, = {y-n] : n starting at y(1) stays in U}. Then p: X — X by [y] = y(1).

We need to check that {U[,] : U €U, y a path from x, to a point in U} generates a topology on X.

We need also to check that p : Up,] — U is bijective. It is clearly surjective, and if p[y-n] = p[y -] with 1,6 paths
starting at y(1) and staying in U. Then n(1) = §(1) and, since 1,6 share the same endpoints and they stay in Up,,
then [n] =[6]. Hence [y-n]=[y-&] and p is injective. ‘

Further, we need to check that p : Up,] — U is a homemorphism and that p l(U) = U
map.

Finally, we need to check that X is simply connected. Recall that p : X —» X induces an injective homomorphism
px (X, %) = m1(X, x0). It suffices to show that p.7 (X, %) = id. We se t%, = [Cy,] € X. Recall also that elements
in pxm1(X, X,) are exactly the loops in X at x, such that they lift to loops at %,. Suppose [y] € psm1(X,%). Then y
lifts to a loop 7 at Xy = [C, ]. For ¢ € [0,1], consider the path y, which follows y on [0, ¢] then stays stationary at y()
for the remaining time. Then ¢~ [y,] is a path on X, p([y;]) = y.(1) =y(¢), and ¢+~ [y,] is a lift of y at % = [Cy, .
Then ¢ - [y,]is aloop (i.e. [y] =[y1] = % =[Cy,]) and y is null-homotopic. This shows that p.m;(X, %) =id (i.e. X
is simply connected).

[y]Uly]- Hence p is a covering

Group Actions on Fibers (Monodromy Action)

Given p : (X, %) — (X,xo) a covering map, m;(X,x,) acts on p~' as follows: p~'(x0) X 11(X, %) = p~ (x0) by
(e,[ f1) = F.(1) where f, is the (unique) lift of f at e € p~'(x,). This is a right 7, (X, x) action.
We want to check that (e-[f])-[g]l=e-[f-g]. We have thate-[f-g] = (7770;)8(1), but (775)@ is the lift of f at e
followed by the lift of g at the endpoint of f,, call it f,(1) = z. Then (f-g),(1) = g.(1) =z-[g] = (e-[F]) - [g].

This action is transitive. Given e and ', draw a path connecting them g. Under the map p, we have that po g = g which
is a loop at xo. Thene-[g]=g(1) =¢.

Recall: Given a right G-set S, Gs = {g € G : s- g = s} is the isotropy subgroup at s € S.

Given e € p_l(xo), the isotropy subgroup at e is all the loops such that their Ifts at e are loops (i.e. the isotropy subgroup
at e is precisely p,m; (X, e)).

Recall: G- S = G/G,. Here, this tells us that p~" (xo) = 7, (X, xo)/ p«71(X, €). This recovers the fact that the number of
sheets is equal to the index of im(py ).

In particular, if X is simply connected, then

. m(X, x,) acts freely on p~'(x,) and

« the number of sheets equals the cardinality of 7, (X, xg).
Definition: Universal Cover

A covering space p : X — X is called universal if it has the universal property (i.e. for any covering space q: Y — X,
there is a covering map p : X — Y such that the associated diagram commutes).

17
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__—_> Y
LA

Definition: Covering Homomorphism

>

Let p; : X3 — X and p, : X, — X be two covering spaces. A covering homomorphism is a map ¢ : X; — X, such that
the associated diagram commutes

XIAXZ

N

By definition, ¢ is a lift of p;.

Proposition
1. A covering homomorphism ¢ is uniquely determined by its value at one point.
2. Foreach x € X, ¢|,-1(x): prl(x) = py ' (x) is 71 (X, xo)-equivariant.

3. A covering homomorphism ¢ : X; — X, is a covering map. Assuming this, the universal cover is unique.

Recall: if S1,S, are right G-sets, a G-equivariant map ¢ : S; — S, is a map such that the associated diagram
commutes

¢
S —> 8,

b, b

S| — S
Proof of 2
Lete € p; ' (x). We need to show taht p(e)-g = ¢(e-g). We have that g € 7, (X, xo) is represented by a loop f at xo. So

e-g=e-[f]1=fo(1) € X1, and p(e-g) = p(f(1)). On the left hand side, we have that ¢(e)-g = f,(¢)(1) € Xo. We need
to verify that ¢( f,) = f,(e) which are both lifts of f at ¢(e). But since the diagram commutes, p2(¢o f,) = p1 o fo = f.

Uniqueness in 3

Suppose we have

v
= X
P1 \
N
X . i
with @(e;) = e; and y(e,) = e;. Then wog(e;) = e;. Hence v o ¢ = id and, similarly,

wo @ =id. Hence ¢ is a bijection and a homemorphism.

Proof of 3

¢ is surjective. Given any €' € X,, set x, = pa(e) and let e € p; ' (xo) S0 @(e) € p5 ' (x,). Since m1(X, xo) acts transi-
tively on pg_l(xo), there exists g € 7, (X, xo) such that e' = ¢(e) - g = p(e- g)

¢ is a covering map. Let V be a neighborhood of x, € X such that V' is evenly covered by both p; and p,. Let U be a
component in p, (V) that contains e,. Then p; ' (X) = | JU,. U as a component in p> ' (V) is both open and closed.

18



Hence ¢~ ' (U) is open and closed in p; ' (V) = UUa. It follows that ¢~ ' (U) is the disjoint union of several components
of {U,}«, and each component is homemorphic to V and consequently homeomorphic to U. This shows that ¢ is a
covering map.

April 21, 2025

Recall: Lifting Criterion

f. \Lp
// f
(Y, y0) — (X, x0) _ o _ , ~
There exists a lift f of f at X, if and only if fum1(Y, y9) S psxm1(X, Xo).

If (X, %) L (Y,70), m1(X, x) acts transitively on p~' (x,) by path lifting (a right action where e € p~" (xo) by e-[y] =
¥¢(1)). The isotropy subgroup at e is ps7; (X, e).

Covering Transformations
x—r %
p
N oo

X - - -
Write Aut(X 4 X)) for the covering group {¢ : X — X covering transformations}.

1. ¢ : X — X is uniquely determined by its value at one point.

2. Given e}, e, € p~ ' (x), there is ¢ € Aut(X 5 X) ifand only if pym(X,e1) = pxm1(X, e). In fact, for ¢ € Aut(X 5
X) with pym1(X,e1) € peri1(X, e3).

3. @lpi): p ' (x) = p~(x) is m; (X, x)-equivariant (i.e. ¢(e) -y =¢(e-y).

Example

Given p:R — S', what is Aut(R 5 s')?

1e€8', p (1)=Z <SR, Yo € Aut(R L SY), ¢(0) = k € Z. Then ¢(x) = x + k. In fact, the map x — x + k is a covering
transofmratio that agrees with ¢ at 0 € R. Hence they agree everywhere (i.e. ¢(x) = x + k for all x).

Example

Given p: §° - RP?, then Aut(S? 2 RP?) = {id, A} with A the antipodal map.

Proposition: Normal Covering

Let X 5 X bea covering map. The following are equivalent

1. There exists x € X such that psm; (X, e) is normal for one (thus for all) e € p~ ' (x).

2. Forevery xe X andeach e € p_l(x), ps«m1(X,e) is normal.
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3. Aut(X A X) acts transitively on some (thus all) fiber p~' (x).

If any of these hold, we say that p : X — X is a normal covering.
Proof

Suppose e, = p_l(x) with pem1(X,e) and pym (X, e'). These are the isotropy subgroups at e and ¢ respectively.
We know also 7; (X, x) acts transitively on p~ ' (x).

Fact: If Sis aright G-set, then Gs={h€G : s-h=s}and Gig={h€G : s-g-h=s-gt={h€S: s-g-h-g ' =s}
So g G- g_1 € G, which implies that G, = g_1 -G+ g. So if Gy is normal then so is Gg.

IMAGE 1

11 (X, e0) —5 my(X,e)

®
m1 (X, x0) —— m(X,x) - 5 .
commutes. Hence ®;, maps p47m1(X,ep) to psm1(X,e), and @y : m1(X, xy) — m1(X, x)

preserves normal subgroups.
(3) implies (1)
Finally, for every e;,e, € p~'(x), there exists ¢ € Aut(X 5 X) such that ¢(e;) = e,. This holds if and only if

p1(X,e1) = psmi (X, e,) for every ej, e, € p~'(x). That'is, e, = e; - y for some y € m,(X,x) and H =y~ Hy for
every y € n1(X, x). So H is normal.

Remark

The (simply connected) universal cover is always normal because {id} is normal in 7; (X, x).

Theorem

Let p : X — X be a covering map with x € X and e € p_'(x). Then Aut(X 5 X) = %

H=psmi(X,e),and Ng(H)={ge G : g 'Hg=H}.

where G = 7m;(X, x),

Special Case 1

If p: X - X is a normal covering, then H is normal in G. Then also Aut(X 4 X)=G/H.
Special Case 2

If p: X — X is the (simply connected) universal covering, then Aut(X 4 X) =m (X, x).

Proof

Let S be a right G-set with transitive action and Autg(S){¢ : S — S G-equivariant bijections}. Fix s € S. Then

Aut(S) = %H) where h = Gs.

Define @ : Ng(H) — Autg(S) by y = ®(y) = ¢, with ¢, : S — S defined by
Gy = y_lH)f = H=G,.
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Then there exists a unique ¢, € Autg(S) such that ¢, (s) =s-7y.

 Lemma

Foreachs €S, s' = s-v' for some y' € G. Then (py(s') = (py(s-)/') = @y(s) ¥ = s-yy'. This is well defined. If
s'=s-y" thens=s(y-y"- ()" -y~") which implies that y - " (') " -y ' € Gy and " - () ! € G,.

® is a group homomorphism since

Py, 0@y, () =y (s v2) =@y, (8) v2=5"71" V2.
@ is surjective since letting ¢ € Autg(S), it maps s to some ¢(s) = s=s- y and hence ¢ = ¢,.
Ng(H)

If ¢y = id, then ¢, (s) = s and y € G; = H. So ® induces =4~ = Autg(S).

Take G = m; (X, x) and Aut(X LA X) = Autg(p ' (x)) = %H) by ¢ = ¢|,-1(x) where H is the isotropy subgroup of the

m1(X, x) action at e (psm1(X,e)). Then ¢ — ¢|p1(x) is injective because it is uniquely determined by its value at one
point.
¢ = @|,1(x) is surjective. Letting n € Autg(p_l(x)) and e; € p~'(x), we set e, = 7(e;) and see that pym;(X,e;) =

Ge, = G,, = pxm1(X, e;). By the lifting criterion, there exists ¢ € Aut(X L X) such that ¢(e;) = e,. Then @|,-1(x) =1

since both are in Autg(p_l(x)) and they agree at one point (hence everywhere). Thus we conclude that the map is a
bijection and

NG(H)‘

Aut(X 5 X) = Autg(p (%)) = oy

Definition: Covering Space Action

Let X be connected and locally path connected with a group action T acting by homeomorphism. The quotient map
p: X — X/T will be a covering map if we impose (*) for all x € X, there exists a neighborhood U of x such that
Un(g-U)= o foreach g eI - {id}. In particular, G acts freely on X. We say that a I'-action on X is a covering space
action if () if fulfilled.
Counter-example
Consider an R action on R by translation. Then Un(g-U) #+ @.

