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Recall: Tangent Bundle

Given a chart (U, ) about a point p, we have coordinates (x',...,x") and a basis for T,;M of (%Mm-»%b) for
qgeU.

Then given TM 5 M, we may write v, = v’% |4-

Definition:

For M a topological manifold. A (real) vector bndle of rank k over M is a topological space E with a surjective continu-
ous map x : E — M such that

1. ¥p e M, the fiber 7~ (p) =: E, is endowed with the structure of a (real) vector space of dimension k.

2. Vp € M, there exists a neighborhood U of p in M and a homeomorphism @ : 7~ (U) — U X R called a local
trivialization.

O:n ' (U) ———— UxR"
b/
\ ‘%
U
and ®|g, : E; — {q} x R¥ is a linear isometry.

Examples
1. TMS M
2. E =M xR with a global trivialization.

3. The Mobius bundle over S'. y: R* - R* by (x,y) ~ (x+1,(=1)-y). Then (y) = Z a subgroup acting freely and
isometrically on R*. Then E =R*/ (y) > S' =R/Z by (x, y) ~ X is a vector bundle.

IMAGE 1
« We want to show that 7' (U) = U xR

RZ —q) E (x’y) ? (x»J/)

Rl

\ e(Zni)x

Thenlet p € S'. We choose U a neighborhood of p such that U is evenly covered by €. This means e_l(U) is a
disjoint union of open sets difeomorphic to U.

IMAGE 2
Let T be a componentin 7 *(U). Then 7y (0) = U xR and =~ (U) is diffeomorphic to U x R.



Definition: Transition Function
Take E 5 M with U, V € M admitting trivializations ¢ : 7~ (U) — UxR* and ¥ : (V) - VxRE. Letw=Un V(# ).

L. WxRY — 7' (W) — wxrF

L

Then @ o ‘P_1|{p}ka by {p} x R - {p}x R is a linear isomorphism.
do \P_l(p, v)=(p,t(p)v) by 1:p1(p)and 7(p) € GL(k,R) gives a smooth map W — GL(k,R).

DoV

Definition:

Let {Ey,..., Ex} be a basis of R*. Then

(p)-Ei= Y t(p)lE;

J

with 7(p) = (r(p){) and T(p)j- € R. It suffices to show each r(*){ mapping W - Rand p — (r(p){) is smooth. Then
if o(p,v):=@0¥ ' (p,v), r(p){ =n;(o(p,E;)) and 7; is a projection to the j-th component in R*.

Lemma 10.6 (Vector Bundle Chart Lemma)

Given M a smooth manifold, suppose that Vp € M we are given a vector space E, of dimension k. Let E = ]_[peMEp
(as aset)and n: E — M a mapping E, to p. Suppose also that we have

1. {Uqy}4ea @n open cover of M with a countable subcover.
2. Ya € A we hav ea bijection @, : n_l(Ua) - U, X R" such that D, |E,, 1E, - {p}x RY is a linear isomorphism.

3. Va,B € Awith Upp := Uy N Up # @ we have a smooth map 745 : Ugp — GL(k,R) such that @, ogb/}l 2 Ugp xRF -
k
Ugp XR" by (p,v) = (p,7(p)v).

Then E 5 M is a vector bundle.

Example (Whitney Sum):

Suppose we have E'S Mand "5 M two vector bundles over M.
Define E = E' @ E" a new vector bundle over M by E, = E;, o EZ. Let {Uy},ec4 be a countable open cover of M

such that each U, admits trivializations for E' and E". Then for 7 : E —» M, define @, : 1 (U,) = Uy X RF x RF by
I -1 i ] n
(v,v)p = (pmo®, (v),m0®,(v")) where
(Diz I I
7' (Ugy = U, xR B R
Note that , is the projection into the second component. Then 7 : U,5 — G(k' + k" R) by

re (T’(Op) T"?@)



Example

For 745t Ugp — GL(K,R) by p = 145(p), we can write Uypy = Uy N U U U, (# @) and get 745 Ty = Tqy-

Note that this is @, o (¢§1 o¢pg)o qJ;l.
Without loss of generality, we assume each U, is a chart for M. Then we want to show that we satisfy Lemma 1.35
from Lee

- (o o Xid
7 (Ua) B Ut ™5 (U)X RE CR™F

(1 N (Uy) - fa = (pg xid) 0 @y ) ge 4 Which satisfies (1).
Since
7 (Ug) N (Up) =7 (U NUp) = a(Ugp) xRS

we have that (2) is satisfied.
Finally, for (3),

Gpoda = (Dpo(dpxid))o((pexid)  od,")=dgo ((¢p0de)xid)od,"
gives (x,c) = ((¢p o )x, (Pgo ®,")v) a diffeomorphism.

(4) and (5) are trivial, and this is indeed a smooth manifold. Now we wish to show that it is a vector bundle. To show
that = : E —» M is smooth,

1 (Uy) — 22— U,
&;IT l%
$a(Ug) xR ba(Us)
1

We have ¢, = (¢ xid) ' o d".

-1 Dy k
2 U —2 s U, xR

bu T \L% Xid

pa(Uy) xR pa(Uq X RY)
Definition: Section of a Bundle

A (smooth) section of E L Misa (smooth) map ¢ : M — E such that m o o = idy,.
T'(E) = {smooth sections of E > M} and T(E) is a C*°(M)-module.

The zero section Z: M — E is given by p — 0, € E),.

If U has a local trivialization, ® : 7~ (U) — U X R*.

O: 7N (U) ———— UXR ¢— (pe;)
u p

Define o;: U —» ' (U) by o; = ® ' 0 &; gives a local section that is non-zero on U.
{o1,...,0,} form alocal frame on U (i.e. form a basis in E,,, Vp € U).



January 8, 2025
Recall

Last time we had a vector bundle E > M of rank k satisfying

1.7 (p) = E, has a (real) vector space structure of dimension k.

2. We have a local trivialization, ¥ p € M there exists a neighborhood U and a diffeomorphism @

(U) —2—— Uxpr*

N

and ®|g, : E, —» {p} X R¥ is a linear isomorphism.
A section o : M — E is a smooth map such that 7 o o = idy,.
We say that a collection of sections {o4,...,04 : U = E} is linearly independent if {o(x),...,01(x)} is linearly inde-
pendent for each x € U. This is a (local) frame if it is a basis.
If U € M admits a trivialization

D: 7 N U) ———— UxRF
\1 /
-1

then there is a local frame {o,...,0} defined on U. Precisely, with &;(x) = (x,e;), 0, =® " o0¢;.

Proposition 10.19
If U € M admits a local frame, then n_l(U) admits a local trivialization.
Remember

It E5 M admits a global frame, then E = n_l(M) has a trivialization. In other words, E is diffeomorphic to a trivial
vector bundle M x R".

Examples
Example 1
Mobius bundle over S'.

IMAGE 1

To check whether it is a trivial bundle of S', it suffices to check whether there exists a nowhere zero (global) section.
This cannot happen (by itermediate value theorem), hence it is not S' X R.

Example 2

TS* becasue there is no non-vanishing vector field over 82, hence TS* # S x R%,



Example 3

Let G be a Lie group. Every X € T,G(= g) uniquely determines a (left-invariant) vector field X € X(G).
Starting with a basis {E;} € T,G we get a global frame {E;} for TG. Hence TG is a trivial vector bundle G x R"
(n=dimG). In particular, TS' = §' xR, TS" = S* x R>.

Proof of Proposition

Define ¥ : (x,v',..., vk) e UXR" > 7 (U) 3 v, where v, = v'o;(x).
¥ is a bijection. Note that ¥ |, : E, — {x} X R¥is a linear isomorphism because {o;(x)} is a basis.
Then to show that ¥ is a diffeomorphism, it suffices to show then that ¥ is a local diffeomorphism.

Let x € U and let V be a neighborhood of x such that 7~ (V) % v xRk,

Py gk

— v
v xR 7 V) > VxR

We show that this composition is a diffeomorphism. Since ®(o;(x)) = (x,oll-(x), ...,af(x))

®0W|yug(x, 0., v°) = (v 0 (x))
= (x, Uio-ll'(x);---r vlo-ic(x))

Each a{(x) is smooth. Hence @ o W |yt is smooth.
Let 7= (v,...,v") and Y (x) = (a7(x)), then ® o W(x,0) = (x,5- Y (x)). lts inverse

(@ow)  (x,w)=(x1w-y (x))
is also smooth. This shows that ® o ¥| g is a diffeomorphism. Hence ¥|, g« is a diffeomorphism (V € U) and
¥:UxR" - 7~ (U) is also a diffeomorphism.

Definition: Bundle Morphism

A bundle morphism between is a pair of smooth maps ( f, F) such that this diagram commutes

E—Lf 3 F
l f I
M—13 M

and F|g, : Ep - E}(p) is a linear map (Vp € M).
If it admits an inverse which is itself a bundle morphism, it is a unble isomorphism.
Remember that f is smooth because f = noFoZ

Z F !
P'—’Op '_’Of(p) 'n_’f(p)
Remark

commutes and F|g, : E, > E, is linear (Vp).



Remark

rank(F|g,) may depend on p € M.

™ =L TR
b/ b/
AR

eg. M=R’, E=E'= TR*(=R"), F((4,v)(x,)) = (4, xv). For x # 0, rank(F|(, ;) = 2 but for x = 0 rank(F|(g,,)) =
1.

Proposition 10.26

If F is a bijective, smooth bundle homomorphism, then it is a bundle isomorphism.
Proof left as an exercise. We need to show that F~' is smooth.

Definition: Fiber Bundle

F > E 5 M with fiber F such that E, = n_l(x) is diffeomorphic to F. This diagram commutes.

U) —2—— UxF

N

Fact

F . . . .
If N - M is a submersion from compact manifolds, then F is a fiber bundle.

Chapter 11: Cotangent Bundles
Review: Linear Algebra

Suppose we have a real vector space V of dimension n. Then V* = {f: V — R linear}.
. (1 i=i
If V has a basis {Ej, ..., E,}, then we may define the dual basis for V* {¢',...,e"} by ¢/ (E;) = & = {0 . ]
1+]
Remember V** =V by é: V-V by v &(v): vV - Rand w - w(v).
Remember also that if A is a linear map V — W then we may define A* :w e W* > V* 3 A*wby veV - R3 w(Av)
(ie. (A*w)(v) = w(Av)).



Definition: Cotangent Bundle

Let M" be a smooth manifold, and let (U, ¢) be a chart. Then T,M has a basis

I
ox'lp” 7 0x" Ip

for every p € U. Take its dual basis

(A"}

for T, M. The cotangent bundle T"M = [ [ ,¢,, Ty M.

o . ® o ;
S|m|IartotheTMcase,|fT*MZM,thenwlpEn (U) - UXR" 3 (p,ai,...,a,) where a; is given by w|, = a;A’| .

o )
6x‘p

Computing Dual Transition

In other words, a; = wlp(

Suppose (U, (x',...,x")) and (V,(y',...,y")) are two charts (W = UNV # @). Then {%' } gives a dual {Ailp} and
p

(] Faives 1, -

Then, recall, —| 2

6y ox7
If we T,,M,w—al/l |p—b]-,u]|p

and (y',...,y") is a j-component of (y',...,y") » M = (x',...,x").

0
a; —wlp a

ayb_

) ay! o\ oy (a) ay’
—w =—w| — | = b]
p ox; Gyf ox* \oy’ o0x*

. i 0 p) i,
In particular, / = w, then a; = y . Hence ¢t/ =w=a;A" = oA

Definition: Smooth Covector Field

A smooth covector field is a smooth section of T*M, cal it Q' (M) = T(T* M).
Given f € C*°(M), we can define a smooth covector field d f € Q' (M) by df(vl|p) = (v,)(f).
df(X)= Xfis smooth if X and f are smooth.

Differential

Given a local chart (U, (x,...,x")) and a smooth function f: U - R, df, = ai(p)ﬂli|p.

of 0 B i 0 B i

Pyl dfp(@ p) =a;(p)A |p(@lp) =a;(p)o;=a;j(p)

Thatis, df, = %(p)/ljlp. In particular, if we consider the coordinate function x' : U — R, then dx' |p (p)/lflp
Ai|p for each p € U (i.e. dx' :/li on U).

With this, we can write d f = dx and dy’ = 6yi ox'.



Proposition 11.22
For f € C®°(M), then df =0 if and only if f is constant on every compnent of M.

Proof

(=) is trivial.

(=) We assume M is connected. Fix p € M, define A={ge M : f(p)=f(q)} is closed.
Now let g € A and U a local chart around g. Then0=df = %dxi (i.e. % =0, Yi).

Hence f is constant on U and f(q) = f(p) for U € A.

Proposition 11.23

Take y : J — M a smooth curve f € C*°(M). Then (df|,n)(Y'(£)) = (y'(£))f = (foy)'(2).

IMAGE 2

Recall that if v € T,M and f € C®(M) then vf = (f oy)'(0) where y : (—g,e) = M, y(0) = p and y'(0) = v
(foy:R—R).

January 13, 2025
Recall

T*M and Q'(M) = T(T*M). Let (U, (x',...,x")) be a chart. Then inside U, we may write @ = w;dx".

{dxilp} is a duql basis of {% c T,,M}.

They are also x' : U — R coordinates functions where dx' is the differential of x'.
Given f € C*°(M) or C*(U), df € Q'(M) or Q'(U) is defined by df(X,) = (Xf)(p).
Inside a chart, df = %dxl.

We have a change of coordinates where (U, (x',...,x")) and (V,(y',...,y")) and W = UNV # @ gives dy’ = %dxi.

Recall (Linear Algebra)

If A: V — W is alinear map with w € W* and v € V, then A™ : W* — V™ is the dual map defined by (A*w)(v) :=
w(Av).

Dual of the Tangent Space

Let F: M — N be a smooth map between manifolds.
DF,, : T,M — Tp(,)N
(DF,)*: Tp,yM - T, N
and (DF,0)(v) = w(DF,(v)) for o € T ,)N and v € T, M.
Definition: Pullback

Given w € Q'(N), we can define F*w, a section of T*M, by (F*w),(v) = w(DF,(v)) or (F*w), = DFyw.
We call this the pullback of w by F.