IMAGE 2

Remark

Assuming (*), {g- U : g €T} is a disjoint family of open sets.
Example
Take a Z-action by R® given by y(x,y) = (x+1,-y).

IMAGE 3
Example

S* with Z,-action ({id, A}).
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Theorem
If T acts on X as a covering space action, then g : X — X/T is a normal covering map.
Proof

Let X € X/T and pick x € g~ ' (%). By (*), we have a neighborhood U such that {g- U : g € T’} is a disjoint collection.
Let V = g(U), an open neighborhood of X in X/T. Then g~ ' (V) = {g-U : geT}. Moreover, g-U — V is a homeo-
morphism. If there exist x',g'x' € g-U,then x'=hy - u; and g' X' =hy-up. So hl_lx' €U and hz_lg' -x' € U but this
holds only for the identity map. So the covering map is injective.

Classifications of Covering Spaces

Take X path-connected, locally path-connected and semi-locally simply path connected (guaranteeing a simply con-
nected universal cover). Then there is a 1 — 1 correspondence between

isomorphism classes of covering conjugacy classes of
{ spaces p:X—X } A {subgroups in nl(X,x)}
(p:X-X)s[pami(X,8)]
April 23, 2025

Recall: Theorem

For X path-connected, locally path-connected and semi-locally simply path connected, I" acts on X as a covering group
action (i.e. Vx € X, there exists a neighborhood U of x suchthat Un(g-U) =@ forall g e T\ {e}).

Then p: X — X/T is a normal covering map. Moreover Aut(X 5 X/T)=T.

Proof

(2) this follows from
g

(C) Let @ € Aut(X 2 X/T). That is

X/T
commutes with ¢ a homeomorphism. Now let x € p~' (%) where X € X/T, and let x' =
@(x). Then p(x) =% = p(x'), hence x,x' € p~ ' (X). Hence there is g € T such that gx = x'. So we have

9:X - Xp(x)=x
g:X - Xg(x)=x

S0 ¢ is equivalent to an action by g.

Theorem

Take X path-connected, locally path-connected and semi-locally simply path connected (guaranteeing a simply con-
nected universal cover). Then there is a 1 — 1 correspondence between

22



{isomorphism classes Of} o { conjugacy classes of }
covering maps p:X—X subgroups in 1 (X,x,)
; & 4 L -1
— Assign a subgroup H = p«(X,é)foréep (xp).
« Given a conjugacy class of subgroups, pick a subgroup H in the class.

H<m(X,%)=Aut(X 5 X)

Hence H acts naturally on X as covering transformations. Consider g : X — X/H =: X, a normal covering map.
X
~N
lp '
k/
X

Since X /m1(X, xy) = x, we have an induced map p : X — X. We need to show that p: X — X is a cov-
ering map with p,7,(X,é) = H for some é€ p~ ' (x). Let U be a neighborhood of x such that p~" (U) = |1J,, U,. Then
{T,} is a collect iof disjoint open sets and identical to {g- U : g € m,(X,x)} where U is a component of p~' (U). The
H-action permutes the copies in {g- U} = {U,}. Hence q|g, : U, — X is a homeomorphism. Let U be a component
in p~(U). Then ¢~ (p~"(U)) = p~(U) = |J, Us where g~ (U) is a union of components in |J, U,. Hence U is
homeomorphic to U, and ﬁ_l(U) is a union of components that are homemorphic to U.

Lastly, we show that p,m;(X,é) = H. This is the isotropy subgroup of m; (X, xo)-actions at &. q|,-1(x,) p (%) =
p (%) is 71 (X, xo)-equivariant (i.e. qgle-y) =q(e)-y, q(e) = é for e € X). Hence v fixes g(e) = é if and only if
q(e-y)=q(e), if and only if e-y and e are in the same H-orbit, if and only if y € H.

Example 1

X =§" with 7,(8") = .

Z has subgroups 7, 27,37, ..., kZ, ... where kZ corresponds to the covering map py : z+— 2~
Example 2

X the Mobius strip with 771 (X) = Z with 7;(X) = (y) and y(x,y) = (x+ 1,—y).

Take H = 27 = (2y) < Z. Then 2y(x,y) = (x+2,y) and R°/ H is the cylinder while the cylinder modulo Z, is the mobius
strip.

Example 3

The Klein bottle, K = [Raz/F with T genereted by g(x,y) = (x+1,—y) and h(x,y) = (x,y +1).
So m1(K) = (g, h). g°(x,y) = (x+2,y) commutes with &, so Z* = (g, h) < m,(K) and R*/(g*, h) = T* covers K.

Simplexes
IMAGE 1

The standard n-simplex is

n
A"={(t0,t1,...,tn)eR"+1 : Zti=1, tizo,‘di}
i=0

Al:{(tO)tl)ele : t0+t1=1, to,tIZO}
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IMAGE 2
={(to, 11, 12) ER’ : to+ i+t =1, by 1y, by >0}
IMAGE 3

A" has (n+1)-many faces ((n+1)-simplex) where the ith face is A" " = A" by (to, ..., fy—1) = (fo,++vr ti—1,0, tiree) bne1)-
Let X be a topological space. A A-complex structure on X is a family of maps o, : A" — X (n may depend on a) such
that

1. Ua|3n : A" — X is injective and each point is in the image of at most one of ¢ |oan.
2. 0¢latace of AN IS SOME 05 A""' 5 X in the family.

3. Ac X is open if and only if o, (A) is open in A” for all a.

. _1 ithface g
opis A" ST AT S X

Example

s'is the following iwht 1-simplex

IMAGE 4

Then the “body” of A' S xis

IMAGE 5

with 0 08¢ : A’ » X and o0 6, : A’ - X. The boundary do = Z?ZO(—I)ia 0§;. They define 6 : C,(X) - C,_1(X). For
this example, we have 0o =g 06y + (—1)go0d; =0

The ith face is §; : A" " = A" by (fo,..., ty_1) ~ (to,..., t;— 1,0 by bnet ).

In Hatcher’s notation, the boundary is o = Y ;_,(-1)’ ‘7|[vo »,] Where we shoild think of [vy,..., 7;,...,v,] as the
ith face. So o : A" =[vy,...,v,] = X. Now we have

..........

4 3
5 Cu(X) 5 Cpa (X))
where 4% = 0.

Proof

3(00) = a(Z( )01yt )

—Z( 1)'0(0 | [ugy i)
—Z( D) (=1 0 vyl + (1) (=1 7 00 1rp0n]

j<i j>i
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Homoology Associated to the Delta Complex

We have kerd 2 imd where kerd are the n-cycles and imd are the n-bodies, and

5 {n-cycles} kerd
H X = = -
n(X) {n-bodies} imad

Example
For the circle, C1(X) =Z = (o) and Cy(X) = Z = (v). Therefore
=0 =z =z
C(X) - Gi(X) S G(X) -0

Then Hy (X) =22 = 7/{0} =Z and Hy (X) = X2 = 7,
An Aside

IMAGE 7

0L vo, v1, v2] = [v1, 2] = [vo, v2] + [vo, V1]

Example

For the torus, draw

IMAGE 6

S0 Co(X) = (v) =7, C\(X) = (a,b,c) = Z° and Co(X) = (U,L) = Z°. Then also U =a+b—-cand dL = a+ b —c,
so d(U—-L) =0 and kerd, = (U—-L) =Z. Thatis Hy(X) = % = 7. Now da =0 =0b = dc, so kerd; = (a, b, c) and

Hy'(X) = St - [8ha2bo0) = 7. Finally we have that Hp = % = () = 7
Example
For RP®, draw

IMAGE 8

ACy(X) = (vw) = 7%, C(X) ={a,bc)=2Z°, and Co(X) = (U,L) = Z*. Then dU = a+ b+ c while L = a+ b —c, 0

kerd, = {0} and HZA% ={0}. 01(a) =w—-v, 8;(b) =v—w and d,(c) =0, so kerd; = (c,a— b) and

A _ kerd; _ (c,a+b) _ N 2
Hy, (X) = md, (avbteatb_c) =(a+b+c.c)/{a+b+c2c)=(c)/(2c)=7".

April 28th, 2025
Recall:

For X with a A-complex structure, we have Hﬁ‘l(X).
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Definition: Singular Simplex

A singular n-simplex is a continuous map o : A" — X.
The singular chain C,,(X) is the free Abelian group generated by singular n-simplecies. Write

Cn(X)={Zn,~0,~ : |Zni0,~| <00, n; €7, O'iiAn—>X}

0
n+1\

0 0n 0
e —> Cn+1(X) > Cy > Cn—l(X) —

n
3(0) =) (-1)'0ugtirvy]
i=0
While 0* = 0 and H,,(X) = kerd,,/ Ima,,, is the singular homology.

Proposition

If X =[], Xq with X, connected components of X, then H,(X) = &, H,(X,).

Proof

o:A" = x, imo € X, for some a. So C,,(X) = ®,C,(X,) and 0 : C,,(X) = C,_1(X) maps C,,(X,) to Cp_1(Xg).

Therefore kerd,, = &, ker(d|c,(x,)) andima, 1 = ®,im(d|¢,,,(x,))- Then H,(X) = &, ker(d|c,(x,))/®«im(d]c,, (x,)) =
® o Hy(Xa).

Proposition

Let X be a point. Then

Proof

For each n, C,(X) is generated by a single element 5, : A" — p so C,(X) = Z. Then

L : ; 0 n odd
6Un:Z(_1)lUn|[v0 ,,,,, Diyeres vn]=Z(_l)lan—1:{
i=0 j On-1

n even

~
N
~
N
~
N
~

Therefore ker /im = 0 or ker /im = Z/Z = 0. Because

C(x) =2 Go(x) =250
we have thata Hy(X) =ker/im=27Z/{0} = Z.
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Proposition
If X is path connected, then Hy(X) = Z.

Proof

Define amap ¢: Co(X) —» Z by ) n;o; = ) n; giventhat o; : {v} — X. Then ¢ is surjective. Also,

Ho(X) =kerdy/imad; = Co(X)/imad; = Cy(X)/kere =ime =Z

We claim that kere = imé.

(2) Leto:A' = X, e(61(0)) =€(v; —vy) =1—1=0.

(c) Let ) njo; € Cy(X) such that 0 =e() n;o;) =) n;. We fix a point xy € X. Because X is path-connected, we can
draw paths 7; from x4 to o;. Consider ) n;7; € C;(X), then

a(z n;t;) = Zni(aTi) =n;(o;—xp) = Z”iai —ﬁxo = Z”iai

Reduced Homology

e — Cp(X) — - — Ci(X) — Cp(X) ——Z — 0 i i
Usually written as H,(X), and H,(X) =

H,(X)if n = 1. We have that Hy(X) = kere/ima; and €|ims, = 0 S0 € induces a map éHy(X) <= Z. Then keré = Hy(X).
It follows that

0 — Ho(X) —> Ho(X) —Z —> 0 _ _ } .
is a split exact sequence since Hy(X) = Hy(X) @ Z. In particualr,

H(pt) = {0}.