Recall that for u € C®°(N), M 5 N % R. Then we can define F*u e C®°(M) by F*u=uoF.

Proposition

If F: M — N is smooth, u € C*°(N) and w € Q'(N), then

1. F*(uw) = (F*u)(F*w).

2. F*(du)=d(F*u).

Proof of 1

VpeM,VveT,M,

(F*(uw)),(v) = DF, (uw)(v) = up(py0r(p)(DFy()) = (wo F(p))w(DFy(v)) = (F u)(F" w)

Proof of 2

(F*(du))(v) = du(DF,(v)) = (DF,(v))u = (du)p(p)DFy(v) = d(uo F)(v) = d(F" u)(v)

Change of Coordinates

Locally, F: M — N. Let (U,(x",...,x")) be achart around p and (V, (3',...,5")) a chart around F(p). For w € Q'(N),
inV o=w0;dy" and

F*o=F*(w;dy") = (F*w;)(F*dy') = (F*w;)d(F*y') = (w; o F)(dF")

where F' = yi o F is the ith component of F. ‘
When F is smooth and w € Q'(N), then F*w € Q'(M). In fact, locally, F*w = (w; o F)d(F"). Hence F*w is smooth.

Example 1

Take F:R® - R° by (x,7,2) ~ (u(x,3,2), v(x,,2)) = (x°y, ysin(z)).
Then w = udv+ vdu e Q'(R*). So

Fro=F(udv+vdu)
= (F*u)d(F*v)+ (F v)d(F*u)
= 2y d(ysin(z)) + (ysin(z)) d(x"y)
= xzy(sin(z) dy+ ycos(z)dz)+ ysin(z)(2xy dx + X dy)

Example 2

M=R*—{0}and y:[0,27] » M by ¢~ (rcos(z),rsin(z)) for r > 0. Take w = xdy-ydx o Q' (M)

P +y?

*

Y o= %(rcos(t) d(rsin(t))—rsin(t) d(rcos(t))

=cos(t)(cos(t)) dt—sin(t)(sin(t)) dt
=dt



Definition: Line Integral

It n € Q'(R) or Q'(I) (where I €R) is an interval),  can be written as () = f(¢) dr and define

fre 10

Lety:[a,b] » M be a smooth curve on M. Let w € Q'(¢). Define
b
*
Jyo=for
Y a
with y*(w) € Q'([a, b]).

Proposition 11.31

Take ¢ : I — J a diffeomorphism between intervals with gb' > 0. Then

J'](/)*w ) JCP(])w

Write s for coordinates on J and ¢ for coordinates on I. Then w = f(t) dt € QI(I) and

¢ w=(p"f)d(¢"t) = (fod) d(tod)=f($(s)) d(¢(s)) = f(b(s))p'(s) ds
Then
* 1 t=¢(s) _
J oro= | rone'tas ™ [ ruyar= | o
Proposition 11.37: Independence of Reparameterization

Suppose y : I = M is a smooth curve and ¢ : J — I is a diffeomorphism with <p' >0. Then 7:=yo¢:J—> Misa
reparameterization of y and

If ¢’ <0, then [ w=-[ 0.

Proof
f w= f Y*wJ' ¢y w= J (yo¢) w= Lw
Y I J J Y
Example
Take y:[0,27] » M =R* — {0} by ¢~ (rcos(¢), rsin(z)) with r > 0. If w = x‘g;izdx, then y*w = dt and

27 " 2
Jw=J Y o= dt=2m
Y 0 0

10



Proposition 11.38

Fory:I1- M

L“’z J'I‘”Y(t)(Y'(t))dt

Proof
In a local chart (U, (x',...,x")), we can write w = w;dx". Then y(¢) = (y*(¢),...,y"(¢)) and
Y o=7"(0;dx")

= (Y*w)d(y*x)
= (w; o y)dy’

i

O
= w;(y(1))7' (1)dt

Since w = w;dx" and y(t) = (¥'(£),...,7"(£)) =¥ (£) 2%, wy(r) (7(£)) = w0; (¥(£))y' (£) and

wi(Y(O) (£)dt = w,(y(7(1))d1
Hence fyw = J'Iy*w = flwy(t)()'/(t)) dt.
Corollary

Then, if f: M — Ris a smooth function,

[Lar=[ @nyatimyac= [ (rer)'teyae= o) - rra)
Y I I

Therefore JY df only depends on the value of f at the endpoints of y.

Definition: Exact and Conservative Forms

Letw e QI(M). We say that w is. ..

1. exact if there exists f € C*°(M) such that w = df.

2. conservative if fcw =0 for any closed, piecewise-smooth curve in M

f is called the potential of w.
Remark

If J'Cw =0, we may write C as the concatenation of curves y then —g. Then

oo fon o o]

11



Remark

Exact implies conservative.
Theorem

If w € Q' (M) is conservative, then it is exact.

Proof

Fix a bse point p, € M.
We have that jgw = ij is well-defined by the conservative assumption, and we define f(p) = j’fo w.

Let go € M and let (U, (x',...,x")) be a chart centered at gq. Inside U, w = w;dx' and af = %dxi.
We need to show that % = w; for each i. Fix an index i and consider a curve o : (—¢,¢) - U by t — (0,...,,...,0).

IMAGE 1

Let g_ = o(—¢), then

f(a0) = J:)w= J::_w+fiw=:f(q)

so f(qo) = constant+ f(q). Hence % = % in U. Therefore
_ fU(S)
flo(s)) = w
7 q-
= w
JU|[*S,S]
S
= | ws(n(a(t))dt
J —€
S a
= - dl'
J _8(1)0(1‘) (6361 )
S
= wi(a(r))dt
£

J -

and

of | _ of oz 1oy d s B B

L] =) =FeoVo)= | [ [ wito(n) ar) = i(o0)) = wita)
Remark
Take w=df € QI(M) which is widxi locally or w; = % when exact.

dw; _ &f _ 0,

oxl  dxioxi  ax!

. 0w ; . .
Note: % = =~} does not, in general, imply » = df.

12



January 15, 2025
Recall

lfweQ'(M)andy:R2I— M a (piecewise) smooth curve, then

w=|7 w
Y I

If df is the differential of a smooth function, then

jy df = F(y(b)) - f(y(a))

only depends on endpoints. In particular, along a closed (piecewise) smooth curve

fres

We have that w is exact if w = d f and conservative if [ = 0 for every closed curve.
w is exact if and only if it is also conservative.

Recall: Checking Exactness

Take w € QI(M),

widx' =w=df = —f,de
ox'

Then
yr
ax'ox)  oxioxt

is, dwi _ 0;
That is, 3 = ot

Definition: Closed 1-Form

ow; _ Ow;

We say w € QI(M) is closed if in every chart (U, (xi)), w= widxi satisfies 7 = ——.

Exact implies closed, however the converse is not true in general.
Example

Jw € Q' (R* — {0}) such that  is closed but jcw =27.

Corollary 11.50

If w € Q' (M) is closed, then ¥ p € M there exists a chart U at p such that wy; = d f for some fec™(U)

13



Proposition 11.45

For w € Q' (M), the following are equivalent

1. w is closed.

i . ow; . .
2. o satisfies % = a—x{ in some chart at every point.

3. Foreveryopen U S M and X,Y € X(U), it holds that

X(0(Y)) - Y(0(X)) =o([X,Y])

The proof that 1 implies 2 is trivial.

Proof 3 Implies 1

2
axl!

Pick U as a chart, X = and Y = %. Then, since w = widxi,

ox'

X(0(¥)) = X(w;) =

Similarly, ¥ (w(X)) = 2%, Then [X,v]=[2,-2]=0and

ox/ ox'’

0w; dw;

oxi oxl
Proof 2 Implies 3

Fix any p € U. We have a chart (V, (x")) at p such that g% = % Then

Ly v (xY) =Xy —L
0x/ o0x!

X(w(y)) = X((widxi)(Yj%» = X(0;Y") = (Xo;)Y' +0;(XY") =«

Similarly,

Y(0(X)) = Y(wix') = Y/ 22 5 0, (vx') = x' v/ 21
0x/ ox/

which is equivalent under a change of indicies. Hence
X(0(Y)) = Y(0(X)) = 0/(XY) —0;(YX") =0;(XY' - YX') = 0([X,Y])
Lemma

Suppose F : M — N is a local diffeomorphism. Then F* : QI(N) - QI(M) sends exact (or closed) 1-forms to exact
(or closed) ones.

Proof of Exact

lf w=df € Q' (N), then F*w = F*(df) = d(F* f) is exact on M.

14



Proof of Closed

. . 0w,
If w € Q'(N) is closed, then % = % in every chart of N.

For any p € M, we consider a chart at p by (V,¢ o F)

IMAGE 1
Therefore ¢po Fo (poF)™' =id and F* =id so F*w is closed.
Poincaré Lemma

Let w € Q' (M) be closed. Fix p € M, and let (U, ¢) be a chart at p such that ¢(U) = B;(0) € R".

IMAGE 2

Assuming the above, every closed 1-form on B;(0) is exact. (¢~ ')*(w|y) = df for some f € C*(B,(0)) where
wly=¢*(df)=d(¢*f) e C”(U)

Definition: Star-Shaped Domain

We say that U € R" open is star-shaped with a center ¢ € U (wlog ¢ = 0) if for any x € U, the segment y, from c to x is
contained in U.

IMAGE 3
If x = (x'), then y,(2) = (x").
Theorem 11.49 (Poincaré Lemma)
If U < R" is star-shaped, then every closed 1-form is exact.
Recall

If  is an exact 1-form, then f(q) = J';’O w is a potential.
We also have that [, @ = [ @y (7(1)) dt.

Proof

Let w € Q' (U) be a closed 1-form.

We need to construct f € C*°(U) such that df = w. That s, for all i, % = o'. Define

1 1 X 1 .
1= [ o= o win)ar= [ ol odd (Y di= [ ot ar

15



Since everything is smooth,

ﬂ(x) 1

Ox] JO

(L ow;(tx) ox’

= M~xl+wi(tx)i.dt

Jo  O0x/ ox/
rl(awi

JO Ox]

0 i
@(wi(tx%x )dt

>|(tx)tx +w;(tx)dt

txi+wj(tx)dt

JO Gxi tx

1 d

= | —(tw;(tx)) dt
0 dt( J )

= tw;(1x)]

=wj(x)

-~

Tensors: Multilinear Maps

All vector spaces will be finite dimensional in our consideration.

F:Vi X XVi> W

linear in every component. Denote L(V4, ..., Vi; W) to be the set of all such multilinear maps.
Given w € L(V;;R) = ;" and n € V,', we can define w ® 7 € L(V;, Vo;R) by w @ ( vy, v2) = w(vy) - ().

* Remark

(2w) ®n=w® (2n). We assume ®p.

Similarly, given w; € V;*, we can define w; ® -+ ® wy € L(W, ..., Vi; R).

Proposition
Let V; with dimension n; (j =1,..., k). Each V; has a basis {E§j),...,E%)}.
Its dual basis {e%j),...,s?;)} c Vj*. Then L(V;,..., Vi;R) has a basis

B= {8211)®®£z’;c) t 1< l] < I’l]}

Proof

For a multi-index I = (iy,..., 1) with i < i; < nj, we write e = eéll) ®:-- ®eé’}c).
Forany F € L(V4,..., Vi;R), define F; = F(Egll),...,Egkk)). We claim that F = Fre'.
In fact, for (vy,...,vx) € Vi X o X Vi, vj = U;Egj)
Therefore B spans L(Vj,..., Vi;R).

Then, if FIEI =0, then applying it to (Egll),...EEf)) gives F; = 0. Therefore B is linearly independent.

In particular, dim L(V3,..., Vi;R) = ]_[f=1 nj= ]_[?zldim V.

. We may check that F(v,, ..., ve) = Fre' (vy,..., vk).
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Definition: Formal Linear Combination

Let S be a set. Define

m
f(S)={Zaisi ta; €ER, Sl‘ES}

i=1

This is the free (real) vector space on S containing formal linear combinations of elements of S.
Define V; ® -+- ® Vi, = F(V; X --- X Vi) | R where R is generated by

I I
(V1o Vj+ Ve, V) ~ (vl,...,vj,...,vk)+(v1,...,vj,...,vk)

(v1,.s €V, vg) ~ (V1,05 k)

In other words, in the quotient v; ® --- ® v = [ [(V4,..., vg).

Proposition

(1)

i

(k) ,

Vi ®-+- ® Vi has a basis {E ®®E; " :1l=<ijs n]-}.

Proposition

There exists a canonical isomorphism (V; ® V,)® V3 = V; ® (V, ® V3) by sending (v; ® v,) @ v3 - 17 ® (12 ® 13).
Proposition

L(Vi,..., VR 2 ' @ - @ V).

Proof Sketch

Define @ : " x -+ x V' = L(W,..., Vi;R) by (wl,...,wk) b 8w By multilinear, this induces an isomorphism

O:Vy @@ Vy =L(Vi,..., ViR)
Recall
V** = V for finite dimensional vector spaces, so V; ® --- ® V. = L(V}", ... V'3 R).
Definition: Tensor
A tensor of (k, 1)-type is an elementin V ®--- ® Vev'e o ® v,

k l
The collection of such elements in T(k’l)V. Most of the time we consider T(O’I)V.

Examples

A vector in V is a (1,0)-tensor.

A covector in V* is a (0,1)-tensor.
Alinearmap A€ L(V)is a (1,1)-tensor.
An inner product is a (0,2)-tensor.

17



Symmetric Tensor
We say that a € 70y is symmetric if a(...,v;,...,vj...) = al...,vj,..., V,...).
Alternating Tensor

We say that a € 70y is alternating if a(..., v;,...,vj...) = —a(...,vj,...,v;,...).

January 22, 2024
Alternating/Symmetric Tensors

LetoeS;and a € Ty,

Define o4 or (0 - a) as anew (0,1)-tensor by (o - a)(v1,...,v1) := a(Vs(1),-.-, Vo(1))-
Then a is symmetricifand only if o - a = a.

a is alternating if and only if o - a = (signo) - a.

Define Sym : 7@y 5 sty by

sym(a)=7 Y (o)

oes!
Then Sym(a) is symmetric for all T € s’

Define Alt: 7P v AZV, the set of alternating (anti)-tensors by

Alt(a) = % Z (signo)(o-a)

oes!
Definition: Tensor Bundles

Recall that T, M ~ TM =[] ¢\, T,M and Ty M ~ T* M.
Then 7 1,0 ~ TV M = 1], TP T, M a tensor bundle.

Mostly, we will consider T(O’l) TM.
Inside a chart (U, (x',...,x")), 7D 70 has a local frame

0 0 ; ;
{—.@---@—.@dx’l ®--~®de’}
axtl axlk

Definition: Smooth Tensor Field

A smooth tensor field of type (k, 1) is a smooth section of 7.,
To check that a (o, 1)-tensor field A is smooth, we can do either of the following

1. Write A in a local chart, then A = A;dx’ where A; are functions in U and dx' = dx'' ® dx'' with I = (i1,...,1il).
Then A is smooth if and only if A; is smooth for all 1.

2. Check A testing on any I many smooth vector fields results in a smooth function.

18



Remark

Every (0, 1)-tensor field A defines a map

A= X(M)x X X(M) > Cc”(M)
1

by A(x1,..., X;)(p) = Ap(X1(p),..., Xi(p)). This map Ais C*(M)-multilinear.

Lemma 12.24

Every C*°(M)-multilinear map A: X(M) x --- x X(M) - C (M) defines a smooth (0, [)-tensor field

Ap(vl’“-’yl) = (A(Xl»le))(p)

Example

Given w € Q' (M), define A: X(M) x -+ x X(M) » C®(M) by (X,Y) » w(LxY).
If X,Y and X', Y' only agree at a point p, then in general (LxY)(p) # (LxY")(p).

Proof

A acts locally only depending on the value of Xj,..., X; in a neighborhood of p, call it U.
It suffices to show that if X; = 0 for some i on U, then A(X;,...,X;)(p) =0.

Let w be a bump function with suppy € U and w(p) = 1. Letalso V € U such that V ¢ U.
Then wX; =00on M. Then

0=A(Xy,..,yXi,.., X1)(p) = w(p)A(Xy,..., X1)(p) = A(Xy,.... X1)(p)

ja
iﬁmU'

Extend each % ” to E; € X(M) and each a{lv to fij € C®(M).
Then inside V,

Now A acts pointwisely. Write X; = a

AKXy, X0)(p) = AKXy, L Ejy o X0)(P) = £ () AKX, X)) (P)

Now let vy,...,v; € T,M. Define A a (0,1)-tensor field by A,(v,,...,v;) = A(Xy,..., X;) where X; € X(M) extends v;.
By assumption, A(Xj,...,X;) is a smooth function if Xj,..., X; € X(M) hence A is a smooth (0, I)-tensor field.

Definition:

Write 710 M = F(T(O’l) TM) where T is the section.
Then for F: M — N a smooth map and A € T(O’I)N, for v; € T, M define F*Ae T(O’I)M by

(F*A)p(v1,...,v1) := Ap(p)(DEy(w1),..., DF,(v7))
Lie Derivatives

Recall that if X, Y € X(M), we define (LxY), where X generates a flow ¢, : M —» N
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IMAGE 1
(&-0)uYp,(p) = ((9-0)xY)p € TyM for Y, € T,M. Then LY = | ((¢-)xY¥)p-
it Ae 7 M,
IMAGE 2
(95 A)p = (@) (Ag,(py € T T, M
SoLyA=4 tzo(cp’:A)p.

Properties

1. Lyf = Vf (where f € C* (M) can be thought of as a smooth (0,0)-tensor field). Then

(L) P) =] @i =| _(Fosp))=(vD),
1. Ly(fA) = (VF)A+ fLyA.
2. Ly(A®B) = (LyA)® B+ A® (LyB).

3. Ly(A(Xy, .. X)) = (LyA)(X1 oo X)) + A(Ly Xy e, X)) + oo+ A(XG, ..., Ly X)) for A€ TD M and X; € X(M).

Proof of 2

We have O:={peM : V,#0}openin MandsuppV ={p€M : V, #0}.

1. (2) holds on O.
Recall that if V,, # 0, then there exists a local chart (U, (x')) centered at p suchthaton U, V = %. In particular,

its flow ¢, is (o x™) e (21",
Then take some chart U € O centered at p such that V = % in U. Inside U, write A = Aldxl, and

o7 (FA) = (o1 (b7 f)(¢r A)
= (fod)¢r (Ardx")
= f(x1 + t,xz,...,xn)AI(x1 + t,...,xn)(/);kdxl

= f(x1 + t,xz,...,xn)AI(x1 + t,...,xn)dxl

2. (2) holds on supp V by taking limits.

3. (2) holds outside supp V, since V =0 on open M \ supp V and hence ¢, = id. So both sides are identically zero.

January 27, 2025
Recall: Prop 12.32(2)

Ly(fA)=(Vf)A+fLyA
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Proof Step 1:

Show that hte equality holds on {p € M : V(p) # 0}.

Let p € M with V(p) + 0.
Take any chart (U, x') centered at p such that V = % on U. Then its flow is

Bt:(xl,...,xn) > (x1+ t,xz,...,x”)

inU. In U, we write A= Aldxl (where dx' =dx" ® - ® dx”). Recall that

; ; ; dix'+1)=dx' i=1
9* dxl =d H*xl =d xlg = ,
ax) = (o] = (o) =1 o

Write the pullback of 8,

07 (fA) = (67 f)(67 Ardx")
=(f00,)(A;00,)(dx")
= f(x1 + t,xz,...,xn)AI(xl + t,...,xn)dxl

So for p = (xi),

d
(Lv(fA))p= t_Of(x1+t,xz,...,xn)AI(x1+ ty..,x")dx'
of . 1

0A
= x,...,xnAl(xl,...,xn)dXI+f(x1,...,xn) d
x \ ~ J

axt(xY,...,x")dx!

vy 0f A
I af
inside U. Hence V f = 5.

Corollary

Ly(df)=d(L,f)for f € C*(M).
* Proof

Forall X € X(M),

(Ly(df))(X)=V(df(X))=df(LvX) =VXf-[V,X]f=VXf-(VXf-XVf)=XVf

and

(d(Lyf))(X)=X(Lvf)=XV].

Proof Step 2:

Show that the equality holds on {p € M : V(p) + 0}.
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Proof Step 3:

Show that the equality holds elsewhere.

Recall: Invariance

For two vector fields, X and Y, Y is invariant under the flow of X if Ly Y = 0.
We say a (0, 1)-tensor field A is invariant under amap F: M — M if F*A= A. Equivalently, if under a flow 6, : M - M
if0; A= Aforall 1.

Theorem 12.37

Ais invariant under 0,, V¢, ifand only if Ly A= 0.

Note

d

| (67 A), = (05,(Lu)),p = 04)" (Ly Adagy )
—t

So
* d *
(67 4)p = 5], O Ao

t=s+1, d *
- %|s:063+tA95+t0(p)

dt

t=t,

_4a
h dS s=
= QZ(LVA)B;;(p)

0 °05 A0, (0.(p))

Therefore, if A is invariant under 6,, then 8; = A and

d

d
*
LvA= E‘mo(gt A)p = dr t=0A"J a

In the other direction, if L,y A = 0, we show that (9;‘A)p = A, for every p and each t. From above,

d

* *
Ty 07 ), = 6, (LyA)o, () = 0

=0

Hence (07 A), is a constant A,,.

Special Tensors (for this course)

Riemannian Metric

g a (0,2)-tensor, symmetric and positive definite. That is, at each point p

gy TyMXT,M >R

which is bilinear, symmetric and positive definite. This is an inner product.
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K (Differential) Form

w a (0, k)-tensor, alternating.

Riemannian Metric

In a chart (U, (xi)), g= g,-jdxi ®dx’.
Since it is symmetric, g(8;,0;) = g(9;,0;) (i.e. gij = gj;)- We write dx'dx’ = Sym(dx' ® dx’). In this case

Sym(dx' ® dx’) = 5 (dxl ®dx’' +dx’' ® dxl)

So we may write g = g;;dx'dx’ and, sometimes, (dx")* = dx'dx".
We have also that g;; correspinds to a positive definite, symmetric n X n matrix.

Example
InR", gp = 6l~jdxidxj. For v = vkak and w = wldl,
ge(v,w) = 6l~jdxidxj(vk6kwlal) = vkwlé,-j dxi(dk)dxj(al) =v'w' ++ 0 0"
_V_I\_ﬁ_l
5y 5)
Example

Consider §° € R* embedded such that TpS2 = TPRE’ =R’
Then g, (v, w) = v- w defines a Riemannian metric on s%

Proposition
Any smooth manifold admits a Riemannian metric.
Proof 1

Embed M into R with N sufficiently large. Then M is an embedded submanifold in R" which induces a Riemannian
metric on M.

Proof 2

Let {U;} be a countable cover of M (with each U; a chart) and {y;} be a partition of unity with respect to this cover.

IMAGE 1

So ¢! gg defines a Riemannian metric on U; and we construct Y vi(¢f gg).

Example: Metric Product

Take (M, g;) and (M,, g,) and construct g; ® g, on M; X M, by either

& 0 )
(%) =
8198 ( 0 &
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or

(81 +82)((v1,v1), (w1, w2)) = g1 (v1, w1) + vz, w»)
e.g. S' <R” gives (S', g1), then on the n-torus we construct (T", g, & --- ® g1).
Example: Warped Product
IMAGE 2
Take f: M — R" smooth, (M, g) and (N, h).

Define a new metric § on M X N by

g(x.y) =8t f(x)hy

An example in polar coordinates is

(dx)2 + (dy)2 = (d(rcos@))2 + (d(rsin@))2 = (cos@ dr —rsinf d@)2 +(sin® dr + rcos do)* = dr® + r* do®

Imagine fixing a direction r and at each point attaching a circle of radius r.

IMAGE 3
Recall: Gradient
If feC™(R"), then
_90f o0
0x! ox!

Note that this violates our Einstein summation.

If f € C®(M), its differential df is a 1-form and not a vector field. Why? Because in R" we are implicitly using the
Euclidean metric.

If we have an inner product on a TVS, say (V, (-,-)), then we can construct an isomorphism V = V* by v~ (v,-).

On (M, g) we use g to construct a bundle isomorphism between TM and T*M by (p,v) - gp(v,-).

With this, given d f € Q' (M), we can define a vector field V f € X(M) by

gV X)=(df)(X)=Xf
Inachart (U,(x')), setV f = b"%. Then
of

0 i 0 0 ) i ( 0 )
V , T | = b—.,—. =b ii = d — | = —
g( ! 6x1> g( ox' ox/ 8ij (@f) ox/ ox/

Let gij be the inverse of g;;, then

k_ ik i jk_ Of
b"=bd; =bgi;g =508
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SO

Then from above, we actually have

of o 0
oxi ' oxi

Vf=
which satisfies our summation convention.
Example

If gg = dr® +r* de* in polar coordinates,

1

)=y =) and 6=(y )]
So

_Of g0 9fd0 9f10

VI=308 o5k " araor To6 206
Isometric Metrics
We say that (M, g) and (N, k) are isometric if there is a diffeomorphism F : M — N such that F*h = g.

With g, we can define (for v € T, M), ||v||g = (g,(v, 1/))1/2 and (for v, w € T,M)

gp(v, w)

cos(,w) = ————
lwllgllwllg

Definition: Length

Lety: I — M be a (piecewise) smooth curve.

Define length, (v) = [, |1v'(¢)|l4 dt.
Remember that lengthg(y) is independent of reparameterization. That is

s Mmoo
with ¥ = y o ¢ we have

jnﬂme[mwwhmm
J J
:memrMMMr
2 [ I eo)lie ar
J
S:(g(t) !
[ sl as
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Definition: Distance

Given (M, g), define

dg(p,q) = inf{lengthg(y) : y is piecewise smooth from p to q}

Theorem

(M, dyg) is a metric space.
Moreover, it induces a metric topology that coincides with the manifold topology.

Theorem: Hopf-Rinow

The following are equivalent.

1. (M, dg) is a complete metric space.

2. Vp,q € M, there exists a length-minimizing curve (a geodesic) from p to g.

Definition: Geodesic

A curve such that the second derivative along y = 0.

February 3, 2025

Recall: Wedge Product

k I k+1
(w,n)»wAn
k+1)!

By S5 Alt(0 ©0) = 17 Yoes,, (0 (@@ M),

EIG/\kV*,SO
1 ) e )
€ (vy,...,v;) = det _ . :

e*(vy) - €*(vp)

We have a V basis {E;} and a V* dual basis {¢'} with I = (ij,...,i). We also have that eI(Ejl,...,Ejk) = 65.
Then B = {EI : Iis strictly increasing} is a basis for /\k V",

Lemma 14.10
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Proof

We show that e’ A€’ (E,,,..., Ep,,,) =€ (Ep,-oisEpi))s P = (P1yees Pial)-
If IUJ # P, then both sides are zero.

If IJ or P has repeated index, then both sides are zero.

Then the only nontrivial case is when P = I] without repeated indecies. Write IJ = {iy,..., ix, j1,-.., j;} such that we
can apply a permutation y € Sy to generate a strictly increasing P = {py,..., px+1}. Then write P; = {py,..., px} and

Py ={pr+1,.--, Prs1}, and compute

e’ =P net
1 ] p »
= an z (signo)-(o(e '®¢€ ?))
T 0€Sk
1 ) ‘ b ,
Tl Y (signo')(signy)((y-0')(e" ®€™))
S

= signy(el A e])
Proposition 14.11

1. Ifw' € V* and vj € V, then ' A - A0 (vy,..., v) = det(w' (v;)).

Proof

It suffices to check (assuming I, J strictly increasing)
(" A Ae™)(E), ... Ej) =€ (Ejy,.... Ej,) = 8 = det(e” (Ej,)).
Definition: Graded Algebra

Write A V* = @7_, A" v* with dim A\ v* = 2"
Remember that dim \“ v* = (7).
ltis graded if (A*) A (A') € AF

Differential Forms on Manifolds

Given a manifold M, a k-form on M \*(7* M) = ]_[peM(/\k T, M) is a section of the bundle A (T*M) - M.
Qk(M) is the collection of k-forms on M.