Remark

my /[y, m] = H
Homotopy Invariance

Suppose we have f: X — Y continuous. Itinduces fj: C,(X) = C,(Y) by o = foo. fyis called a chain map and the
following diagram commutes

e —— Cn(X) L) Cp-1 L)

\Lfd lfa
cer —3 Cn(X) L) Cn-1 L)
Let o € C,,(X) and

n n

fﬁ(60)=fﬁ(2(—l)i0|[yo ,,,,, ba] | = 9 (1) (F 00 [vprontynnra] = 0(fy )

i=0 i=0

Then fy maps cycles to cycles (dc = 0, d(fyc) = fy(oc) = 0) and boundaries to boundaries (fy(dc) = d(fyc)). So fy
induces fx : H,(X) = H,(Y).
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Theorem
If f,g:X — Y are homotopic, then fx = g« : H,(X) - H,(Y) for all n.

Corollary

If X ~ Y are homotopic, then H,,(X) = H,(Y). go f =~idy, fo g =idy,

8«0 frx = (g0 f)x=(idx)« =1id
and similarly g, o fi =id. So fx and g, are isomorphisms.
Definition

Let f,g: C.(X) — C.(Y) be two chain maps. We say that f and g are chain homotopic if there isa map p: C,(X) —
Cn+1(Y)suchthatdP+Po=g—f.

C— Cu(X) =% Cpoy —2

lfg/ |

—>c (x) 25 Cpuy —2 -

Theorem

If f =~ g are homotopic, then

1. fy and gy are chain homotopic,

2. fx = g« on homoology

=0
3. For any n-cycle, c € C,(X), g(c)— f(c) =0P(c) + P(dc). Hence g«[c] = filc].

Proof

Consider A" x I, and set A" x {0} = [vg,...,v,] and A" x {1} = [wy, ..., w, ]. Then the following are all n-simplicies

[UO! Ulyeo s Up—1, Vn]
[UO’ U)oy Up—1, wn]

[V, V1yevy Wy_1, Wy ]

[vo, Wr,..., Wp_1, Wy]

[WO! Wyy..., Wnp-1, wn]

They divide A" x I into (n +1)-simplicies, {[v,..., v;, Wi,...,wy,] : i =0,...,n}. Now let F: X x I — Y be a homotopy
between f and g. Consider