Locally, w € Qk(M) may be written w = wadxl for a chart (U, (xi)).

Summing over strictly increasing I, dx’ = dx" A+ A dx™ and w; = w(xi

Pullback

For F: M — N and w € Q*(N), we define (F*w) € Q% (M) by
(F*w)(v1,..., k) = w(DF(vy),...,DE(vg)).

It follows that
F*(wAn)=(F o)A (F )

27



and

F* (Zw;dxl) = Z(F*a)I)F*(dxi1 Ao A dxik)
i i
=) (o F)(d(x" o F) A+ Ad(x™ o F))

I
I

= Z(wIOF)dFi1 A AdE™
T

Example

For F:R* > R>by F(u,v) = (u,v,u* — v*) and w = y dx A dz € Q*(R®).

Fro=F"(ydxndz) = vdu/\d(uz— v2) =vdunhQQudu-2vdv= —2v* dundv
Proposition 14.20

For F: M" - N" with local coordinates (x') and (") respectively, if u € C*°(N) then

F*(u dy1 A-+Ady")=(uoF)detDF
Proof

Write F in components (Fl,...,F") where F' = yi oF

* 1 n 1 nf O 0
F (udy A--Ndy ):(qu)dF A-+ANdF (ﬁ,...,axn)
[ 0
:(uOF)det(dFl(—.>)
o0x’
= (uo F)det(DF)

If (U, (x")) and (T, (%)) are local charts with Un U # @, then using F = id;g we have that F* = id

~1 ~n 655] 1 n
dx A---ANdX =det F dx AN+ ANdx
X

Definition: Exterior Derivative

k+1

For w er(U), UcR" open, w = Z'Icu[dxl define d:wk(U) —>w  (U)bywwr dw. Then

I
I
dw=z do; N dx
I equuy ea*(v)
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Example

weQ (U), w= Zl’-l:lwidxi.

dw=Zdw,-/\dxl= Zi]’.dx]/\dxl=2( l].—i'.)dx’/\dx]
i=1 ij=10% gL oxt ox/

Forw = df € Q' (M), d(df) = ij(%— %)dxi Adx’ = 0. Thatis, (dod)(f) = 0 for any smooth function
fec™(m).

Proposition
1. dis R-linear.
2. dlwAn)=(dw)An+ (—l)kw A (dn) with k = degw.
3. dod=0.

4. F*(dw) = d(F*w).

Proof of b
Write w = u dx’ andn =v dx’.
Claim: d(u dx") = du A dx" for any index (perhaps not strictly increasing) .

If I has a repeated index, both sides are zero.
If not, let o € Sy such that I, = J strictly increasing.

d(u dxl) =d((signo)u dx]) =signo - du A dx’ =du A (signo - dx]) =dundx'

Then

dlwan)=d(u dx' A vdx]) =d(uv dxl/\dx]) =d(uv dx”) = d(uv)/\dxlj: (udv+vdu)A (de/\dx])

So

do An+ (—l)kw/\ dn=dun dx' A (v dx]) + (—l)ku dx" A (dv A dx])
and it suffices to show that dv A dx’ A dx’ = (—l)kdxl AdvAdy

Proof b Implies c

Write

dod(wrdx") =d(dw; Adx") = d(do;) Adx" +(-1) do; Ad(dx') =0
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Proof of d

Write w = u dx’ such that dw = du A dx".

F*(dw) = F*(dundx") = d(uo F) NdF" A -+ A dF™

and

d(F*w)=d((uo F)dF" A+ NdF"* =d(uo F) NdF" A--- A dF™
February 5, 2025
Theorem 14.24

k+1

There is a unique map d : Q*(M) —» Q* (M) with d(Q*(M)) € Q"' (M) such that

1. dis R-linear

2. d(w/\n)=den+(—1)ka)/\dn

3. dod=0

4. df(X)=Xfforall feQ’(M)=C®(M)and X € X(M).

Proof: Existence

—1% k+1

Let w € Q¥(M). Then w|y € Q"(U). We have that ¢ *w € Q (p(U)), d(¢
o*d(e ) e (U)onU.

w) € Q" (p(U)), and dw :

IMAGE 1
Proof: Well-defined

If (V, ) is another chart with Un V # @, we need to show that w* (d(v ™" *0)) = ¢* (de~ " *w)). This is equivalent to

= dy )=y e (dp” w))
= dly Te=(poy )d(e w)

where

*

(poy V'd(p " w)=d((pow ) @ Fw)=d(y ™ op op W) = d(y " w)

Proof: Uni!

For any d : Q" (M) - Q" (M) with the property (dw), only depends on w|y; where p € U.
Suppose w; = w, on U. We need to show that (dw, ), = (dw,) ,.

So setn=w; —w,. Then w =0 on U, and we need to show that (dn), = 0.

Let w be a bump function such that suppy € U and w(p) = 1.
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IMAGE 2
Thenyn=0¢€ of(m).

0=d(yn)=dy An+(-1)"y Adn

At point p, it reads

=1
—r

0=0An,+w(p)Adn,

Thatis, 0 = dn,. Let p € M, U a chart around p, say (U, (xi)), and w € Qk(U). We know that (dw), only depends
onwl|y = Z'ledxl. Then for p€ VSV c U, w|y extends functtions wy, x' € C*°(V) to globally defined functions
Jo— 00

@7, % €C (M). Therefore

d(wly) =) d(wdx)
1

)
=Y d(@x')
1
:,0

’ r N N N\
= Z(dd),/\djél+w1/\d(d5é“ Ao AdT®)
1

)
= Z dw; A dx’
T
which is the same formula for R".

Proposition: 14.26

F*(dw) = d(F*w).
Proposition: 14.32
Ly(wAn)=(Lyw)An+wA(Lyn).

Corollary

ﬁv(da)) = d(ﬁva))
Definition: Interior Multiplication

Given w € /\]C V* and v € V, define 1yw € /\k_1 V* (sometimes written V 1 w).

(tyw)(uy,y.. . up—y) =w(v, Uy, ..., Up_1)

This defines 1y : A V* - A*™' v*, and we have 1, o1 = 0.

(0 An) = (o) A+ (=1) 0 A (1)
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Proof

It suffices to show that for w',..., 0~ € V*

k
(o' A Ak = Z(—l)l_lwl(v)wl A ADL A AF
i=1

Where &' is meant to denots “forgetting” a term in the wedge product. That is, the first term has no wl, the second no
wz, etc.
Assuming this, it suffices to consider w = o' A+ Ao® and n= 171 Aee A nl. Then

y(wAan) = Lv(a)1 A ~~-a)k/\1;l Ao /\nl)
k I
= Z(—l)’_lw’(v)w1 A AD AN A A A + Z(—l)k“_lnl(u)a)1 Ao A AR A AR A AT
i=1 i=1

= (o) An+(=1) 0 A (1yn)

Write v; = v, and apply both sides to (v»,..., vx). The left hand side is

j k
) f . wl(vl) w'(v) 0 ()
W A (vl,...,vk)=det(wl(v]~))=det :

o' (0g) - W'(n) - o (ug)

The right hand side is given by

k
Z(—l)l_lwl(vl)(w1 A AD A - /\wk)(vl,..., Uk)
i=1

which, when expanded, gives det(wi(vj)) along the first row.

Proposition 14.35 (Cartan)

If Ve X(M) and w € Q*(M), then

Lyw=Vi(dw)+d(V iw)

Corollary

Ev(dw) = d(ﬁvw)

Proof

By assuming Cartan’s formula, the left hand side is

=0
Va(dodw)+d(V adw)

and the right hand side is

=0
—

d(Vado+d(Vaw))=d(Vaidw)+dod(vaw)
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Proof (of Cartan’s Formula)

We prove by induction on deg(w). When w is a function f € C®°(M) = Q°(M), the left hand side is

Lyvf=Vf

and the right hand side is

=0
——

Va(df)+d(Vaf)=df(V)=Vf

since 1 maps QF to QF 7.
Assuming it holds for k — 1 forms, we consider w € Qk(M) and locally write w = Z'wldxl.
It suffices to show that the formula holds for @ = du A B, u € C° (M), p € Q1 (M).

(wrdx" A Adx™ = dx" A(wrdx" A+ Adx'™)
—— . . )
du B

The left hand side is

Ly(dunB)=Lydu)AB+dunLyp
=d(Lyu)ANB+dun(Vadp+d(Vap))
=d(Vu)AB+dun(VadB)+dund(Vap)

and the right hand side is

=Vu

Vald(dunp))+d(Va(dunpB))=Va((dodu) A+ (-1)dundB+d((Vadu)AB+dun(Vap))
=(-1)(Vu)dB+d(Vu) A B+ (Vu)dp

Proposition 14.32

i_1 R it R R
dw(X1!~")Xk+1)= Z (_1)l Xi(w(Xl"-~»xir---er+l))+ Z (_1)l ]w([Xi!Xj]rXIr---,Xi:~--)Xj)---)Xk+l)
1<i<k+1 1<i<j<k+1

When w € Ql, it reads

do(X,Y) = X(o(Y)) - Y(o(X)) -o([X,Y])

In particular, for w closed,

X(0(Y)) - Y(0(X)) = o([X,Y])
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Proof

It suffices to prove that for w = udv, u, v € C*° (M) that

d(w)=d(udv)=dundv

The left hand side

(durdv)(X,Y)= det(du(x) d“(Y)) _ det(X” Yu)

dl)(X) dU(Y) Xy Y

and the right hand side

X(udv(Y))=Y(udv(X))—u(dv([X,Y]) =X(u(Yv))-Y(u(Xv))—u([X,Y]v)
=(Xu)(Yv)+u(XYv)—(Yu)(Xv)—u(YXv)—u([X,Y]v)

_ Xu Yy
_det(X,, Yl/)

Example

For f € Q*(R*) and df = SLax + %dy+ gz e " (R®), write Pdx + Qdy + Rdz and

_[oP oP 0Q 0Q OR oR
d(de+Qdy+Rdz)—(aydy+ aZdz)/\dx+(6xdx+ P dz)/\dy+<6xdx+ aydy)/\dz

_(0Q P OR 0Q 0P OR
—(6x aydx/\dy)+<ay Ozdy/\dz)+(6z 6deAdx>

Recall that for X = (P,Q,R) € X(R®), this is the curl of X.
Letw=udxAndy+vdyAdz+ wdzA dx, then

ou ov ow
dw = &dz/\dx/\dy+ &dx/\dy/\dz+ Edy/\dz/\dx

ov 0w ou
0x 0y 0z

)dx/\dy/\dz

Recall that this is divergence. We can also look at the gradient

_(9f of of
gradf—(a,@,&>
we have
of i
radf - X=Xf=df(X)=) —-x
grad f f=df(x) Zax,
Putting this together,

Coo (RS) grad .}:(M) curl %(M) div Coo (R?;)

l l l l

QO([RB) d \ Ql(Rs) L> QZ(RIS) d \ QS(RS)
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February 10, 2025

Orientation. Lee pages 378 to 390.

February 12, 2025

Recall

[E1, By, ..., Ey]
and w € A"V* - {0}

On a manifold, we say that w € Q" (M) is nonvanishing if and only if

+ the manifold has an orientation if and only if

» the manfiold admits an ordered atlas

n

For "' - M", if N is a vector field along S and nowhere tangent to S and M has an orientation given by

w € Q" (M), then S has an induced orientation (N aw) € Q"7(S).
In particular, 0M — M is oriented for N outwarding vector field aong M, we have induced orientation given by

Naw)eQ" ' (aM).

F:(M",0,)— (N",0n)

is a local diffeormorphism and orientation preserving if F* Oy = O,,. It is orientation reserving if F* Oy = —0y,.
F* Oy is gvien the pullback F*w, where w € Q" (N) is non-vanishing and matching with Oy.

Example 1

For example, A:R""' 5 R"* by (x') = (—x') has orientation [Ej,..., Ens;]. Then

+1
[AEy,...,AEpi1]=[E1,....Eps1]=(=1)""[Ey,..., E,]

and A is orientation preserving if and only if n is odd. Instead, if we consider forms w = e' A+ A" then we have

A o(Xy, .. Xps1) = 0(AXy, ..., AXpyr) = (det A)(o( Xy, ..., Xpe1))

n+1

s0 A*w = (detA)w = (-1)"" w.

Example 2

n+1

Consider ¥ o> R""' and A: 8" > S" by x — —x.

IMAGE 1
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AN =N.

n+1 n+1 n+1
Q

Then $" has an induced orientation (N 1) € Q"' (S) where w = &' A--- A"t € . Compute

AN (Naw)(Xy,....X,) = (Naw)(Ac X, ..., A X,)
=w(N, AxX1,..., A Xp)
= w(AxN, A Xy, ..., Ax Xp)
=det(DA)w(N, Xy,...,X,)

= (=1)"" (N a0) (X1 Xn)
Therefore A*(Naw) = (-1)""" (N 1w) and A: S" — §" is orientation preserving when n is odd.

An aside about covering maps

Consider all ¢ such that this diagram

M—)M

commutes. Then take Aut(n) = {¢ : M — M diffeomorphic : n = mo ¢}. Then ¢ € Aut(n)
preserves the preimage n_l(x).

IMAGE 2
IMAGE 3

So Aut(r) = Z,. For example, S 5 RP", Aut(r) = Z, = {id, A}. By theorem, RP" is orientable if and only if

« A:S8" — 8" is orientation perserving if and only if

* nis odd.
In the case of the Mobius band,

IMAGE 4

Aut() = (y) where y: (x,y) — (x+1,—y) is orientation reversing. This implies that M is not orientable.

Theorem 15.36

Let 7 : M — M be a covering map.