A'x1 298 xxr Ly
need to check that dP + Pd = g — f.

~~~~~~~
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Short Exact Sequences of Chain Complexes Induce Long Exact Sequences of Ho-
mology Groups

Applications

1. Rleative homology group.

2. Meyer-Vietoris sequence.

Short Exact Sequences Induce Long Exact Sequences

Suppose we have sequences

0 0 0 0
| L,
Ap = = = Apt = Ay = Ay — o
i
\ \ a \ a \
By 7 7 Bn+1 7 Bn 7 Bn—l —
\/j v ~ ~
\ \ a \ 6
C* 7 7 Cn+1 7 Cn 7 Cn—l —
0 0 0 0

So H induces a long exact sequence

— 9y HL(A) —= H(B) I H,(C)

9 H,_(A) —=— ...
where 0 : H,(C) —» H,,_1(A) by [c] ~ [a], our connecting homo-
morphism, for ¢ € C,,. Then we have that the following commutes

—

Il
b+—— 0b+——0
Ij J
c———0

So a is a cycle. We need to show that da = 0. Note that i(da) = d(ia) = (db) = 0. Because
i is injective, da = 0. d is well defined since

+ choice of a: i is injective

« choice of b: suppose b' € B, such thatj(b') = j(b) = c. Then b—b' satisfies j(b—b') =0and b—b' € kerj = im
(i.e. there exists @' € A, suchthati(a')=b—-b',sob' =b+i(d). Then
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b-—b
0 I .
So a+ 0a satisfies
i(a+0a)=i(a)+i(0a) =0b+0d(id)=ob'
and
a+dd
b — ob'

since [a+0dad'] = [a].

» We need to check choice of ¢, but we will skip this.
» We need to check that § is a homomorphism, which follows from the definitions.

« Finally, check that the induced long sequence is exact. We will check only exactness about H,,(C) (i.e. im j, =
keré).

im j, Skerd: 6(j«[b]) =0 because

b |L>

U
Jj(b) o

kerd € im j,4: Suppose [c] € H,(C) such that 9[c] = 0, then

alhié-azad
b ——— 0b
b
c —t—

Consider b—i(d'), then j(b—i(a')) = j(b)—joi(a)=j(b)=c. So[c]=j[b—i(a)] €im jy.
This is a cycle, since d(b) —d(i(a')) =db—i(da') =db— b =0.

April 30, 2025
Recall

1. if f,g: X - Y are homotopic, then fy, = g« : H,(X) = H,(Y).
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= Cu(X) = Gu(X) — -

/ 5 gM =

Cre1(Y) =25 Cu(Y) =2 -
OP+ PO = f3—gy-

1. Short exact sequence of chain complexes

0 > A > B > Cy > 0
induces a long exact sequence of homology groups

+ — Hy(A) —— Hy(B) — H,(C) —> -

L) Hn—l(A) —_

Relative Homoology Group

Setup: A € X, A closed and non-empty. Then

Ch(A)={ceCy(X) :c= Z n;o;, imo; € A}.
Define C,,(X, A) = C,,(X)/C,,(A) such that
0 — Cu(A) —— Cu(X) —15 Cu(X,4) — 0 _ |
is a short exact sequence. Then C4 (X, A) is a chain com-

plex

. L) Cn(X,A) _0> Cn—I(XrA) L) . ,
with 8 = 0. Note that d : C,(X) — C,_1(X) maps C,(A) to
Cn-1(A). Henceitinducesd: C,(X)/C,(A) = C,_1(X)/C,—1(A). It gives homoology groups H,(X, A) =kerd, /imd,+;
and induces a long exact sequence

. H(A) — s H(X) I H (X, A) — -

L) Hn—l(A) — 3 .
Remarks

1. the elements in H, (X, A) are represented by relative cycles (i.e. a € C,,(X) such that da € C,,_; (A)).

2. A relative cycle «a is trivial in H,(X, A) means «a is a “relative boundary” (i.e. « = dp+y for g € C,,41(X) and
Y € Cu(A)).

0:H,(X,A)— H,_1(A) is defined by [a] ~ [0a]
oa

a€Cp(X) —2 da€Cpyy(A)

L

a€Cy(X,A)
" We can also define the relative version.
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Hn(A) — Hn(X) — Hn(XrA)

0

T Go(X) ——=Z — 0 e
l 0
e 2y p(x,4) =25 0 — 0 Z’I”f — Zfi —— Hy(A) —— Hy(X) —— Hy(X, A)
0 0 Y nio; — Y n — 30
Example

H,(X,X) =0 forall n, because C,(X,X) =C,(X)/C,(X)={0}. So H,(X,X,) = H,(X)
=0

Hy(Xo) —— Hy(X) —— Hp(X,Xo)

=0
———

—6> Hn—l(XO) —_ 5 .
Fact

H,(X,A) = H,(X/A)if (X, A)is a“good” pair (i.e. there exists a neighborhood V of A which deformation retracts to A).

Example

(X,A) =(D",0D") is a good pair, so H;(X,A) = H;(D"/oD") = H;(S"). This give a long exact sequence
=0

A,(8") —— A;(D") —— Hi(X,A)

=0
0 ~ n—1 ’~—A—n\

——> Hi1(S" ) — Hi(D7) — - N nel n e
and H;_1(S" )= H;(D",0D") = H;(S"). We conclude
that H;(S") = H;_1(s" ).
For n=0, 8" is two points, Hy(S°) = z, and H;(S°) = H;(pt) ® H;(pt) = 0 for each i = 1.
Forn=1, H;(S") = Ay(S°) = Z and Hy(S") =0.
Forn=2, A,(S°) = H,(S") =z, ;(S*) = Hy(S') =0 and Hy(S*) = 0.
So H;(S" is Z when i = n and 0 otherwise.

Induced Maps on Pairs

Write f: (X, A) — (Y, B) for a continuous map f : X — Y such that f(A) € B. Then f : C,(X) = C,(Y) (fy : C,(A) —
Cn(B)) induces fy : C,,(X,A) = C,(Y,B) achain map dfy = f#0. This induces fy : H,(X,A) —» H,(Y,B).

Proposition

Given f,g : (X,A) = (Y,B) which are homotopic through maps between pairs (X,A) — (Y,B), then fy, = g4 :
H,(X,A) - H,(Y,B).
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v — Cu(X,A) — Cu(X,A) — -

e b

- % Cu1(Y,B) — Cu(Y,B) —> -+
such that 0P + P0 = gy — f (i-e. fyx = 8«). P: Cp(X) = Cpyr(Y)

maps C,,(A) to Cp41(B). P defined by P(a) Y (=1)'Fo (0xid)|{u,...00 ;... w; ]

AMxy 24y Foy a1

lfo: A" - A, then P(0) : A" - B.

Excision

Given a good pair (X, A), H,(X,A) = H, n(X/A).

Suppose we have Z € A € X such that Z ¢ A° (i.e. the closure of Z is in the interior of A). Then H,(X,A) =
H,(X—Z,A-Z). Equivalently, if B= X —Zthen AnNB=A-Zand Z<c A° = A°UB°’ = X. If A and B satisfy

A° U B° = X, then by excision H,,(X,A) = H,(B,ANB).

Remark

If X has a A-complex structure such that A, X — Z and A— Z are subcomplexes, then we claim that CS(X,A) =
CM(X=-2,A-Z) (and Hy (X, A) = Hy(X - Z,A— Z). In fact, consider ¢ : Cn (X — Z) = C5(X)/Ch(A) which factors
through

Ch(X=Z) < Cp(X) — Cp(X,A)=Cy(X)/Cy(A) o A
Then ¢ is surjective, kergp = C,,(A— Z) and
Cn (X, A) = C,(X)]Cp(A) = Cp (X - Z) [ kergp = C (X - Z, A= Z)
Proof

Let {U,} = U be a collection of subsets such that {Uy, }, is an open cover of X (it will suffices to consider U/ = { A, B}).
Write

CZ(X) = {Z nio; € C,(X) : imo; < U}’ for some j}.
Then d: C,(X) - C,_;(X) maps CZ’(X) to CZ_I(X). The chain complex Cf(X) gives homoology groups H];{(X).
Proposition

12 CY 5 €, (X) induces an isomorphism HY (X) = H,(X).

The sketch of this proof is to construct a map p : C,(X) — CZ,f(X) by subdivision. That is, if the simplex o : A" —» X
does not sit inside any U, we may subdivide into further simplices that do. Then p ot =1id and ¢ o p is chain homotopic
to the identity.

o Cn(X) — Cn—l(X) —

b s

> Cp(X) — Cpa(X) —> - o
where D : C,,_;(X) — C,(X) such that 0D + D3 = id —t o p which im-

plies (top)4 : Hy(X) —» H,(X) is the identity map. There also exists a relative version. For simplicty, say i/ = { A, B}
and denote C¥(X) £ C,(A+B) sowe have H,(A+B,A) = H,(X, A).
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Proof Continued

We have that H,(A+ B, A) = H,(X, A) (proof in Hatcher).
The left hand side comes from the chain complex of

Co(A+B,A)=C,(A+B)/C,(A) =C,(B)/C,(AnB) = C,(B,ANB)

so H,(A+ B, A) = H,(B,ANB).

Proposition

Let (X, A) be a good pair. Then the quotient map ¢ : (X, A) — (X/A, A/ A) induces an isomorphism ¢ : Hy,(X,A) —
Hp(X]Apt) = Hy(X/[A).

Proof

Let V be a neighborhood of A which deformation retracts to A.

Hy(X, A) EEEOEEN Hp(X,V) —— Hy(X-AV-A)

b L

(2) H,((X-A4)/A,(V-A)/A)
Ho(X[AA[A) == Hy(X[AV/]A) o O A AT AT )

It remains to show that (1) and (2) are isomor-
phisms. For (2), V /A deformation retracts to A/A in X/A. So consider the triple A< V ¢ X. It induces a short exact
sequence

Ca(V,4) i GXxa) L GXY)

Z = = 0
Ca(V)/Cn(4) Ca(X)/Cu(A) Ca(X)/ Xn(V)

0 —
So kerj = imi, and this induces a long exact
sequence

=0

——t— -
— H,(V,A) —— H,(X,A) —> H,(X,V)

=0

; -
— H, 1(V,A) — . .
where the terms zero since V deformation retracts to A.

May 5, 2025

Recall

For A € X, we have

0 — Cu(A) —= Cu(X) — Cu(X,4) = Cu(X)/Cu(A) —> 0
which induces

o ——% Hy(A) —— Hp(X) — Hy(X,A) — -

)
—_— Hn—l(A) — 3 .. o
Also, we have excision where

1. if Zc Ac X suchthat Zc A®, then H,(X — Z,A— Z) = H,(X, A).
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2. if (X, A) is a good pair, i.e. A has a neighborhood V such that V deformation retracts to A, then H,(X,A) =
H,(X[A).

Simplicial and Singular Homology
Goal: given X with A-complex structure, Hy (X) = H,(X).
Example

H,(D",0D") = H,(D"/6D") = H,(S") = Z. We can construct a generator for this Z. We consider H,(A",0A") and
claim that it is generated by i, : A" — A" as the identity map. We prove by induction, first observing that n = 0 is good.
Then suppose n—1 and let A € A" be the space obtained by removing a face from the boundary A”. Then take

H,(A" 0A™) —2 H,(3A", A) G H,1 (A" oA
Consider the triple A € A" € A" and the short exact
sequence on the chain level

0 — C.(3A",A) —— C.(A",A) —= C. (A" 0A") — 0
which induces the long exact sequence
=0

——
oo —— H,(0A",A) ——— H,(A",A) —— H,(A",0A") — -

=0

0 n n
—2 % H,_1(0A",A) — H,_1(A",1) —— .- . .
since A" deformation retracts to A, Hx (A", A) =
0. Hence H,(A",0A™) : H,_1(0A", A).

n—1

For (2), let A" be the face that is not in A. Then A" < A" induces a homeomorphism A" ™' /A" ™! = 0A" / A.

Hence (0A",A) Is a good pair, and
Hy_1(0A", A) = H,_ 1 (0A" [A) = H, (A" oA™Y = H,_ (A" 00"

We have
dip € Cp_1(0A",A)

l

in€Cp(A",A) —2— 9i, € Cp_ (A", 00"

!

in € Cp(A",0A") . o
sod  :[0i,]+ [i,]. Throughtheisomorphism H,_; (A" ",0A" ") =
H,(A",0A™), [i,] is identified with [di,,] for i, : A" — A". Hence [8i,]is [+in_1]in H,_1 (A" 100" H).
Corollary

Let \/, X, by identifying x, € X, for each a. Suppose (X,,x,) is a good pair for each a. Then @, H,(X,) =
Hn(\/aXa’)

35



Proof

Consider the good pair (X, A) := (] [, Xa, [ [,{xa}) where X/A =/, X, such that

f, (\/ Xa) = Hy(X, A) = (D) Hy(Xa, X0) = D) Hu(Xa).

Theorem
Let U cR™ and V < R" be open sets. If U and V are homeomorphic, then m = n.

Proof