1. If M is orientable, then M is orientable.

2. If M is orientable, what about M?

M is orientable if and only Aut(x) acts as an orientation preserving idffeomorphism on M.
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Proof

(=) On M, we start with an atlas {Vj} such that each V} is evenly covered by 7 with (V)= U, U

IMAGE 5

Each U; carries an orientation (coming from Oyy).
Define an orientation by V such that 7|, : U; = V is orientation preserving (i.e. a0y = Oy,). For a different U;,

7"0, = (n0p)" 0y =170y =9 0y, = Oy,

(=) As M is orientable, it has two orientations. Fix p € M, p = n(p) € M. Choose the orientation on M such that
dmy: TﬁM — T, M is orientation perserving. With this orientation O,;, we have

Ojr=n"0p = (10 ) Oy =9 1" Opp™ Oy
so any ¢ € Aut(r) is orientation preserving.
Orientation Covering Space

If M is a connected un-orientable manifold, then there exists 7 : M — M a 2-folded (2-sheet) covering map — in the
sense that #n_l(x) =2 (e.g. §* > [R?PZ) — such that M is orientable.

Example: Mobius Band

We have 7/ (y) - M

IMAGE 6
and y° : (x,y) ~ (x+2,y) which gives a cylinder with 7 : (6,y) — (=6, —y).

Construction

Let M be connected. We construct

M={(p,0,) : p€ M, O, is an orientation on T,,M}

where 7 : M — M is given by (p,0,) ~ p which is 2-folded.

1. M has a smooth structure.
2. with this smooth structure, n is a smooth covering map.

3. U € M (not necessariy a chart) is evenly covered by = if and only if U is orientable.
Given (U,0) where U is a chartin M and O is an orientation on U, we define Uy € M by

Uo={(p,0,) € M : p €U and O, matches with O}

Consider a basis

B={Uy : Uc M achart, and O an orienation on U}
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1. B covers M

2. For UponUp # @, we have (p, 0,,) such that p € UnU' and 0,, matches with both Oy and Oy Choose V € UNU'
and an orienation Oy such that Oy matches with O,,. Then Oy matches with oth O and Oy, ¥ € Up N Uy

Son:Uy— Uby (p, O,) » p is a bijective homeomorphism, and it defines a smooth structure on M such that
{U,} is an atlas. Then 7 is a smooth covering map. In fact, every chart U € M is evenly covered by Uy and U_g,.
To show that M is orientable, at each point p = (p, 0,) € M we give an orientation at TpM such that dmp : TﬁM -
(T,M,0,) is orientation preserving. We need to show that this pointwise orientation is continuous.
We have that p = (p,0,) € U, for the orientation of O on U matching with O,,. Then = : Uy — (U, O) is orientation
perserving (i.e. the orientation on Up is 7% 0).
Finally, we need to show that if U € M is open and evenly covered, then U is orientable. In fact, 7' (U) = V; UV, € M
where  : V; — U is a diffeomorphism. Since M is orientable, it induces an orientation on V;. Then we get an orientation
on U through the diffeomorphism 7.
Conversely, if U is orientable then it has two orientations — call them O and —0. So we can construct U and U_ not
necesasrily charts where 7~ (U) = Up U U_o.

Connectedness

So far, we have 7 : M — M a 2-folded covering with M connected.

1. if M is orientable, then M is two copies of M (i.e. M is not connected).
From above, we have that 7~ (M) is the disjoint union of two copies of M.
2. ifinstead M is un-orientable, then M is connected.
Fact: 7 : M — M a covering map with M connected, then #r ' (x) is constant on M.
Suppose M is not connected, then let W be components with 7|y : W — M covering maps. #(m|w) ' (x) is

either one or two. If it is one, then 7|y, : W — M is a diffeomorphism. However W is orientable while M is not, a
contradiction. If instead the cardinality is two, then W = M and hence M is connected.

Corollary

If M is simply connected (i.e. m; = {e}), then M is orientable. In fact, if M is orientable then 7 : M — M is a 2-folded
covering with M connected. If M is simply connected, then M = M a contradiction.

Remark

If 7;(M) does not have a subgroup of index 2, then M is orientable.
For example, Jrl(IRPZ) = Aut(x) = Z* with 7 : §* > RP* and, for the Mobius band M, (M) =Aut(n) =Z = (y) has a
subgroup <y2> and 2Z < 7 is a subgroup with index 2.

February 19, 2025
Integration in Rn

InR", let w € Q"(R") and suppose that a domain D is “good” and compact. Then w = f dx' A --- A dx" and

J w::J fdxl/\m/\dxn.
D D
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Proposition 16.1

Suppose we have domains D, E € R" and a diffeomorphism G: D — E. If v € Q" (E), then G*w € Q" (D) and

J G*w=ij w
D E

where + depends on whether G preserves orientations (i.e. det(DG) > 0 or det(DG) < 0).
Proof

Write G:D > Eas (x',...,x")~ (y',....y" ) and w = f(y',...,¥") dy" A+ Ady". Then since
y

n

yi=Gi(xi,...,xn and dyl/\m/\dyn=dG1A~-/\dG,

we have

J ff(y, Ly dyt A

Y=y (g “[ FoG(x,..., x| det(DG)| dx' A+ A dx"
D

=iJ (foG)-det(DG) dx' A+ Adx"
D

:iJ G w
D

=G (fdy' A+ ndy")
=(foG)G" (dy' A+ ndy")

More Generally

If w € Q"(R") with compact suppoert, then we can pick a “good” domain D such that suppw S D and D is compact.

Define
J' w = J' w
n D

This works similarly on any open set U 2 suppw. Pick a good domain D such that suppw S D € U with D compact.

Then
J' w .= J' w
U D

where U may be chosen to be an open ball B;'(0).

Integration on Manifolds

On a manifold M" with w € Q" (M), we first consider the case where suppw € U for U a chart.

IMAGE 1
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[ w = i(p(U)((P_l)*w
M

where + depends on whether ¢ : (U, O|y) — (¢(U), Og) is orientation preserving. This is well defined

IMAGE 2
Since (W) =yod  (p(W)),

j (w‘l)*w{ ) <w‘1>*w=j (wo¢_1)*(w_1)*w=J (™) w
w(W) wodp H(p(W)) (W) o(w)

General Case

Suppose M" is oriented with w € Q" (M) having comapct support.

Let {U;} be a finite open cover of suppw such that each U; is a chart, and vy; a partition of unity subordinated to U;
(i.e. suppy; € U;). Assume further that ¢; : (U;, Oly,) — (¢:(U;), Og) is orientation preserving (reversing introduces
a sign). Define

fomgf oo

This is well defined. Suppose {f]]-} is another open cover and v ; another partition of unity with respect to {ffj}. Then

JMWiw = JM(;%)%’(U = ;JM%%&)-
Summing over i,
EJMU/M = ;JM%%(U =~ fle/j (Z%‘)w = ;JM%(U-

Integration over Parameterizations

Take M" oriented and w € Q" (M") with comapct support. Suppose D;, ..., Dy are open domains in R"and F; : D; - M
such that

1. Fi|p, is a diffeomorphism onto its image W; := F;(D;).
2. WynW;=@,Vi,j,and

3. UiWi = M.

Then
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Example

w=xdyAndz+ydzAdx+zdxAdy

on §° ¢ R®. Parameterize S° by F: [0,7] % [0,27] = S* by (¢,0) — (singcosb,singsind, cos ).

IMAGE 3

Orient §° by an outward normal vector field N (i.e. the induced orientation on $*is N..(e1 N e3).
Then we need to show that (N a(e' A e Ae’) (DF(%),DF(%)) > 0.

pE[ 2 )= _ 6,cos psing, - sinh)
3" ¢ cos ¢ cosO,cosdsing, —sing
pF( 2] = %L - (“singsing,si 0)
30 1=30 " sin¢sin6, sin ¢ cos ¢,
Atg=(0,1,0)€S" g=F(Z,%)so
0
DF(%>—(0,O,—1)
0
DF<@>—(—1,0,0)
. 3 1, 2. 3 3 )
while N = (0,1,0). So we compute (e Ae” Ae )(N,DF(@),DF(@))IS
0 1 0
det|] 0 0 -1|=1
-1 0 O

and preserves orientation. So [, w = [, F* o and

F'dx=d(F*x)=d(xoF)=d(sinpcosf) =sing dcosb + cos6 dsing = —singsin6 d + cos ¢ cosb dg

Similarly,

F*(dy) = d(singsinf) = sing dsin + sin@ dsin¢ = sing cosd dO + cos@sind d¢p

Finally, F¥dz = dcosg =—sing d¢p, so

F*o = (singcosf) - (sinztpcosﬁ dp A dO) + (singsinf) - (sinz(psinﬂ do A do)
+ coscp(sinzesin(pcosq) do Ado)+ coszesin(pcosq) do A do
= (sin3<p00s20 +sin’ (psinZH) do A db + (cosz(psim/)) do A db
=sing dp A dO

We conclude

b4 27
J w:{ F*w=J' sin(pd(/)d9=J sin(,bd(,bJ' o =2-2m =4m.
s? D D 0 0
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Stokes’ Theorem

For M" with boundary M (dimdM = n— 1),

J dw=J w
M oM

for all @ € Q"' (M) where M has outward orientation.
Example

Take w € Q°(B}), then

do=dxANdyndz+dyNndzAndx+dxANdxNdy=3dxAndyAdz.

Since §° = OB:f,

4
[ w=J' w=J dw=J 3dxAdy/\dz=3~vol(Bf)=3~—n=47r.
s? 0B} B} B} 3

1

Example

Take M =[a,b] € R" with orientation dt

IMAGE 4

We have that M = {a} U {b}. So, at a (—%) a(dt)y=—-1andatb (%) a(dt)=1. So

b
L F(6) de= Jde - LM“’ = —f(a)+ f(b).
Example

Take a line integral along y : [0,1] —» M with w € Q' (M).
Suppose w = df. Then

Lw - L df = Lyf = F(y(B)) - £y (a)).

Consequences

If M" is compact, oriented and without boundary, then

f dw=J w=0
m oM

forwe Q”_I(M). That is to say integrating an exact form over a closed manifold returns zero.
If M" is compact and oriented with w € Q"' (M) satisfying dw = 0 (i.e. closed), then

J w=[ dw=0.
oM M
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Remark
If we write (M, w) := J'Mw, then Stokes’ theorem says (M, w) = (M, dw).
Proof

In the special case that M = R” with w € Q"' (R") having compact support.
Cover the support of w by a large cube [—R,R]". Then

J—

1 y
w=w;dx A Adxi A Adx"

ow; . ; 1 —
do = Za—;dx’ Adx A--ANdxi A Adx"
- X

n 0w
= Z(—l)’_1 ” i.dx1 A Ndx".
; X

It follows that from Frobenius and the Fundamental Theorem of Calculus that

n
. a .
J dw=" (-1)’ IJ' w;dxlxx-u/\dx"
R" i=1 [

—-R,R]" 0x

n R R

. Ow: ;
S0 [ o[ 2 ).
= -R -R Ox'

(@i (- Ry ) —w;(-+, =R, ) -

=0

In the special case that M = H" with w € Q"' (H") having compact support.
Covering the support of w by [-R, R]" ™" x [0, R],

n
. ow:
J dw=Z(—1)l IJ Digxt e dx”
H” o [-R,R]"1x[0,R] Ox*

1 _
=(-1)" wpdx A+ Adx
OH"Nsuppw

Recall that the induced orientation on the boundary dH" matches with the standard orientation on R"~

is even. So

1 N
J w=ZJ widx A Adxt A Adx"
oH" — Jon"
1 -1
=J wpdx A Adx"
oH"

which matches our previous calculation since (—1)" =1 for n even.
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Green’s Theorem

If D < R is a domain with D compact, then

0Q P
Pdx+qgd :J (———) dxd
LD 7= J\ox "oy ) Y

and w =P dx+Qdye Q' (R*) so

opP 0Q
dw—ady/\dx+adx/\dy—<

oQ _op

i 6y> dxAdy

Therefore

~ 0Q 0P\
LJ"L“"%(%W)’W

with 0D outward oriented.

February 24, 2025
Recall: Stoke’s Theorem

For M" a smooth manifold and w € Qg_l(M) with compact support,

J dw=J .
M oM

1. wewl (R, IR" dw=0.

2. wewl ' (HM), In—n" dw = Ian—n"w'

Special Case

If suppw <€ (U, ¢) a chart, then supp(dw) € U.

IMAGE 1

J dw=J' Yo = J ((p_l)*dw=J' d((p_l*a)).
M U o(U) »(U)

So

J[R” dlp *w)=0

and

—1x —1x —1x
J d(g wJ ¢  w= J ¢ w= J w= J w
H" oH" oH" N (U) oMnU oM
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Stoke’s Theorem: General CAse
In general, w € Q' (M).

Let {y;}; be a partition of unity with respect to a countable cover of M by charts. Then, recalling that d(w An) =
(dw) An+ (—l)kw A dn with k = degw,

LMw=ZLMU,iw:Z[Md(wiw)zzi:fdei/\w+widw=[Md Zi:wi /\a)+[M Xi:wi dw:Jde

Integration on Riemannian Manifolds

Recall

For (M", g) oriented, the volume form w, is an n-form such that wg(E;,..., E,) = 1 for all positively oriented orthonor-
mal frame {Ej,..., E,}.
Inside a chart (U;, (x',...,x")) it has the formula

wg = \/detg'dx1 Ao ndx”

where det g = det(g;;).
Definition:

Let f € CZ (M). Define

[l o

Remarks
1. vol(M) = IMl

2. wg € Q" (M) is usually written as dVj or dvol,.

Proposition
For (M, g) oriented and f € C& (M), if f =0 then fo > 0. Equality holds if and only if f =0 on M.

Proof

J f=J fngZ[ wifwg=ZJ wif\[detg;;dx' A A dx"
M m i 2 Ui 7 ZUi

where each term is greater than or equal to zero (assuming positive orientation on each U;).
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On Manifolds with Boundary

Take 0M c M" with outward orientation.
Recall that for N an outward pointing vector field along 0 M, if M has an orientation n-form w, then 6 M has an induced
orientation given by

(N 1w) €™ (aM).