Let x € U. By excision,

H;(U,U~{x}) = H;(R",R" — {x}
where we note that (R”,R™ — {x}) is not a good pair. However, it still induces a long exact sequence
i m F :()m m m
— H(R" —{x}) —— H;(R") —— H;(R",R" —{x})

=0
——

— Hin(R"—{x}) — H(R") —— -~
Hence

Z i=m

Hi(Rm’Rm_{x})EHi—l([Rm_{x})EHi—l(sm_l)z{ : .
0 Ii+m

If U and V are homemorphisms, then H;(U,U — {x}) = H;(V,V —{¢(x)}) and m = n.

Naturality of Long Exact Sequences of Pairs

f:(X,A) - (Y,B) with f(A) S B,
0 — Co(A) — Co(X) — Cuo(X,A) — 0

b

commutes. Then the long exact sequence

o — Hy(A) — Hy(X) —— Hp(X,A) —2 H,_((A) — -

1~ 1~ 1~ 1~

o — Hy(B) — Hp(Y) — H,(Y,B) —> H,_,(B) —> -
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oa € Cn—l (A)

!

a€Cy(X) —2 daeC,y(X))

!

a€Cy(X,A)
" Soé:[a] —[0a]and

fx(6[a]) = fi[oa] = [fu(0a)] =[0fs(a)] = 6(fla]).
Recall: the Five Lemma

»yA—3B—3C—>D—>E—>
s A s B s s D' s £ N

implies that C = c'.

Equivalence Between Simplicial and Singular Homology
Given X with a finite dimensional A-complex structure, then C; (X) = C,,(X) induces an isomorphism Hj (X) = H,(X).

Proof

Suppose it holds for all (X,A) with dlmenS|on less than k—1. We condler the k-dimensional case.
Let X' be the i-skeleton of X. Note that x* = X, so the pair (X xF ) induces a long exact sequence

Hyy (X5, X571 — H (X)) — Hy(X) — Hy (X5 X571 — Hyy (X7

1o l@ l® L@ |®

Hypoy (X5, X5 — H,(X*) — H(XY) — B X" — H, (X

We have that (2) and
(5) are isomorphisms per our inductive assumption. Note also that C,%(Xk) =0forn=k,so
A,k
A, ok k-1 A, oky g Ay k-1 Ci(X") k=n
Cu(X5, X" ) =Cu(X)[Cu(X ) =1 " :
0 n<k
So the chain complex C2(x*, x* 1Y is
0 —3 0 — A xFH=c2xhH — 0 —> 0 CA(x5) k=n

and HS(Xk, Xk OE . Now consider

0 k+n
D: (UaAﬁ,UaaAﬁ) - (Xk,Xk_l). It induces a homemorphism Xk/Xk_1 = (UaAﬁ)/(HaaAa). So \(

Hy (x5 x5 = m,(x*, x* ((UA ) (]_[aAf;))an(]_[A’;,]_[aA’;)E@Hn(Aﬁ,aAﬁ)

where each Hn(Ag,aAfi) is generated by ia : Aa - Aa (the identity map) if n = k or Hn(A’;,aA’,;) when n # k. Finally,
we observe that

Cr (XY = P (ia) = P Ha(25.055).

a
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So (1) and (4) are isomorphisms and, by the five lemma, (3) is an isomorphy as well.

Remark

Hy(X,A) = H,(X, A) if X has a A-complex structure and A € X is a sub-complex.

Hp(A) — Hp(X) — Hp(X,A) — Hy_,(A) — Hp_(X)

Lo @ |® L@ |®

Hy(A) — Hu(X) —— Hp(X,A) — Hp-1(A) — Hp-1(X) , _
where (1), (2), (4), (5) are isomorphisms,

so we have the conclusion by the five lemma.

May 7, 2025
Definition: Degree

Let f:S" — S" which induces fy : H,(S") —» H,(S") (i.e. Z— 7). Hence f, is multiplication by some integer d € Z.
Define deg(f) =d.

Properties
1. deg(id) = 1.
2. If f,g:S" = S" are homotopic, then f; = g4 thus deg(f) = deg(g).

3. deg(fog)=deg(f)-deg(g), because (fo g)« = fx © g«. In particular, if fo g ~idg: then deg(f) -deg(g) =
deg(fog)=1anddeg(f)==*1.

4. Suppose f:S" — S" is not surjective, say xo € S"\im f. Then f: 8" — §"\{x,} =R". So fis §" N S"\{xo} > §"
and

=0
H,(S") — Hu(S"\{x0}) — Hu(S")

S0 fy : Hy(S™) = H,(S") is the zero map (i.e. deg(f) = 0).
1. f:8" = 8" areflection has degree —1. In general, if we take two copies of A" glued along corresponding edges

by the identity map then we get S”. Then H,(S") has a generator U — L, and reflection of f maps U—Lto L— U
(.e. fuy:Z—=2Zis1- -1).

2. f:8" - §" an antipodal map (- id) which sends (x',...,x" ") » (=x',...,=x"*") has deg(-1id) = (-1)"*".
3. Theorem (Hopf) if f,g:S" — S" have the same degree, then f =~ g.

4. If f:8" — S" has no fixed points, then f = —id and deg(f) = (-1)""". Proof: if x # f(x), then the segment
(1- 1) f(x)+ t(—x) does not pass through 0 € R"*'. Consider f,(x) = ||8:31ff81§§:g|| where fy(x) = f(x)
and f;(x) = —x show that f;(x) gives a homotopy between f and —id.

5. S" has a continuous, non-vanishing vector field if and only if n is odd. Proof: (=) say n = 2k — 1 such that
s" c R**. Define V(xy,...,%1) = (=2, %1, — X4, X3,...). Then V(%) L X. (=) Think of V(%) starting at ¥
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and without loss of generality that ||V (x)|| = 1. Consider f;(x) = (cost)x + (sint)V(x) where f,(x) = —x and
fo(x) = x such that {f,} is a homotopy between id and —id. Hence 1 = deg(id) = deg(—id) = (-1)"*' and n is
odd.

6. If n is even, then Z, is the only non-trivial group that can act freely on S". For example, s' acts on §° freely if
we consider (z;,z,) € s*cc? and 0(z1,20) = (eigzl,eiQZZ). Proof: suppose G # id acts freely on S”. Consider
deg: G — Z where im(deg) € {1} € Z and for g # e then deg(g) = (-1)"*' = —1. Then G/ker = im = {-1,1}
since ker = {e}. Hence G =im = ({£1,-) = Z,.

Theorem

Below, we assume that S” has a point y such that £~ (y) = {x1,..., X} is a finite set. If f is smooth, then by Sard’s
theorem we may pick a regular point y. Then f_l(y) is an embedded submanifold of dimension zero (i.e. f_l(y) is a
collection of finitely many points). That is, when f is smooth this assumption holds automatically.

For each i = 1,...,m, we choose a small ball U; about x; and a ball V about y such that f(U;) € V. The pair
(s",8"\ {x}) induces

=0 =0
o > Ha(S"\{x}) — Ha(8") —= Hu(8",8"\{x}) — Hp1(S"\{x}) —> -~
The pair (U,U \ {x}) gives
=0 =0
v — Hy(U\{x}) — H,(U) — Hy(U,U\{x}) —= H,oy(U\{x}) — H,o1(U) — -
and we observe that H,,(S",S" \ {x}) = H,(U, U \ {x}) by excision.

=7 =7
Ho(Up, Ui\ {x}) —2— H,(V,V\ (7})

excision \Lki .
excision
=7

~

H, (8", "\ {xi}) 45— Ha(S",8"= £ (1)) —L Hy(8",5"\ {3})

\ ) T

Hy(8") ey HL(S)

We have that f : H,(U;,U; \ {x;}) = H,(V,V\ {y}) is Z - Z and hence it gives an integer. We call this the local
degree deg(f|y,)-

Theorem: deg(f) =) ;.,deg(fls,).
Write

Ha(8",8" =17 (1) 2 Hn(L[Ui,U<Ui\{xi})s@Hn(ui,u,-\{xmzzm.

excision

then k; : H,(U;, U; \ {x;}) = @, H,(U;, U; \ {x;}) by 1 (0,...,0,1,0,...,0) =: e;. Consider the triple $" — f~"(y) ¢
$"\ {x;} € §" which induces

0 — Co(S"\{x;:1,S"\ f7' (1)) — Cu(S", 8"\ ' (¥)) — Cu(S", 8" \{x;i}) — 0
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So we have p; : Hy(S8",S"\ f~' (1)) = H,(S", 8"\ {x;}). Then

commutes and 1 = p;(k;(1)) = p;(e;), hence p; is the projection to the i-th component. Similarly

7z +— 7"

Pi
ka
VA

commutes so 1 = p;(j(1)) and the i-th component of j(1) is 1 (i.e. j(1)=(11,...,1) € Z". Then deg(f|,) =
f«(ki(1)) = f«(e;). Finally,

degf=fi(1)= (G = () €)= ) fule) =) deg(fulx,)

Remark

If fis smooth and y is a regular value, then we can pick U; and V such that each f|y, : U; — V is a diffeomorphism.
Hence deg(f|y,) = £1.

Example

If f:8" > S by z- ¥, £7'(1) has k many points (viz. the roots of unity). flu, : U; = V is diffeomorphic (by rotation
and scaling) and deg( f|y,) = 1. deg(f) =) deg(f|s,) = k.

IMAGE 1
Definition: Suspension of a Space
Recall that the cone of X is C(X) =X x I/ X x {1}.

IMAGE 2
The suspension of X is S(X) = C(X)/X x {0}.

IMAGE 3

Examples

S(s') = S%. In general S(8") = s"*".

Definition: Suspension of a Map

f:X—=Yinduces f: XXI—YXxIby(x,t)+- (f(x),t). Thisinduces Cf:C(X)— C(Y)and Sf:S(X) — S(Y).
Examples

f:8" > 8" inducesamap Sf:S" - 8" f:8' - 8" by z- 2* induces Sf: S > §°

IMAGE 4
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Proposition
deg(Sf) = deg(f).
Proof

Consider the pair (C(S"),S" x {0}) which induces

Hp1(S7) — Hp1(C(S7)) — Hpy1(C(S7),8" x{0}) —— Hy(S") — H,(C(S")) —
n+1

Hence Z = H,,.1(C(S"),S8" x {0}) = H,,1(S(S")) = H,41(S"""). Therefore

A1 (8™ = H,i1(C(S™), 8" x{0}) —2= A,(s"V)

s l(cf)* lf*

Hpa1 (™) —— Hpa(C(S"),8" x{0}) — H,(S")
So deg(Sf) = deg(f).

Remark

For any k,n € Z,, by iterated suspension of the map z — zk, we can construct f: §" — S" of degree «.

Remark

Sf:8" o 8™ pick p e S"! apole, then (Sf) ™ (p) = {p}.

IMAGE 5

Hence deg(Sf|,) = deg(Sf) = k.
May 12, 2025

Recall

Let X be a CW-Complex of finite dimension X = x'ux'u-.uximX

X" is a discrete set of points.

X' is a gluing of {eh}qea to X°, where ' = [—1,1], by the attaching map ¢, : dey — X".
X1 is the gluing of {e]oi“}aeA, where **! = pF*!, by ¢q : aeffl =s* 5 x*,
Lemma

(a)

Let X be a CW-Complex of dim X. Then

n n—1 0 k+n
Hi (X", X" )= . .
free abelian with a basis in 1-1 correspondence to{n-cells}
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Proof

(x", X" 1) is a good pair. So

H(X", X" = A (X" /X" = Flk(v SZ) = D An(sa).

If k # n, then H(Sy) = 0.
If k = n, then Hy(Sy)=Z and H, (X", X" =P,z

(b)
Hi(X")=0if k> n.

Proof

The pair (X", X""!) gives a long exact sequence.

o — Hepn (X" X" 2 H(X"TY) — H(x")

- Hk(Xn,Xn_l) L) . .
Supposing both k # n and k + 1 # n, the first and last

terms are zero and Hy(X" ') = Hi(X"). Then

He(X") = Ho(X" )2 Hy(X" ) = = H(X") =0
(c)

i : X" < X induces an isomorphism i, : Hi.(X") = Hi(X) if k < n.
Proof

If kK < n, then

R

He(X") = He (X" = oo 2 H (XY™ = H(X)
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Chain Complexes

Hn(Xn+1’Xn)
i /
0 Hyir (X")
\ /
Hn+1(Xn)
y \
dn - dn - —
Hyp (X" XYmoo 22 > Hy(X", X" o > H,_1 (X", x"%)
Hyoy (X"
0 /

_ _ i 6 . ,
This give a cellular chain complex {H,, (X", X" 1), d,} with d,, o d,, 41 = 0 because L, . %= 0. This defines a cellular
homology H,CCW(X). We claim that HS" (X) = H,,(X).

Proof
Hy(X) = Hy(X""!
= H,(X")/keri because i is surjective
PYSE A
= H,(X")/imé& 4 because 3'- - is exact
= j(Hy(X™)/j(imé,41) because j is injective
=ker(6,)/im(d,41) j(imé,41) =im(jo &,41) =im(dpi1)
=ker(d,)/im(d,+1) ker(6,) =ker(jod,)=kerd,
cw

=H, (X)

Applications

For

o Hy (X" XYY o, (x"T XY L