If (M, g) is an oriented Riemannian manifold with boundary 0M, w, a volume form and N a unit outward pointing vector
field orthogonal to 0 M.
Let g be the induced Riemannian metric on 0 M, we observe that

a)g=N_1a)g

Let {E;,...,E,,_1} be a (locally defined) orthonormal frame on M. {E,..., E,} being positively oriented on dM means
that

(Nawg)(Ey,..., Ep) =1

Lemma 16.30

For (M, g) oriented and (0M, g), if X € X(0M), then (X awg)|om = 8(X, N)wg.
Proof

Decompose X = X! + X* where X = g(X,N)N and X = X — X". Write
g

(X" s0g)lom = g(X, N)(N awg)|om = (X, N)wg

and
(X" 30 )lom(Brreess Enr) = 0g(X T By, Eyy) =0
Generalized Stokes on Manifold with Boundary

Take X € X(M), (X awg) € Q"' (M) and d(X 2 w,) € Q"(M). Write

fMd(wag) - LMwag - LMg(X, N)wg = LMg(X, N).

Definition: Divergence

Let divX € C*° (M) defined by d(X aw,) =divX - wg. Then

J d(X.nwg):[ divX-wg=J div X
M M M
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Theorem: Divergence Theorem

J divX = g(X,N)
X oM
Remark

; noye oyl 0 n vy = 0 (i
Inside R", X = X ' € X(R"), then divX = axi(X ).

Problem 16-11

;0 1 0 ;
div| X' — | = _(x'\/d
IV( OX’) Vdetg 0X* ( etg)

For (R",gx), gij =8;; and y/detg = 1. Then div(X'5%:) = 2 (X").

Problem 16-9

n
w= |x|_nZ(—1)l_1xldx1 A-edxi A Adx" € Q"N (R = {0})
i=1

and

n
w|gn-1 = Z(—l)l_lxldx1 A AdxP A Adx"
i=1

For example

n=2 w|lg=xdy—-ydx
n=3 w|g=xdyndz—ydxANdz+zdxAndy
[ )
+ydzAdx

Claim: | =1 is the standard volume form on 8"~ (§"™' < R" or $"~' = 3B]"). We need to check that wg:-1 = (N 1 wg)
We have that N is (x',...,x") at the point (x',...,x") (i.e. N = x'% on S"71). Write

(Nawg) = (xi%> J(dxl A Adx") = xi(% .|(dxl Ao /\dxn>
x X

1

Compute
0 1 n 1 n 0
—l_l(dx Ao ANdx (El,...,En_1)=dx A ANdx _I)Elr-“»En—l
0x 0x
=0 =0
1 0 2 0 n 0
dxl(ﬁ) dx*(55) o ax"(5x)
:det dx (El) ...dx (El) cen dxn(El)
dx'(Ep—y) w+dx®(Epoy) - dx"(Ep-)

=dx* A Adx"(Ey,..., Epy)(-1)"7!
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In general,

0 0 i - i N
— . (dx1 Ao A dx”) =— a(dx' Adx' Aeendxi A ndx™) = (1) T dx A Adx A A dx"
ox' ox'

Conclusion

. -1
w]|gn-1 is the volume form on "7, 0 < [ w]gn1.

1. w|gm €Q"71(8") is not exact (if itis, w = dn and [ @ = [ d = 0)

2. w|¢n-1 is closed (By direct calculation on dw on R” — {0}).

Proposition 16.33

Let (M, g) be an oriented Riemannian manifold and X € X(M) a complete vector field.
Let 8 be the flow of X. Then divX =0 if and only if 8, is volume preserving for all time.

Proof

Let D € M be any compact domain.

vol(6,(D)) = J wg = J Bfwg
0,(D) D

Recall Cartan’s Formula: Lx =ixod+doix. So

=2
Lx(wg)=Xa(dwg)+d(X swg)=divX-wg

Therefore
d ( d *
ailis vol(0,(D)) = ], 7 t=t09t wg
= | 07 (Lxwy)
JD

0 (divX - wg)
D

~

diVX~wg
J H,O(D)

If div X = 0 on M, then the right hand side is zero. Hence vol(0,(D)) is a constant function (i.e. 8, is volume preserving
everywhere).

If instead 8, is assumed to be volume preserving, then the left hand side is zero for all times #, and any domain D.
Then, without loss of generality for 1, = 0, ID divX =0 (i.e. divX = 0).

Remark

For f € C®° (M), grad f € X(M), Af := div(grad f) € C*(M).
a . o
In (R", gg), grad f = a—; . aixi and Af :=div(grad f) =Y I, a(xlf)Z'
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Recall: Poincaré Lemma

Recall that if U < R” is star-shaped, then w € Q' (U) is closed if and only if w is exact.
For (<), this is always true; for (=) we need star-shaped.

Definition: Path-homotopic

Yo, Y1 : I = M continuous such that yo(a) = y;(a) = p and yo(b) =y,(b) = q.

IMAGE 2

A path-homotopy between y, and y; is a continuous map H : I X [0,1] — M such that

H(-,0)=yy H(a,-)=p
H(-,1)=y, H(b-)=q

Proposition
Let yo,71 : [a b] = M be smooth path-homotopic, and let w € Q' (M) be closed. Then jYO w= jh w.

Proof

Assume a =0 and b = 1, then noting that faces 2 and 4 (see above) collapse to points with integral zero,

o=I do= | v (dw)
H(I) JI?

_
%
= | d(H w)
IZ
f *k
= H w
Jor?
4 "
= How
Ji=1JF'

4
:ZI o
i=1 2 H(F)
=j w+[ o
H(F) H(F)
=J w—J o
Yo T

Corollary

For M with 7, (M) = e (i.e. every closed curve is path-homotopic to a point), then every closed 1-form is exact.

February 26, 2025
Corollary

If we Ql(M) is closed with y, and y; path-homotopic to each other, then | w=| w.\
Yo 71

49



Corollary

If 7,(M) = e (i.e. every closed curve in M is path-homotopic to a point), then every closed 1-form on M is exact.

Definition: Manifold with Corners

Let R, = (0,4+00), Ry = ([0,+00))" = {(x',...,x") : x' 20,...,x" = 0}, and R} = |JI_, H; where H; = {(x",...,x") €

_n '3
R, : x' =0}.
=n . . 1
In R}, a corner pointis (x,...,x") € R, such that at least two components are zero.

IMAGE 1
Definition: Corner Chart

Let M be a Hausdorff, second countable topological space. A corner chart (U, ) where U € M open and ¢ : U — R
homeomorphic to ¢(U). B
A point p on M is called a corner point if it has a chart (U, ¢) centered at p such that ¢(p) is a corner point in R’

Proposition: Invariance of Corner Points
IMAGE 2

If the above happens, w(p) € H" with (W) an open set in H”, and ¢(p) € R} as a corner point.
Let S be an open subset of a (n — 1)-dimensional plane through w(p) such that w(W) 2 S. Then F = ¢ ou/_1 is a
diffeomorphism and, at w(p), d(F|s) : Ty(p)S = Tp(p)(F(S)) € R" is |nject|ve We have also that dim(imdF|s) =

dim Ty,()S = n—1. Therefore we may pick a vector v € R" such that v = (v',...,v") with v" ' v" £ 0 and v € im dF|5.
Without loss of genreality, we may assume v" < 0. There is w € Ty (,)S such that dF(w) = v. Let —€,€) = S be a
g y v(p) &

curve W|th ¥(0) = w(p) and y'(0) = w. Then B = Foy is a smooth curve with S(0) = ¢(p) (¢(p) = (x e x10,0))
and g'(0) = v = (v',...,v") with v” < 0. Then by calculus there exists & € (0,¢) such that §(8) ¢ R}. ThIS is a contra-
diction.

Integration on Manifolds with Corners

Observe that oR’; = | JI, H; where H; = {((x',....x" eR} : ' =0} =g
Suppose w € QZ_I(M) for M a manifold with corners, and consider the special case where suppw € (U, ¢) is a corner
chart.

. - —1\*
LM“"‘;("’ Yo

The general case may be done by partitions of unity.
In the orientation case, H; has induced outward orientation (i.e. —% = N).

0
(——.) J(dxl A Adx™)
ox'

Where H; = {(x',...,x" € R} : x' =0} =R} ' cR""! carries the normal orientation by dx' A ---dx! A -+ A dx".

1’

(dxl/\.../\d’;/\.../\dxn)(i ,i, 0 ):1
0x ox'
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and

d 1 Y AN 1 (0 0 3 0
((_a_xi>J(dx A= ANdx ))(ﬁ,"’,ﬁ»”’,axn>—(—l)dx A ANdx (@,g,‘“,@,’”vaxn)
=(-1)- (1) = (1)’

Standard orientation on H; and induced boundary orientation on H; agree if and only if i is even. Then for

J dw:J w
M oM

with induced boundary orienation, it suffices to consider a corner chart. € QZ_I(M) with suppw < (U,¢) and
@:U—R;.
It suffices to consider M = R; and w € Q¢ (R}).

ow; . — ow; 1
Ldx' A -- —Ldx A--Adx"

Pick R > 0 large such that suppw S [0,R]", then

n
. Ow:
J_n dw:Z(—l)l 1[ Di gt A A dx"
R i=1 [

0,R]" ox!
n . (R Row: —
=Z(—l)l 1[ (J w?dxl)dxl/\-~-/\dxl/\-~-/\dxn
O 0 0o O0x'
n . (R R

1 1 i
0, x)dx A Adxt A Adx”

I
™
~—
|
—
~—
S
~~
=

dx' A+~ Andx" (with standard orientation)

I
e
z
oS
£
Y
=
>
>

Example

Let M= I” and w € Q' (M) closed (ie. [, o= [, dw=0)
IMAGE 3

4
jwzzjw
oM i=1 Fi

Na(dxndy)=(dxAdy)(N,_)
Definition: Homotopy

We say that F,G: M — N are (smoothly) homotopic if there is a smooth homotopy H : M X I — N such that

H(-,0)=F(-) and H(-,1)=G(-).
Write F = G.
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Example: Problem 16-5

Let M", N" be oriented, compact, connected without boundary. Take F,G : M — N local diffeomorphisms and suppose
F = G. Then F is orientation preserving if and only if G is orientation preserving.

Proof

Let wy be the orientation form on N" with dwy = 0. The homotopy H: M x I —» N

0= H*(dwN)=J d(H*w)=f H*w=J F*w+[ G w
MxI MxI o(MxI) Mx{0} Mx{1}

IMAGE 4

Let wpyx; be the orientation form on M X I (wpyx; = 0y A dt).

On M x {0} orientable, —% 1wy and on M x {1} % 1wyxj. Therefore J'MF*w = J'M Gro.

Example: Problem 16-6

$" admits a nonvanishing vector field if and only if 7 is odd.

Proof

() suppose n odd. Inthe n =1 case

IMAGE 5

n+l1

Write V(x', x*) = (=x*,x"). In general, when S" ¢ R"*" for n odd

- 1.1 2 2 2k 2k
z=(x,y,x5,y,..,x, )

gives

V(E) - _yl xl _y2 x2 _y2k ka)
with V € 2(S") nonvanishing.
14

(=) Suppose V € X(S") nonvanishing. Then for any v, rewrite as Tl such that without loss of generality ||1]| = 1.

IMAGE 6

Next, we use V(x) to construct a homotopy between idg» and (the antipodal map) —idg».

Construct a homotopy H: S" x I — S" by H(x,t) = (cost)x + (sint)V(x) with ||H(x,t)|| =1, H(x,0) = x, H(x,7) =
—X.

Hence H is a smooth homotpy between idg» and —idg». Hence the antipodal map on S” is orientation preserving and
n is odd.

March 3, 2025

Chapter 7: De Rahm Cohomology

Let M" be smooth and write Zk(M) ={we Qk(M) : dw = 0}, the set of closed k-forms, with Bk(M) ={we Qk(M) :
w = dn, n € Q"' (M)}, the set of exact k-forms. Note that BX(M) c Z*(M), since d(dn) = 0. We may also write
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Q*(M) = Pr_,Q"(M) and
d 0 d 1 d d n d
0o — QM) — QM) — -+ —> Q' (M) —> 0 )
with d~ = 0. Finally, we have the k-th de Rahm
cohomology group Hé“R(M) = Zk(M)/Bk(M) as a R-vector space.
Fact: If M" is closed, then HécR(M) is finite dimensional for all k.

Example

If M" is connected and has 7;(M) = {e} (i.e. every smooth loop is contractible to a point), then w € Q' (M) is closed if
and only if w is exact. That is to say that Z' (M) = B' (M) and HéR(M) =0.

Example

xdy—ydx
x2+y?

Hence, w gives a non-trivial element in H'(S") (i.e. H'(S') # {0}.

Similarly, on 8" ' cR" with w = |x| " ¥ (=1)" 'x'dx' A-- Adx' A+ Adx" € Q"N (R" = {0}), we have that dw = 0,

w is not exact ([, w # 0) and that H" ' (8"™") # {0}.

liM=S"cRrR®and w = e Q'(R* - {0}), then w is closed but not exact (ISI w #0).

Notation

Given w € Zk(M), we write the de Rahm cohomology class [w]. The corresponding element in HCI,CR(M), [w1] =[w2]
in HCI,CR(M) means w; and w, differ by an exact form (i.e. w, = w; + dn for some n € Qk_l(M).

Proposition

If F: M - N is a diffeomorphism, it induces F* : Q*(N) —» Q*(M) which maps Z*(N) - z*(M) and B*(N) —
B*(M).

* Proof

- Forw e Z*(N) with dw =0, d(F*w) = F*(dw) = 0. So F*w is closed.

— For w € B*(N) with w = dn, F*w = F*(dn) = d(F*n). So F*w is exact.

Therefore, F* : Hi(N) —» Hia(M).
For FoG=1id and Go F =id, the descend to F* o G* =id and G* o F* =id on H.z. Hence F* : Hjz(N) - His(M) is
an isomorphism.

Proposition 17.5

Let M" = ]_[ij be a disjoint union of at most countably many connected manifolds, (the inclusion map) ¢; : M; —

M induces L;~< : Qk(M) - Qk(Mj) by w = w|y;. Define @ : Qk(M) - l_[ij(Mj) by w — (wa,...,t}'fw,...) =

(wlp--r @] a;,-..). @ induces an isomorphism @ : HéCR(M) - ]_[j Hc',‘R(Mj).

* Proof

— ®is injective. If ®[w] =0, then [wle:I =0. So w is exact on M; for each j, exact on M and [w] = 0.
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- ®issurjective. Givenany ([w1],...,[w/],...), definew € Qk(M) by w|m, = wj. Then ®[w] = ([w1],...,[w;],...).

Proposition 17.6

If M" is connected, then Hjg(M) = R.

Proof

Hgr(M) = 2°(M)/B°(M) where Z°(M) = {f € C®°(M) : df =0} = {f € ¢®(M) : f=c}and B (M) = {0}.

0 —43 (M) % '(m) .
Hence Hyr(M) = R.

Homotopy Invariance
Given F,G: M — N, we say F and G are smoothly homotopic to eachother if there exists a smooth map H: Mx[0,1] —

N such that H(-,0) = F(-) and H(-,1) = G(-).
They induce F*,G* : Hjr(N) — Hir(M).

Proposition 17.10

For EG: M — N, if F =G, then F* = G : Hig(N) - Hyr(M).

Goal

[F*o]=F'[w] =G '[w] =[G*w] with w closed in N. That is, F*w and G w differ by an exact form, G*w — F*w = dn
. k-1

withn e Q" " (M).

This gives amap h: Zk(N) - Qk_l(M) by w - 1.

In fact, we will construct a map h : QF(N) - Q¥ 1(M) such that G*w — F*© = d(h(w)) + h(dw). Then for any closed

k-form o, G*w — F*o = d(h(w)) +0, [G*0] = [F* 0] in Hs(M) and G* = F*.

Lemma 17.9

Given 1y,1; : M = M x[0,1] (where clearly iy = 1;), then there exists h : Qk(Mx [0,1]) — Qk_l(M) such that

Fo—ito=dh())+h(do) foral w e Q¥ (M x[0,1]).
Assuming that 17.9 holds, 17.10 follows.

IMAGE 1

F=houy, G=Hou,. Atthe Hjg level,

F*=(how) =igoh™ =if oh™ =(hou)* =G".
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Proof of 17.9

Consider V = 2 € X(M x [0,1] with flow 0,(x,s) = (x,s+1), 50 0,019 =1, and 15 007 =/ at the Q*-level. Compute

0] LOw_Jo (o
1 d
= —t(lgoe;‘(w)) dt
Jo
1
«f d « d * *
= Jo I’O (EQ[ (w)) dt a t:toetw - Gto(ﬁvw)
1
= . Io (0; (Lyw)) dr
1
= | 1 (Lyw)dt Lyw=doiy(w)+iyod(w)
Jo
1
= | $(d(Viw)+Vi(do))dt
Jrl " 1 "
- d(tt(V.nw))dt+[Lt(V.|dw)dt
0 0

~

1 1
d(J (Vi) dt) +J G (Vadow)dt

0 0
Then we may define h : Qk(Mx [0,1]) — Qk_l(M) by h(w) = Jolt’:(VJw) dt. Then

Ho-1yw=dh(w))+h(do).

More precisely, for g € M,

e T, (Mx[0,1])
(—A—\

1
h(a))q=J0 0 (Vaog)  di

eAklT, M

Corollary

If M and N are homotopic to each other, then HéCR(M) = Hng(N). That is, there existmaps F: M - N, G: N> M
such that Go F =id,; and F o G = idy. Therefore,

F* o G* = (GOF)* = (ldM)* = ldH:R(M)
G oF" =(FoG)" = (idy)" =idpyx (n)
and both F* and G* are isomorphisms.

Example

R" is homotopic to {0}

F:R">0 G:0-R"

x—0 00
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SO FoG:0— 0 (idy), Go F:R" = R" by x - 0 (= idg»).
Consider H:R"x[0,1] = R" by (x,¢) + tx with H(-,0) = 0and H(+,1) = idgs. More generally, if U € R" is star shaped
then U is homotopic to {p}.

Definition: Contractible

We say that M is contractible if M is homotopic to a point

k 0 k+0
H, = .
ar(p) {IR% L0
Corollary
M is contractible (e.g. M =R" or M = H"), then
k 0 k#0
Hyr(M) = .
ar(M) {IR P

In particular, on such an M, w € Qk(M) (k= 1) is closed if and only if w is exact.
In fact, HCI,CR(M) =0 (k = 1) means Bk(M) = Zk(M).

Mayer-Vietoris Sequence

Setup
Take M covered by two open sets U, V.
af(u)
U y‘ i*
of () of(unv)
unv M * i*
v af(v)

Consider a short exact sequence

0 — of(m) K24 of (et (v) L of(unv) — 0

w —— (0|y,0lv)

~N
(e}

(0,n) ———= (wlunv —1luav) k k k
To show 0 — QF (M) - QF (V)@ (V)
is exact, we need to show that k* @ I* is injective.

Suppose (w|y,w|v) = (0,0). Since UNnV = M, w = 0 on M. Therefore k* @ I™ is injective.

To show Q* (M) » QF(U) @ Q* (V) b QX (U N V), ker(i* = j*) 2 im(k* @ I*). In fact, if (0]y,0|v) € im(k* ® I*),
then w|yny = wlyay and (i* = j*)(w|y,wlv) = 0.

For im(k* @ I*) 2 ker(i* — j*), let (w,n) € ker(i* = j*). Then w|yny —n|yny = 0. Define o € Q¥ (M) by
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w onU
g =
n onvV

Then (w,n) = (K™ & 1) (0).
Finally, to show Q*(U) @ (V) -» ¥ (U n V) - 0, we need to show that i* — j* is surjective.
Letw e Qk(Un V), and let {¢y, ¢y} be a partiation of unity with respect to {U, V}.

IMAGE 2

Define ny = pyw € Q*(U) on U and Ny =—¢yw € Q¥ (vyon V. Thenonunv,

nu—1v=(pu+ev)v=0

Thatis, (i* = j*)(1,1,) = 0.
March 5, 2025

Recall

0 — (M) -4 a'(m) —4s ... 45 o"(m) -4 0 ;
With dod =0, Z" (M) the set of closed k-forms,
Bk(M) the set of exact k-forms, and the de Rahm cohomology HéCR(M) = Zk(M)/Bk(M).

1. M is connected, then Hgr(M) = R.

2. If M is contractible, then HéCR(M) = HéCR(p) for p a pointin M.

Recall also the Mayer-Vietoris setup (see above).

Mayer-Vietoris
The short exact sequence

0o — ofm) £25 of(wyeof(v) =L of(unv) — 0
induces a long exact sequence

o =2 HER (M) —— HR(U) @ Hig(V) —— Hia(UNV)

2 HE (M) — HES (U)e HEY (V) — HE (UAV)

Definition: Chain COmplex

A chain complex A’ is a R-vector group

0 - 0 0 0 0
0 >An >Anl N >Al )AO N

with 900 = 0.
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A cochain complex is

0 d 1 d d -1 d
0 > A > A > A"

0
‘ "7 with dod = 0 and the k-th cohomology is ker / im
in A"

We write the cochain complex as A™. A short exact sequence of cochain complexes

0 — Q' (M) — Q" (V)8 Q¥ (V) — Q" (UNV) — 0

*

0 > A

~
o
~
a
*
~
o

Theorem

A short exact sequence of cochain complexes

4 4

0 —— A" > B > C* 5

induces a long exact sequence of cohomoology groups
k k k
o —— H(A) —— H(B) —— H (C)

H Hk+1(A) H Hk+1(B) H Hk+1(C)

Proof

We want 6 : Hk(C) - HkH(A)
Given a € Ck with dc = 0, we need to come up with some a € Ak+1 with da =0
b+———> c+H—0
L e
I I
a ——bmH——>0
So define 6(c) = d'.

Cochain Complexes

The full picture is given by

~ ~

0 — ' (m) — oF ()

~

o Q" (V) — " {unv) — 0
d

da d
k Kol* k k it-j* &
0 — (M) =25 of(eaf(v) — f(unv) — 0
d a d

~N

0 — oM — "' eaf(v) — "' (unv) — 0

! ! !

Then we have forw =ny—-nyonUnV.
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(M) —— we Z5Un V)

l

o — (dny,dny) _
Since 0'|U = dT]U and 0'|V = dT]V

Example

Let M = S". Then U = S" — {north pole}, V = §" — {south pole} and U,V are diffeomorphic to R". It follows that
UnV=5"-{two poles} =R" — {0} ~ $" " and

0 k%0

H§R<U>=H§R<V)={[R e

Thenfor k> 1,

=0 =0
/—A—\

k k k k
v+ — Hgp(S") —— Hgr(U)® Hgr(V) —— Hgr(UNV)

=0

(8") — Han' ® Hom'

k+1

— Hi (V) —— -

and we have a short exact sequence 0 » A —
B — 0 such that A = B.
It follows that Hia ' (S™) = Hsa(U N V) = Hig(S" ™).

IMAGE 1
Then
0 — Hyg(S8") — Hyp(U)® Hgr(V) — Hgg(UNV)

=0

— Hyr(S') — Hir(U)® Hgr(V)

Which gives

1R

ker=R R

N im=R -2 im=R 2 ker=R 1 1
0 /R /R /R /HdR(S)HO

and therefore that

R ke{o01}

kool
HdR(S)—{O ke {01}

For n = Z, UN V continuous

0 — Hyg(S8") — Hyr(U)® Hyg(V) — Hgr(UNV)

=0

—— Hgr(S") — Hgg(U) @ Hgr(V)

and

ker=R =0

N im=R -2 im=R ker=R 1 n
0 /R /R /R /HdR(S)HO

Therefore, HJg(S®) =R, Hir(S®) = 0, Hir(S®) = Hyr(S%) =
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0 and H3r(S®) = H3r(S?*) = R. By induction, we conclude that

R ke{o,n}

k ny _
Hgr(S )—{0 ke fon)

Corollary

pE—

Take w € Q"(S") closed where w = |x| ™" Y ,(=1)x'dx’ A+ Adx' A+~ Adx". Then w|g» is closed but not exact.
Hence [w] € Hg‘R(SO) =R is a non-trivial element.
Since HirS" =R, and element in Hjz(S") is of the form [cw] for ¢ € R.

Corollary
w e Q"(8")is exact if and only if [, w = 0.
Proof

— if w = dn), then [, dn = [ ;5.1 = 0 by Stokes’ theorem.
= If1:Q"(S") > Rby w+ [ o then, since Q"(s") = Z"(s") and I(B"(S")) = 0 by Stokes’, it induces

}’l=|R n
I: HdR(S ) - R
[w] = | o
Sﬂ
I is surjective, hence I is an isomorphism. In particular ker I = {0}. That is, Ism:o implies w is exact.
Corollary
Let U cR" be an open subset and x € U. Then Hgﬁl(U— {x}+0.

Proof

Let S"! be a sphere in U — {x} which encloses x. Then we have inlcusion ¢ : S — (U — {x}) and radial projection
r:(U-{x})—-S.

IMAGE 2

So ror=1idg and

Fort=(ro))* =id: Hig'(8) — Hig'(s"™)

which implies that

R

R

r* = Hig ' (S) - Hgg ' (U —{x})

is injective.
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Theorem 17.26: Topological Invariance of Dimension
Let U cR" and V € R be open (n < m). Then U is nothomeomorphic to V.

Proof

Suppose U is homeomoprhic to V by ¢. Then U — {x} is homeomorphic to V — {¢(x)}.

We have that if W = B, (0) € U, then (W) is open in R™ and, therefore, W = B (0) is homeomorphic to both R" and
p(W)cR™.

Therefore Hjx ' (R" - {x}) = Hi5 '(S"") =0 but Hiz (V- {p(x)}) #0.

Compactly Supported de Rahm Cohomology

Let Q'(C;(M) ={we Qk(M) : w is compactly supported}.

0 —L QL(M) — -+ — Q&(M) —> 0 .
If w = dn, can we choose n € Q¢ " (M)?

Lemma 17.27: Poincaré Lemma

Letwe Qlé([R%") be a closed k-form and, for k = n, further assume that IR,, w =0.
Then there exists n € Q’é_l(M) such that dn = w.

Proof

lf n=k=1and weQu(R), w=f(r)drfor feCZ(M)and [, f=0.
We need to show F € C°(M) such that dF =  (i.e. F'(t) dt = f(t) dtor F'(t) = f(r)). Set

F(1) = J_:of(t) dt(= J_tRf(t) dt).

where supp f € (=R, R). F'(¢) = f(t) - f(-R) = f(t). So suppF < (-R,R).

Forn=2,we Qé(M) closed and suppw € Bg(0), by the usual Poncaré lemma, there is n, € Qk_l(M) such that

dﬂo =w.

Our goalis to find n € QIE_I(M) such that dn = dno(= w).

If k=1, w € Qe(M), 7o € C& (M) such that dny = w, and suppw S Bg(0). Hence outside Bg(0), dno = w = 0 and

no = con R" — BR(0).

Consider n =1y —c € C& (R"). Then dn = dng = w.

flsk<n—-1,weQ5R") closed, and ny € Q1 (R") such that dny = w, on R" — Bx(0) where suppw < Bz(0) we

have that dny = w = 0. Thatis, 1o € Z* ' (R" — Bz(0)). We know that R" — Bx(0) =~ """ and Hiz'(R" - B,(0)) =
k-1, on—1

Hgr (S7 ) =0.

Therefore, every closed (k—1)-form on R” — BR(0) is exact. Then there exists o € Qk_z(IR"—BR(O)) such that do = nq.

PROOF TO BE CONTINUED

March 10, 2025
Recall

Poincaré lemma with compact support, w € Q&(R") closed.
If k = n, we also assume that J[R" w=0.Thenne Q]é_l(M) such that dn = w.