where H,(X", X" ) =D,z
(1)
If a CW-Complex does not have any n-cells, then H, (X", X" ') =0 and H,(X) = H." (X) =o.
(2)

If a CW-Complex X has k-many n-cells, then H, (X", X" ') = z*. Then H,(X) = HS" (X) = kerd, | imd,,_,. kerd,, <
H, (X", x"") = Z*. Hence kerd, and H,(X) can be generated by at most k many elements.
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©)

If X and Y are CW-complexes with {¢ : ej — X"~} and {y : ep — Y"™'} respectively, then X x ¥ has {¢, X ¥ :
ey X ez - (X xY)™" 1} where e x eg ="

Consider S" x 8" (for n = 2) where S” is constructed by one 0-cell and one n-cell. Then S" x 8" has one 0-cell (Z'), two
n-cells (Zz) and one 2n-cell (Zl).

0 > Z > 0 ? > Z > 0 ? A > 0
SO
Z k=0,2n

Hi(S"x8")=4{7* k=n

0 otherwise

(4)

2n+1 2n+1

| ~where v~ Av and Av = (emzl,...,eieznﬂ). Consider the set of vectors in S
"1 wecc" |w| <1} is the graph of the
function w - \/1— |w|? defined on {w : |w| <1} € C". So D" is homeomorphic to a disk {|w| < 1} = D*" < C".
For any vector v € ™", v = (2y,...,2n41) if Z4+1 # 0, then v is equivalent to a unique vector in D", If z,4; = 0,
{(z1,...,2,,0) € " ' x {0}} = $*"7'. So g: """ - CP" has that q|pzn is a homeomorphism. Then S~ s
exactly CP" . Therefore, we may view CP" as gluing ¢ to CP" ' by the attaching map de*” = $*" ' - cp" .

Take CP" as C"*'/ ~oras S
whose last component is real and nonnegative. D3" = {(w,/1— |w|?) € C

So CP" has cells €°, &%, ..., ¢*" and the cellular chain complex is
z > 0 > 7 > 0 > > Z > 0 > 7 > 0
Z k=0,2,...,2n
Hi(CP") = , :
0 otherwise

Recall that RP" by §"/ ~ with §” ¢ R"*! and v ~ —v, we may take the upper hemisphere D”. For every v € §" =

(X1,..., %), if X541 # 0 then v is equivaent to a unique vector in D where g|p» : D} — RP" homemorphic to its image.
If X471 = 0, then {(x1, ..., X,,0) € S"}/ ~ and RP" is gluing " to RP" ' via the attaching map ¢ : de" = §"~' - RP" ™"
as the quotient map.

Computation

We want d,, : H, (X", X" ") - H,_;(X"',X"%). For n =1 we have

\ HO(XO)
SN
Hy (X', X°) & > Hy(X") ———— 0
0
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where d; =6 : Hy (X', X") - Hy(X°). If X is connected, and X° = {v}, then Hy(X°) = Z and Hy(X) = Hy(X")/imd,
implies that imd; =
Forn =2, Hn(X",X”_l) is P, Z and the generators are in one-to-one correspondence with {eg },. We have a cellular
boundary formula

d,(ey) = Zd ﬁeﬁ

o q _
where dgp = deg(Aaﬁ)and Nap:S"" =0e) n s xn! ﬁsﬁ g X!

n—1

X" except (e 1)°. For every n-cel e’ and every (n—1)-cell ez_l, we obtain dyp = deg(Aqp)-

- Sg_l is obtained by collapsing everything in

Example

Suppose we have Mg, an orientable surface of genus g. M, has one 0-cell, 2g 1-cells (ay, by, ..., ag, bg_ and one 2-cell.

q , _
Then d; =0, and d,(e;) comes from Agp : s?=0e* S x' = \/S1 4 S}; which glues ' to S' by a-a~". So deg(Aqp) =0
and d2(€2) =0.

0 vz 9y 726 0y 7

~
o

S0 Hy, =7, Hy =7 and Hy = Z
Example

N, is a non-orientable surface of genus g. N, has one O-cell, g 1-cells (aja;---as), and one 2-cell. We know
that d, = 0. Consider Agp : Sy = X' — Sp which glues S' to ' by a® (i.e. z— z°) and deg(Azp) = 2. So
dy(es) = Y p2e5=(2,2,...,2) € 28 and

d
0— 2 —2725—27Z—0

So Hy =2, H; =7%/imd, = 28" @ 7, and H, = kerd, /0 = 0.
May 14, 2025
Remaining Homology Topics
1. More examples of wa
2. Euler characteristic.
3. Homology with coefficients.
4. Mayer-Vietoris Sequence.

5. my/[m,m]=Hi.

Recall: Cellular Chain Complex

(Hn(X",X”_l) d,) where H, (X", X" ") has a basis in one-to-one correspondence with the n-cells in X and d a(en) =

. q
Y5 dages ! with dop = deg(Agp) for Agp : Oy = Sq 1o xn-1 24 - S5 ! where qp collapses everything in X"~ ! except
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int(e§ ') to a point.
Example

RP" = e’ Ue' U--- U e” with the attaching map S = 66" - rPF ' = X" as the quotient map (2-sheet covering).

IMAGE 1

So the cellular chain complex is
0 > Z > e > Z > 0 _ _ _ - _ -
’ ’ ’ "7 with dy(e”) = deg(A)e" tora: 8" S X = pp Tt L pp T RP2 =
$"~!. Then A restricted to the upper (or lower) hemisphere is a homeomorphism to s {pt}. So antipodal open sets
differe only be the antipodal map

IMAGE 2
0 nodd
Sodeg(A)=1+(-1)"= { . If nis even, the chain complex is
2 neven
2 0 2 0
0 > 7 > 7 > e > 7 > 7 > 7 > Z, kodd
§ § § § § § § which means Hi(RP") =1 ° . Simi-
0 keven
larly for odd n,
0—Z 3723 —7Z 237 —30
so H,(RP") = Z and we conclude
Z k=nodd

Hi(RP")=1Z, 0<k<nodd
0 otherwise

Example

d 0 .

Recall for the torus T%, 0 » Z = Z° > Z — 0, the degree is zero (see above).
3

For T,

IMAGE 3

we have one 0-cell, three 1-cells, three 2-cells and one 3-cell and a chain complex

ds 3 0 3 0
0 > Z A > Z > Z > 0 q
’ ’ ’ ’ "7 Sody(e’) = ¥ pdeg(Aap)ef and Agp 106’ = §° 5 X 5 S5,

IMAGE 4

7 k=1,2

H(T)={z k=03
0 otherwise
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Example

Consider K x S' where K is the Klein bottle.

IMAGE 5

So d,(A) =2b, d>(B) =0 and d»(C) = 0. However, for ds the front face changes by reflection in the back

IMAGE 6

So dy(e’) = 2C and the degree is 1+ (-1)-(=1) = 2 and

17 d.
0—yz 237272 -2y7 Yy 70

We have that kerds = 0, H; = 0; kerd, = (B,C), imdz = (2C),
H,=kerd,/imds = Z® Z,; kerd; = (a,b,c), imd, = (2b), H, = Z* ® Z,.

Homology with Coefficients (Moore Space)

Let G be a finitely generated abelian group and n € N with n > 1. We can construct a CW-complex X such that

G k=n
0 otherwise

Hi(X) ={

First, let us consider G = 2m. We start with X" = 8" (1 O-cell, 1 n-cell). Then construct X = X" by gluing
ina (n+1)-cell ¢"*! via the attaching map ¢ : S" = d¢"*' - X"*!' = §". Then d,,1(e"*") = deg(A)e” where
A:S"=0e" 5 X" =5"is . If ¢: 8" — S" has degree m, then d,,,, is multiplication by m.

a
m+1\

0 > Z > Z > 0 >

So H,(X)=ker/im=7Z/mZ=27,,=G. Ingeneral, G=Z,, & ®Z,,, &
7@ ®Z a k-term sum. Use X" = \/*_, §". For each 7, -factor, glue in ej "' by ¢ : de) " — S

Consider X with £-many (n + 1)-cells, k-many n-cells and a single 0-cell for ¢ < k. Then

0 s 7° s 7% 5 0

(1,0,:-+,0) —— (m;,0,...) .
Soimd, 1 =mZ® - ®mpyZ®0C<S7Z".

Let G be an abelian group (G = Z or G = Z,,). Then C,,(X;G) = {}_, n;0; : finite formal sums of o; : A" — X with n; € G}.
We can similarly define H,,(X,G), H,(X;G), H,(X, A;G), HSW(X;G), etc.

. L~ Zym k=m
If we use Z,,, = G as the coefficient with Hy.(X) = ,
0 k+m
0 — 2, /> Z > 0
" " Consider the map f: X - X/S" = §"*'. This induces fi : Hi(X) —» Hp(S"™)

which is fi, = 0 on all Hp(X). If we use coefficients Z,, instead, we still induce f : Hy(X;Z,,) — Hk(S"“;Zm),

H" N (X;2,,) = Z,, and H"(X;Z,,) = Zyn. FOr k=n+1, fx:Z,, — Z,, is the identity map which implies that f is not
null-homotopic.
Lemma

If f: sk - sk is of degree m, then f : Hk(Sk;G) - Hk(Sk;G) by g = mg. A homomorphism ¢ : G; — G, induces
¢y : Co(X;G1) = Cu(X,Gy) by Y njo;— Y @(n;)o;. Then Oy = @y and @y : Hy(X;G) — H,(X;Gy). If f: sk sk
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is of degree k, fixany ge Gandset¢p:Z—-Gbyl- g.

He(852) —5 Hi(s52)
Lo Lo

H(s5G) L H(s%6)

Euler Characteristic

Let X be a finite CW-complex with ¢; the number of i-cells. Then y(X) = Z;’zo(—l)ici with n = dim X. For example,
(8 =141=2, y(T*)=1-2+1=0, y(RP*)=1—1+1=1,and y(CP")=1+1+--+1=n.

Theorem

X(X) = ¥ig(~1)  rank( H;(X)).

Proof
0 — Cp — Cpoy — = —> Cp — 0
So Z; =kerd;, B; =imd;; and H; = Zi/Bi- Then
0 > B; > Z; > H; > 0

0 — Z;=kerdi — C; —> B;j_;=imd; —> 0
So rank Z; = rank B; + rank H; and rank C; = rank Z; + rank B; _; = rank B; + rank H; + rank B;_;. Therefore
Z(—l)lrankCi = Z(—l)lrankHi.
So y(Mg) =2-2gand y(Ng)=2-g.
May 19, 2025

Mayer-Vietoris Sequences

Given a space X and open sets A, B € X such that AUB = X (i.e. U = { A, B} is an open cover of X), we have the chain

Cz,f(X)z{Zniai :0;:A" - some Ueu}
i

Fact: HY(X) = H,(X).
For convenience, we write C(X) = C,(A+ B) which induces a short exact sequence

0 — Cy(ANB) —2% C,(A)® Cp(B) —— Cp(A+B) — 0
a ——— (a,—a)
(a, ) ————— a+p
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Verifying Exactness

@ is injective, since if 0 = p(a) = (a,—a), then a = 0.
 is surjective, since any element in C,(A+ B) and for o; : A" — A or Bwith a; : A" - Aand ; : A" — B, we have

Z nio; = Z nia;+ Z niB; = W(Z nia;, Z niﬁi)

img < kery since y(¢(a)) =vw(a,—a)=0

kery < img, since if we suppose (a,8) € C,(A) ® C,(B) such that w(a,8) =0. Then a € C,(AnB) and ¢(a) =
(a,—a) =(a,p) (i.e. (a,B) €img).

Long Exact Sequence

The short exact sequence induces

o ——> Hy(ANB) —2 H,(A)® Hy(B) —— H,(X)

L) Hn_l(AﬁB) —_ 5 ..
Example: Klein Bottle

The Klein bottle is created by gluing two Mobius strips along their boundary

IMAGE 1

Let A, B be two Mobius strips as subsets of the Klein bottle. Let U, V be neighborhoods of A and B respectively that
deformation retract to A and B. Then An B is homotopic to the circle. Then

=0 =0
H,(ANB) —— H,(A) ® Hy(B) —— Hy(X)

— H(ANB) — H;(A)® H,(B) — H(X)

=0

,~_%
—— Hy(ANB)

Which leads to
0 — Hy(X) — H(ANB) -2 H(A)® H (B) —=% H,(X) —> 0

a —— (a,—a)

0 — Hy(X) s Z s ze7 — T H(X) — 0

1 ———— (2,-2)
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In particular, v is injective. Hence H,(X) — Z is the zero map and H,(X) = 0. Then also

Hi(X)=(ZoZ)|keryy, =(Z®Z)]imey =(a,b) [ {(2a—2b) =(a,a—Db) [ (2a—2b)=Z & Z,.

Definition: Commutator

Let G be a group. [G, G] is the normal subgroup generated by elements of the form [g, h] = g~ h~ ' gh. Then G/[G,G]
is Abelian.

Commutator of the Fundamental Group

Hy =y [[my,m1 ]

We define amap h:m;(X,xy) » Hi(X). Let f: A" =[0,1] - X be a loop at x,, such that f is also a singular 1-simplex
(i.e. acycle). Soaf = f(1)— f(0) = xo — xo = 0. Hence we may assign [ f] € H;(X) to the loop f (i.e. h(f) =[f].
Write f = g for path homotopy and f ~ g when f — g is a boundary.

h is well defined, since

1. if f is homotopic to a constant loop, then f ~ 0 (i.e. f is a boundary). We treat H : D* > X as a singular
2-simplex, call it o. Then do = f.

2. if f=g,then f ~ g. Let H be a path homotopy between f and g.

IMAGE 2

ThendL=d—-g—Cxy, 0R=d—Cxy— fand d(L— R) = f — g. This shows that h: 7;(X, xy) = H;(X) is well-defined.
h is a group homomorphism. We need to show that h(f-g) = h(f)+ h(g) (i.e. f-g~ f+g).

IMAGE 3

So o : A* - X defined by the filling in of the 2-simplex has 6o = f-g— f - g.
h is surjective. Foro;: A' - X, let ) ; n;0; € C;(X) be a 1-cycle. Then

0 :G(Znim) = Zni(ai(l) -0(0)).

Let S be the set of distinct points in the list {0;(0),0;(1) : |i=1,...,k} for m,, € Z. Then

D ni(0i(1)=0i(0))= ) my-p.
i pES

and m,, =0 for all p € S. For each o;, we consider a loop n; at x, by

IMAGE 4

Forany p € S, B, is a path from x, to p. Then h(n;) = By, (0) + 0 — Bo,(1)- Now consider a loop nf1~-~nzk at xy.

h(ny'-np) = Z nih(n;) = Z nio;+ z n;(Boy(0) = Boy(1)) = Z nio;+0
i i i i

ker(h) = [my,m;]. Since [7;,7,] is generated by f'g ™' fg, h(f ‘g~ fg) = —h(f) - h(g) + h(f) + h(g) = 0. So
[m1,71] S kerh.
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Lemma:

Let G be a group, and let w be a word in G. Suppose that for each g € G its exponent in w adds up to zero, then
w € [G,G].
Proof

ke k

Let 7 : G - G/[ G, G] be the quotient map and 7(w) =0 (i.e. w € kern =[G, G] because if w = gklmg -eeg - then
ki +ko+ g+
n(w)=n(g) =0.

Commutator of the Fundamental Group Continued

Let f be a loop at xq such that h(f) =0 (i.e. as a singular 1-simplex). f is a boundary. Hence there is ) _; n;0; € C;(X)
such that (o; : A* S X)

IMAGE 5

fza(zniai)zzni(ai+ﬁi+7i)

Let S be the set of disjoint edges in the list {a;, 8;,y; : i =1,...,k}. Then

f=Z”i(ai+ﬁi+Yi)=Zme'e

eeS

in C;(X). Hence m, =1 when e = f and m, = 0 otherwise. For each o;, we draw a loop 7; at x; by joining

IMAGE 6

Then each 7n; is homotopic to the boundary of o; (i.e. null-homotopic). Let us consider a loop nflmnzkf_l = f_l. Each
7n; is a product of 3 loops. Hence n'f‘ ~-~17',Z’“f_1 is a word in 71 in S'U {f} where s'is the collection of all the generated
loops with basepoint at xy. The exponent of such a loop in this word is either m, when e # f or m,—1 when e = f. So
it is always zero by the precedeing. This shows that

[F =0y e[y, m ).

Mayer-Vietoris for Reduced Homology

0 0
v ~
Co(ANB) s > 0
Px @
Co(A)®Cy(B) =255 ZoZ — 0
Yy Y
~ v
Co(A+B) ——— 5
~ v
0 0

Where e : Cy(X) —» Zby ) ;njo; — ) n;is surjective. Thena € ) ; n;0;, and
we have ¢ () ;n;) and (e@e€) () ;njo;,—Y ;nio;)=(Y;ni,—Y ;n;). Soassign 9 :Z—>Z&Z by 1+ (1,-1) and let

(Zi niai,zi miﬁi) € Co(A) ® Cy(B). Then we have thate(zi niai,zi mi,Bl-) = Zi n; +Zimi and W(Zil’li,zi I’}’li) is
assignedto y; : Z®Z — Z by (m, n) —» m+ n. Then the above diagram commutes.
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May 21, 2025

Recall: de Rahm Cohomology

If M" is a continuous manifold, Q” (M) is the collection of k-forms on M and d : QP (M) — QP*'

This gives a cochain

(M) with d o d = 0.

o 4 QP (M) SN QPH(M) L)

It defines the de Rahm cohomology Hlr (M) =kerd,/imd,_,.
Our goal is the de Rahm Theorem:

Hjz(M) = H” (M;R)(= Hom(H,(M),R)).

For p = 1 we can construct a map I : Hyg(M) — Hom(m; (M, x),R) by [w] ~ I[w]: m,(M, x) » R where (I[w])[y] :=
Iy“’- TO be precise, we pick a piecewise smooth ¥ at x, such that [y] = [y] (well-defined because for a, f piecewise

smooth and “smoothly homotopic”, [ = j'ﬁ w).

Then I is well defined because it is independent of the choice of ¥ and w. In the latter case, if w = w'+df for f e QO(M),
then

[ o=d'= [ ar= stz -z o

Y

I is injective, because if we suppose I[w] = 0 € Hom(7, (M, x),R), then ij =I[w][y]=0forall y € n;(M,x). Then
we claim that w is conservative, because for any piecewise smooth loop a we can let y be a point on a and draw a
composed curve with g from x to y. Then ,Baﬂ_l is based at x and

0:[ wzjw+fw—l[w=l[w
Bap~! B a B a

Then, recall that conservative implies exactness since f(y) = w holds for y,, from x to y. Therefore [w] = 0.
Yy Y Y

I is surjective (to be proved later) since if y € 71(M, x) such that yk = id, then for every ¢ € Hom(n;(M, x),R) we have
that ¢(y) =0.

Corollary

If 71(M) is torsion (in particular if 1 (M) is finite), then HéR(M) ={0}.
(A Little Bit of) Cohomology

In homology, we start with a chain complex

0 0
e —— Cn+1 > Cn > Cn—l —

Let G be an abelian group (G =R or Z or Z,,), and define C, = Hom(C,,G) and 3" : C;, — C,,, by ¢ — 3™ ¢ where
0" ¢ is defined by ¢ o 8. This gives a cochain

*

* *
e 4 Gt A G = Gy e

with 8% 0 0™ = 0.
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Definition: Cohomology Group
The cohomology group H" (X, G) is kerd™ /ima™.
Example

Given

0 s Z sy 7 —55 7 s Z > 0

we have a dual

04— Z<— 24— Z<+—Z<—0

Then we have Hy = Z, H, = Z,, H, = 0 and Hz = Z while H® = Z, H' = 0, H® = Z, and H =7 1In general,
H"(X,G) # Hom(H,(X),G).

Fact (1)
Let T, be the torsion subgroup of H,. Then H"(X,Z) = T,,_, ® (H,/ Ty,).
Fact (2)

H"(X,R) = Hom(H,(X),R). For example, we can dual by G = R

0 < R(O R <= R(O R < 0

with R coefficients. Then H® = R, H = 0, H>=0and H> = R.
Integration
Take H,(M) and a singular n-simplex o : A" » M. We want I : Hjz(M) — Hom(H,(M),R) by [w] ~ I[w] where
(I[w])[o] = jaa). To make this work, we consider smooth ¢ and the collection C;O(M) = {0 : AP - M smooth}. This

gives a chain complex

(0¢]

e —— C,chjrl > C, N C;O_I — % .

Then it has homology group HSO(M).

Fact

The inclusion map ¢ : CZO(M) — C,(M) induces an isomorphism i, : H§°(M) — H,(M). Then we can consider in-
stead I : Hyrr(r) — Hom(H,’ (M),R). Then if o : AP — M is smooth, we can write [ w := [,, 0" w where A” cR” is
formed by vertices [ vy, ..., v, ] of the form vy = (0,...,0) and v; = (0,...,1,...,0).

Stoke’s Theorem (for Integration over Smooth Chains)

de=J w
o oo

where 60 = ¥ ;(=1)'0 ;4 tace- More precisely, F; : AP~' — i-th face of A” by [wvy,..., vp-1]~ [vo,..., Diy..., vp]. SO
do =Y .(—1)'o o F;. We need to check orientation, so write
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J dw:J U*(dw):J d(a*w):J a*w:Z o w
o AP AP onr = Jo,A”

where dA” has outward orientation and ;A" is the i-th face with outward orientation. On the right-hand side

Jo o= R o= T e

where AP~' ¢ R” has a standard orientation given by [e§p_1),...,e§f:1)]. So F; : AP™' - 9,A”, where the domain
has standard orientation and the image has outward orientation. Then F; maps P eip),..., el(.fl_l) > eg’fi,
egp_l) - egfi,. . el(f:l) - e;p). Then

((—e;)a dvolp)[Fi(egp_l),...,Fi(e;’i_ll)] =dvoly[—ejei,...,é;,...,e,] = (—l)iZ(—l)i L - o w= Z(—l)Zi Ja o ow
i i i i

Y
Continuing...

ForI: Hg'R(M) — Hom(H,(M),R) by [w] ~ I[w] with I[w][c] = [ w, recallthat c = ) ; n;0; and o; : A" — M smooth.
Then [w:=Y,n; [ o

Iis well defined, since if ' = o +dn for : AP~ > M smooth, [ 0= [ o+ Jon@- But by Stokes’, [, o= [ dw=0.
Secondly, if ' = w + dn for n € QP (M), then I, w'= J, 0+ [, dnandagain [ dn=[; n=0.

Naturality in de Rahm Cohomology

Given F : M — N smooth,

Hip(N) —————> Hga(M)

I I

Hom( H,(N),R) LN Hom( H,(M),R)

Let [w] € Hiz(N) and [0] € H” (M), then

(Io F*[w])([0]) = (Io[F*w])([0]) = L Fo= wa = I[w](Foo) = (F* o I[w])(0).
so the diagram commutes.
Mayer-Vietoris for de Rahm Cohomology
If M=UUYV for U,V open, then

) 1
o —— Hp(M) ——— HR(U)e® Hin(V) —— HR(Unv) —2— HE' (M) —— -

! Lo b L

oo —— HIE(M,R) — HR(U,R) @ Hi(V,R) — Hi(UNV,R) —> H*'(M,R) — -
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Recall that

0 — of(m) KoL of(neaf(v) - of(unv) — 0

~
]

0 ——— (0l|y,oly)

(0,n) ——— (0|ynv —nlunv)

So we have a short exact sequence

0 — C(UNV) =25 C\(U)®Cp(V) — Cp(M) — 0
o —— (0,-0)

(w,n) ————— o+

which we dualize to

0 — ci(M) L Ciuye (V) < CiUnY) — 0
@ —— 9

(o, w) ——— a"(p,¥)

So ultimately we have

0 — (M) —— QP(U)e QP (V) —— QP(UnV) —— 0

L Js L
0 — o’'(m) — o) e’ (V) — QPN (UnV) — 0

and

0 — Cy(M) — C,(U)eC,(V) — C,(UnV) —— 0

I I I

0 — Cpur(M) — Cpua(U) @ Cpr (V) — Cpa(UNV) — 0

Where I maps from Q7 (M) to C;(M) and the entire three dimensional diagram commutes.

55



May 28, 2025

Recall

If M =UnV,then we may dualize by C” = Hom(C,;R) and

0 0 0
C,(UNV) c CP(M) ———F—— Q°(Mm) w
: l - l
C,p(U) ® Cy(V) ((Cc’"cf)) CP(U) @ CP(V) 4= Q" (U)o Q" (V) “‘2'5;’,';)
’ ! 3 !
Cp(M) c+c c’Unv) ¢————a’(Uunv) olyav =o' lunv
0 0 0

where (8 p)(c.c') = (9o B)(c,c') =p(c+c) and (a(p,0'))(c) = (p,9')(a(c)) = (¢,0)(c,—c) = p(c) - ¢'(c).
cP(U)e (V) acts on C,(U) ® C,(V) by (9,0 )(c,c') i=p(c) +¢'(c).
1:Q"(%) - CP(*) by I(w)(c) := [, w. We have that the following commutes

c’ (M) —2 P (M)
/’ /
o’ (M) 5 oY (m)
since for w € Q(M) we have (I(dw))(c) = [,dw = [, 0 = I(w)(dc) = 8" (I(w))(c). Similarly, for (w,w') €
QP (u)e QP (Vv),

(a* (o I)(ww))(c)=(Io1)(we)(c-c)
= (I(w), 1("))(c,~c)
= I(w)(c) + I(w')(~c)

J
=Jw—w
c

= I(w|yny —w’|Unv)(C)-

Then we may apply the five lemma to see that

HEY (U)o H (V) — HIZN(UNV) — Hip(M) — HR(U) @ Hi5(V) — HR(UNV)

l ! | l !

g ' (wyen"'(v) — H Y (UNV) — H (M) —— HP (U)o H' (V) —— H"(UNV)
Theorem (de Rahm Theorem)