By Poincaré lemma, there is n € Qk_l(M) such that dn = w. We need to modify this 7.
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Cases (1) k=n=1;and (2) n=2, k=1 are above.
If @ =0 on R" — Bx(0), then dF = w@ on R”" — Bz(0) with F constant on R” — Bz(0). Then also F — ¢ € Q(R") such
that d(F—c)=dF=wonR".

Poincaré Lemma (Continued)
Proof (Continued)

Fornz2and2<k<n-1,we€ Q’(C;(IR”) and suppw € B,(0) € Br(0).

By Poincaré lemma, there exists n € Q' (R") such that dn = », dn = w = 0 on R” — B,(0) with n € Q* ' (R" - B,(0))
closed.

We know that (R" — B,(0)) = $"™! and Hiz'(S"™") = 0. Hence, n € Q" '(R" - B,(0)) is exact (i.e. n = do for
o€ Q" *(R" = B, (0)).

Let v be a bump function where v = 1 on R” — Bg(0). Define o = — d(wo). Then dng = dn— d*(yo) = w.

OnR" - B(0),n9=n—d(yo)=n—do =0. Hence 1 € Q]é_l(lﬂin).

In the final case, n > 2, k = n, w € Q¢(R") and [, w = 0. Here the previous proof does not work because HiRZYN (8" =
R+ 0.

Let R > r > 0 such that suppwB,(0) € B(0).

oS
B,(0) B,(0) 38,(0)

That is, we have n € "' (R") such that dnp = w and [, (0y71 = 0- Recall that

Hn—l(Sn—l) N R

[n]+~ n
Sn—l

Hence [n]=0¢€ Héﬁl(lR” — B,(0)). Hence n = do for some o € Q" *(R" — B,(0)) and the proof proceeds as in the
previous case.

Definition: Compactly Supported de Rahm Cohomology Group

For M",

0 — o%(M) L5 ab(m) L5 ... —Ls (M) —L3 0 )
wnere

closed k-forms with compact support

k —_—
He(M) = exact k-forms with compact support

Theorem 17.28

k. n 0 0<k=<n-1
He(R™) = {R f =
Remark
For k = n,
I:Hp - R
[w] w
R7



is an isomorphism.
Remark

k . . : k.
Hyg is a homotopic invariance, but H is not.

Theorem 17.30

Let M" be connected, oriented and without boundary. Then H{:(M) = R. In particular, if M is closed (i.e. compact and
without boundary), then Hyg(M) = H{:(M) = R.

Proof

Write

[:Q0(M) >R

wl—)J w
M

If w = dn is exact, then

J w=J dn=[ n=0.
M M oM

I induces

I[:Hf - R

e

We want to show that I is an isomorphism. In the trivial case, n =0, M = {point} so I(f) = f(point).

Hg(point) = Qg(point) ={f : point > R} =R.

lfn>1,let (U,(x")) beachartin M, 0 € Q-(U) by 8 = f dx' A--- Adx" and f = 0 but not constantly zero on U. So
;0 =c>0and 6 € Q¢(M) by extending as 0 outside of U. So I is surjective.

For injectivity, we need to show that if [,, @ = 0 then w = dr) for some n € Q¢ (M).
Cover M by open sets {U;} such that

1. each U; is diffeomorphic to R”,
2. suppw S Ule U;, and

3. relable {Ul-}i-c=1 if necessary.

Then write M; = U{zl U; which satisfies M;nU;,; # @. We will prove by induction that for each j =1,..., k such
that if € Q¢(M;) and [,, @ =0, there is n € Q¢ (M;) such that dn = w.
J

When j =1, M; = R" and this follows from the Poincaré lemma with compact support.
Consider the j + 1 case with w € Q¢(M;4;) and J'Mv w =0. Let {¢,y} be a partition of unity with respect to {M;,U;,1}
]
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(supp S M; and suppy € Uj41). Then gw € Q¢(M;). If J'Mj @w = 0, then by induction there exists a € Qg_l(Mj)
such that da = pw. By assumption

J WU:J WU:J (1—(p)w=J w—J pw =0.
Uj+1 M;ji, Mj Mji, M;

J

Then there exists € Q¢(Uj+1) such that df = yw, and a + f € Q¢(Mj4;) has d(a + ) = (¢ +y)w = w.
In general, [,, ¢w = c. Construct 6 € Q¢(M; NUj, 1) such that [, 0=1. Then [\ 9w —¢6 = 0. By induction,
J J Jjt J

there exists @ € Q7' (M;) such that da = pw — c8. Then for Yo + ¢ € Q¢ (Uj11),

,[ Wa)+c€:J’ w—J (pw+f c=0—-c+c=0
Uj+1 Mj+1 M; Uj+l

J

Then there exists f € Q¢(Uj4;) such that df = yw+c6 and a+ f € Qc(M;+1) has d(a + ) = (¢ +¥)w = w.

Remark

For M" oriented, connected and without boundary,

1. HX(M) =R (in particular, if M is closed then Hig(M) = R).

2. If M is non-compact, then Hyg(M) = 0.

Proof of 2

The proof requires an “exhaustion function”. That is, a smooth function f : M — R such that

1. inf f > —o0 and

2. f ' (=o0,c] is compact for every c.

__ This means M = U2, £~ (=00, k]. As an example, consider M = R" and f(x) = xi + -+ + x. Then f™(c0,c] =
Bc(0) is compact.

Without loss of generality, let infy; f = 0. Then M = f_l([0,+oo)). Let V; = f_l((i —2,i)) for i € N. Then V; only
intersects V;_; and V;,;.

Let w € Q"(M). Our goal is to find n such that dn = w. Let {¢;} be a partition of unity with respect to {V;}. Then let
w; = @0 € QG(V;). On v, if J’V1 w, =0, then since HA(V;) = R we have that w; = dn; for some 1, € Q&' (V).

If J'Vl w, T 1 # 0, we construct 0; € Q¢(V; N V,) such that IVsz 6, = 1. Then Ivl w, — ¢;0; = 0. Hence there exists
1 € QZ‘_ (Vl) such that dn; = wy — ¢b;.

In general, on each V; N V;,;, we may construct 8; € Q¢(V; N Vi) such that Ivm/ﬂ 0; = 1. For i = 2, we choose c,
suc that IVZ Wy + €10, — c20, = 0. Then there exists 17, € Q7' (V») such that dn, = w, + 101 — c205.

Inductively, we have w; = ;0 with 0; € Q%(V; N Vi4,) and n; € Q4 (V;) such that dn; = w; + ¢;0; — ¢j+10141.-
Consider n = Y ;2, n; which is a finite sum at any given point. This n € Q"' (M) satisfies dn=d (Y n;) =d(Y giw) =
w.

Recall

If M is nonorientable, then there is a double cover 7 : M — M such that M is connected and orientable.
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Lemma: 17.33
* . HXS (M) > HSR (M) is injective. The same is true of ™ : Ha(M) — HS(KI).
Theorem: 17.34
If M" is connected, non-oriented and without boundary, then Hjg(M) = 0 = H¢(M).
Proof of First Equality
From above, if M is non-compact, Hyg(M) = 0. Because 7" : Hjr(M) — Hyg(M) is injective and Hyr(M) = 0.
March 12, 2025
Lemma
If 7w : M — M is a double cover, then 7™ : Hig(M) — HXs(M1) is injective (holds equally for H).
Proof
Goal: If [w] € HE(M) has n*[w] = 0 € HE(I), then [w] = 0. In other words, if w € Q&(M) is closed and n*w = dn for

some n € QX 1(F1) then w is exact.
Let ' = {id;, a} be the group of covering transformations where a’ = idz; and

M— s M

Ner

Compute

commutes. Then woa = 7. Consider 7 = 3(n+a"n) which satisfies a7} = %(a*n+a2n) =17.

1 1 1
dn = E(dn+ a*dn) = z(n*w +a 1t w) = E(n*w+ (moa))w=n"w.

Excercise: since 7 satisfies a*7 = 7, it descends to some well-defile o € Q]é_l(M) such that 7% o = 7.
For U € M open and V;, V, € M in the covers over U, write diffeomorphisms 7: U — V; and ao1: U — V.
Then on V; we have * (7j|y. ) = o and

id
do=d(z"7)=1t"(di)=1"1"w=To7) w=0.
Remark

This lemma also holds for 7 : M — M with finite sheets.

Example

S" L RP", ¥ Hiq(RP™) > HA(S™) is injective when k # 0 or k # n.
Hence Hiz(RP™) = 0. What about Hjjg(RP")?

When n is odd, RP" is orientable, then Hiz(RP") = R.
When n is even, RP" is non-orientable, then Hyg(RP") = 0.
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Hint for Exam Problem 4

if F: M — N is a diffefomorphism, then

J F*w=ij w.
M F(M)

Theorem
Let M" be a connected, non-orientable manifold without boundary, then Ho(M") = 0 = Hijg(M").

Proof

Let 7 : M — M be the orientation double cover where M is connected and orientable.

n*: HA(M) — HE(M) = R is injective, so we want to show that 7™ is the zero map. Therefore, we need to show that
n*[w] =0 or equivalently that [, 7" w = 0.

Let w € Q& (M) and write n*w=@d. Write @ : M — M a non-trivial covering transformation which reverses orientation.
Then a*® = a*7n*w =7"w = ® and we compute

* ~ * A a *
JAH (,()=JA(1)=JA(Z (1)=—J'A(U=—JA7T w.
M M M M M

So it must be the case that [, 7w = 0.
If M is compact, then Hig(M) = H:(M) =0.
If M is non-compact, then ™ : Hijr(M) — Hyr(M) = 0 is injective.

Degree Theory

Suppose F: M — N for M", N" closed and orientable.
Then F induces F* : R= Hir(N) —» Hijr(M) =R, so F* is the multiplication by a number k € R.
w ;) Fro
I I
[y Y k'JNw:IMF*w _ . _ 1
To show that k € Z, we prove that if g € N is a regular value (i.e. Vp € F (q), DF,
is surjective). Then k = ZpeFfl(q) sgn(p) where

1 if DF, preserves orientation,

sgn(p) = {

-1 if DF), reverses orientation

Remark: F~'(g) is an embedded 0 dimensional submanifold (i.e. F~'(q) is a disjoint union of points).
Proof

Let ¢ € N be a regular value. For each p € F~'(p), DF, : T,M — T;N is a linear isomorphism.

Then there is p € U and g € W such that F: U — W is a diffeomorphism.

Without loss of generality, for each p; € F~'(q) there is U; such that F : U; — W is a diffeomorphism.
Let w € Q"(N) such that suppw € W and INw =1. Then supp F*w € U, Ui, and

=1
JMF*w = ZJUi Fro= Xi:sgn(pi) L(Ui)w = Zi:sgn(p,-) wa.
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On the other hand, IMF*w =k-[yw=ksok=)sgn(p;).
Remarks

1)

If F: M — N is not surjective (e.g. F: S" — S" by sending everything to the north pole), then let W € N open such that
F(M)NnW = g.
Let w € Q"(N) such that suppw € W and [, o = 1. Then

(F*0)p (X1, X)) = 0p(p)(Fs X1, ..., Fx X)) = 0,

Hence F*w =0 and

0= I F*o = deg(F) - J w = deg(F).
M N
(2)
F G
For M > N — P, deg(Go F) = (degG)(degF).
(3)
If Fis a diffeomorphism, then degF = +1.
(4)
If EG: M — N and F = G, then deg F = degG (because F* = G* on HR).
Theorem (Hopf)

If FG:S" — S" such that deg F = deg G, then F = G.

Remarks: Whitney Approximation

If F: M — N is continuous, then by Whitney approximation there exists F = F': M — N. Then define degF = degF'
suchthat F' =~ F = F'is well-defined.

Theorem

Let N" be closed and orientable and x"*! compact, oriented and with boundary 0X.

If f:8X — N has an extension f: X - N, then deg f = 0.
Proof

Letw € Q"(N), dw=0and [, =1. Then

degf =degf - va = fo*w = JXd(f*w) = IXf*(dw) =0.

This can be first proved in the smooth case and then approximated to the continuous case by Whiteny approximation.
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Theorem
Any continuous map F : B” — B" has a fixed point.
Proof

Suppose F has no fixed points (i.e. F(x) # x, Vx € B").

Define G: B" - 8" by x % Let g = G|gi-1 : "' — 8"7', and note that g = idgi-1. In fact, we have
H:S"'x[0,1]- 8" by H(x,t) = % well defined since |x| = 1 and by assumption ||F(x)|| < ¢ < 1. Then

H(-,0) =idg»1 and H(-,1) = g. L
Therefore degg = deg(idg»-1) = 1. On the other hand, g : S"' — $"™' has an extension G : B" — S"~'. Hence
degg = 0, a contradiction.

Laplacian on Forms

For HéCR(M) with M closed and orientable, if M has additional structure then we can pick a unique representative in
each class.

For (M, g) with a Riemannian metric and Af = —div(grad f), we can take w € Qk(M).

Locally for {E,...,E,} and {¢',...,¢"} orthonormal frames, we can declare {¢’ : I = (ij,..., i) strictly increasing} to
be an orthonorma frame.

With this, we can calculate g(w,n) for w,n € Qk(M).

Define (w,1) = [,,&,(w,n) dVolg; define also d* : @' - 0 the adjoint to d : @* - "' (i.e. (dw,n) = (w,d*n).
Then define the Lapalcian on forms A : Q% - Q" by A = dd* + d*d.

1. Alis self-adjoint (i.e. A* = §).
2. QF =kerA®imA.

3. We say w is harmonic if Aw = 0, if and only if dw =0 or d*w = 0.

So Hé‘R is the set of harmonic k-forms (Hodge).

Lie Group Invariance
If M =G is a Lie group, w € Qk(M) may be left-invariant, right-invariant or bi-invariant (L;‘w = RZw = w.

We have that HéCR(G) is the set of bi-invariant k-forms (Cartan).
If G is a compact Lie group with a bi-invariant Riemannian metric, w € Qk(M) is harmonic if and only if w is bi-invariant.
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