I: Hijq(M) — HP(M;R) is an isomorphism.
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Proof
For convenience, we say a manifold M is de Rahmis I: Hé’R(M) — HP(M;R) is an isomorphism.
Step 1

A disjoint union of de Rahm manifolds is de Rahm. Infact, M = [ [, 4 M,,. We have shown that HéjR(M) =[1,ea HfR(Ma)
and can show the same for H” (M) = [],c4 H" (My). If I : H{g(M,) — H”(M,;R) is an isomorphism for each a, then
I: H(M) — H” (M;R).

Step 2

Every convex open set in R” is de Rahm. Let U € R" convex. We know that

R, p=0 R, p=0
Hig(U) = P H”(U;R) = p
0) PZl 0, le

and only need to check p = 0. We see that HgR(U) ={f:U—->R : df =0} are the constant functions and Cy(U) is
generated by o : {p} - U. For I: HgR(M) - HO(M;R), we know tha tI is injective (and therefore an isomorphism)
since if f eker! (i.e. f(p)=1(f)(p)=0,VpeU),then f=0o0n U and kerI = {0}.

Definition: de Rahm Cover / de Rahm Basis

We say that an open cover U/ = {U,} of M is de Rahm if every non-empty, finite intersection ﬂle Uy, is de Rahm. If, in
addition, U is a basis for M, then we say that U/ is a de Rahm basis.

Step 3

If M has a finite de Rahm cover, then M is de Rahm. Let {Ui}f=1 be a de Rahm cover. We prove by induction on k. For
k=2, M =UnV,we conclude by Mayer-Vietoris sequences and the five lemma (above) that I : Hé?R(M) — H”(M;R).
Now, supposing this holds for arbitrary k, we set U = Ule Ujand V = Uiy1. Then U is de Rahm by inductive hypoth-
esis, and again by Mayer-Vietoris and five lemma.

Remark

As a fact, if M" is a closed manifold, then M has a finite good cover {U,-}f:1 (i.e. every non-empty intersection is
diffeomorphic to R").

Step 4

If M has a de Rahm basis U/, then M is de Rahm.

Fact: M admits an exhaustion function f : M — R such that f~'([0,a]) is compact (i.e. f is proper) for all @ > 0. For
each m € Z, consider A, € {xe M : m=< f(x)<m+1}and A, ={x €M : m—1/2 < f(x) < m+3/2}. Then A,,
and A'm are compact and A,, ¢ A'm. For each x € A,,, there is U, € Y such that x € U, ¢ A'm so {U, : x€ A} is an
open cover of A,, and admits a finite subcover. Let B,,, be the union of such a finite subcover. Then A,, € B,, A'm.
Moreover, B, fulfills the assumptions of Step 3 and is therefore de Rahm.

Note: if m # m, then B,,, cannot intersect B; when m#+ m—1,m+ 1.

Set U =, oqqg Bm @nd V = 1},,, even Bm Which are both de Rahm by step 1. We observe that (UN V) = [-J(By, N Bpy+1)
which are each de Rahm by step 3. This further implies that U n V is de Rahm by step 1. Now, M = U U V with
U,V,UnNV de Rahm. By step 3 again, M is de Rahm.
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Step 5

Every open set in R” is de Rahm. This is because for U € R” open, U has a basis I/ whose elements are Euclidean
balls. Therefore U is de Rahm by step 2 and U is de Rahm by step 4.

Step 5
Every manifold is de Rahm, because they have a basis whose elements are diffeomorphic to open sets in R".
Poincaré Duality (for de Rahm Cohomology)
Let M" be a closed, orientable manifold. Define P : Q*(M) — Q" *(M)* by (P())(n) = [y Anforwe o and
neQ" " Itinduces P : Hiz(M) - Hiz“(M)* by (P[w])[n] = [, @ A .

=0

——
Then P is well defined, since we observe that for n closed d(a An) =da An+a A dnand

=0

A re—y
J (w+d0¢)/\n=J’ wAn+J da/\n=f w/\n+I d(a/\n)=J w/\n+f anm
M M M M M M oM

Similarly, [,,@ A= [,,0A (n+dp).

If, instead, M is an orientable manifold without boundary, then P : Hé‘R(M) - g_k(M)* (i.e. compactly supported) by
(PloDIn] = [y, An.

Theorem (Poincaré)

If M" is closed and orientable, then Hig(M) = HR ¥ (M)* = HA5(M)** which implies that dim His (M) < +00 which
implies that dim Hyg (M) = dim Hjg *(M). Also

dim Hiz (M) = dim H*(M;R) = dim Hi(M;R) = rank Hy(M).

When n is odd, the Euler characteristic

x(M) =) (-1) rank Hy(M) = ) (~1)" dim Hga (M) =0.
k k
Ingredients to Prove Poincaré Theorem

We say that a manifold M is Poincaré if P : Hc’fR(M) - g_k(M)* is an isomorphism. Similarly to the proof of the de
Rahm theorem, we can define a Poincaré cover and a Poincaré basis.

« Step 1: If M = [ [ M, with each M,, Poincaré, then M is Poincaré.

« Step 2: If M is a convex open subset in R”, then M is Poincaré. If M = U is a convex open subset of R”, we know
that

R, k=0
0, k#0

R, k=0

Hn—kU:
¢ () { 0, k%0

k
Hgr(U) = {
so we only need check k = 0. Then P : Hgr(U) — H¢(U)™ is given by P(c)(w) = [, cw for ¢ : U — R constant and

w € Q4(U). If P(c) =0, then J'U cow = 0 for all w € Q¢(U). In particular, we can use a bump function to construct
w€eQc(U) suchthat [jo=1(w=f dx' A+ Adx"). Then ¢ [, ®=0implies ¢ =0 and P is injective.
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June 2nd, 2025

Unfortunately, | was absent for this lecture. | believe much of the content was the completion of the proof of Poincaré
duality and the beginning of the proof of Kunneth’s formula. The statement of the latter is below.

June 4th, 2025
Recall: Kunneth Formula

Given M =UUV and d : HgR(Um V) - Hc’f,;rl(M) by [w] ~ [n] where [n] is defined as follows: let {py,pv} be a
partition of unity with respect to the open cover {U, V}. Then either

_|d(pyw) onU
| -d(pyw) onV’

Note that n is supportedon UN V.

Kunneth Formula: Finishing the Proof

We need to check that
H(UnV)® H"P(N) -3 HP*Y(M)® H" P(N)
Js |

H'((UNV)XN) —24— g™ (MxN . i}
commutes where ®(w®n) = (1 w)A(p n)forn: MXN —

Mandp: MxN— N. Let [w]®[n] € Hizg(UnV)® Hyy"(N). Then

o((dlw]@a)=[(n"n) A(p 0)]=n" (dpyw) A(p0).

Since Mx N = (UxN)U(VxN), we can define 7*py : MXN —= Rby 7* py(x,y) = py(x) and similarly 7% py (x, y) :=
pv(x). Then again {n*py,n*pv} is a partition of unity with respect to {U x N, V x N}. So we have

dn*pv((n*w)A(p*0)) onUxXN

d[0(0®0)] = d(x"0) A (p"0)] = {—dm*pU((n*w) A(p*0)) on VXN’

Examining the first term, we have

d(n"py((n"w) A (p*0)) = d(x" (pyw) A (p"0))
=0

=d(n" (pyw)) A(p o) £n" (pyw) Ad(p” o)
=" (d(pyw)) A (p o)

as desired.

Definition: Cup Product
For Hgp(M) = @}, Har(M), define ~: Hgr(M) x Hga(M) — Hég (M) by ([],[n]) - [w An].
Recall that d(w A1) = (dw) A+ (—1)kw A (dn). If w is closed, then n = do is exact and
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=2
wAn=wAdo=trdwAoc)tdono.

That is to say that w A i) is exact. This shows that [w An] =[w A (n+do)]. Similarly [(w + do) An]=[w An]. Hence
this product is well-defined.

de Rahm Cohomology Rings

It follows from the definition of the cup product that that (H:R,+,v) is a ring where the multiplicative identity is
[1]€ HgR(M) where 1 is the constant function on M.

Example
Recall that for S, Hgr(S') =R and Hgr(S') =R = [w]. Consider w = x dy — y dx.
Example

For T> = S' x §' with a parametric equation F : [0,27]° - R* = {(x,y,2, w)} by F(1,0) = (cost,sint,cos6,sin0), we
have that HéR(M) is generated by w = xdy+ ydx andn=zdw — w dz. Compute

woAn=xzdyNdw+ywdxNdz—xwdyAndz—yzdx ANdw

and

F*(w/\n) =cos” tcos’ 0 dt A dO +sin” tsin” 0 dt A dO +sin” tcos” 0 dt A dO + cos” tsin” 0 dt A d

to see that it must be the case that

J w/\n=J F'(wAan)>0
T [0,27]?

and conclude that [w] ~ [n] =[wAn] #0 € HgR(M).

General Cup Product

We can define the cup product on H*(X;R) for any ring R (but usually R = Z,Q,R, Z,,,).
We write C¥(X) = C*(X;R) = Hom(C(X),R) and let ¢ € C*(X), v € C/(X). Then define ¢ - v € C**(X) (by
o: A5 x). S0

(where - is the product in R).

Fact

If6:Ccr(x) - k!

(X) is the co-boundary map, then
k
6(p~y)=(0p)~y+(-1)"¢~ (oy).

k+¢

It follows that Hk(X) X Hé(x) - H(X) by ([¢],[w]) = [¢ -~ w] is well-defined and (H™ (X;R), +,~) is a ring.
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Fact

Recall that CP" = e’ U e’ U --- U e*”, 50

i Z neven
H'(CP";Z7) = H;(CP") = o
0 otherwise

The ring structure has a generator « € H*(CP";Z) since a ~ a #0 € H'(CP";Z) and a" # 0 € H*"(CP";Z). Therefore
2n n n+1
H7(CP")=7[a]/(a" ).

Example
s*vsihasa cell-complexZ—-0—-272—-0—-272—-0, so

Z i=0,2,4

H;(CP®) = H;(S* v §*) = g
0 otherwise

This fails to differentiate the spaces. However, H'(S* v §?) is generated by @ € H* and B € H*, but @ ~ a = 0 # B.
Recall that CP* is the gluing of e'tocp' = §° by ¢ : de* = S° > §* where @ is the quotient map of s’ s by the circle
action 0+ (z1,2,) = (eigzl, eigzz). Contrarily, S* v §° is the gluing of ¢* to S° by way of v = de* = §° — pt € S°. Hence ¢
is a nontrivial element in [S*, S*] = 75(S®). So we conclude that CP* # §* v §°.

Examples
Simplex

Take the normal construction of the 1-simplex with do = a+ b — ¢ and C,(X) = (a,b,c). We consider the dual
a, B,y € Cl(X) and

(aup)(o) =alol,u]) B(oli,w,]) =ala)-p(b) =1
Similarly, (a Uy)(c) = a(a)-y(b) =a(a)-0=0.

Torus

With the usual simplicial construction of T2, we have a chain complex

0 > Z > Z > Z > 0
(U, L) (a,b,c) (v)
We get a co-chain complex
0 < P —— 0 —— 7 % 0

) (@, B,y) (w)

Then we compute (6a)(U) = a(0U) = a(a+b—c) =1and (6a)(L) = a(dL) = a(a+b—c) =1s0da = u+A. Simi-
larly, 5 = u+A and 8y = —p— A, s0imé = (u+ A) and kerd = (a +7, B+ 7). Therefore H' =keré = (a+7v,f+7) = 2"
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and H* (u,A) / (u+ A) = Z. Examining U as a simplex, we can compute

(@~ p)U) = a(Ulfvy,0,1) - BUl[w,,0,1) = a(b) - f(a) =0

so ((a+vy)~ (B+7))(U) =0. Repeating the process on L,

(a - ﬁ)(L) = a(Ll[vo,vl]) ’,B(Ll[v],vz]) = a’(“) ﬁ(b) =1

which tells us that (a +7y) ~ (B+7) is the dual of L (i.e. (a+7y)~ (B+7)=A. Hence [(a+7y)~ (B+y)]#0€ H".
Similarly, (a +y) ~ (a+y)=0and (B+7y) ~ (B+7y)=0.
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