Manifolds |
September 26, 2024

Class Organization

1 Takehome Midterm

1 Takehome Final

Homeworks assigned, but not graded.
https://ginzburg.math.ucsc.edu/teaching/208manifolds1-2024/syl.html

Definition: Topological Manifolds
For M a topological space, M is a topological manifold if ¥x € M, 3M > U 3 x and homeomorphism ¢ : U - V c R"

for V open.
To avoid problems (see below), further assume that M is Hausdorff and second countable.

M

Exercise

We can require V to be an open ball.

Problems

* M need not be Hausdorff.

xX0<0

xx1<0'

With (Rx0]JRx1)/ ~.
* M need not be second countable.

Take | [¢Rs where S is an uncountable index.


https://ginzburg.math.ucsc.edu/teaching/208manifolds1-2024/syl.html

Examples
Example 1

If N = M, this implies N is a manifold.

homeo

Example 2

Example 3

An open subset of a manifold is a manifold.

Example 4

M, N manfiolds implies M X N is a manifold.
Example 5

Take R/Z by the equivalence relation ¢ ~ ¢ iff ' — ¢ € Z.

Then CO(SI) relates to periodic functions with period 1.
Example 6
T"=8 x--x8§".

Counterexample 1

[0,1] is not a manifold.

Since 0 must map somewhere in the open interval, its deletion results in a connected space in the former case but a
disconnected one in the latter. Similarly, the following breaks into three and two connected components respectively.




Definition: Manifold with Boundary

There exists a neighborhood V¥ x € M homeomorphic to either the open ball or the half-closed half-ball.

Exercise

A connected manifold is path-connected.

Examples

Example 7

0
Take f:R" % R with graph Ty = {(x, f(x)) : xeR"} CR" xR.

Example 8
Take f: M — N between manfiolds, then M =Ty € M X N.

Example 9

n+1

S"cR

Definition: Real Projective Spaces

Take RP" = R"*'\ {0}/ ~ where x ~y < x=Ayfor A £0.
Informally, the collection of lines through the origin.



Alternatively, RP" = S / ~ where x ~ —x.
That is, identifiying the antipodal points of the unit sphere.
We may also consider RP" = SO(n+1)/S0(n).

Claim

RP" is a manifold.

.y h
RP'\ {x-axis} - R.

h
RP? \ RP! 5 R?

We have that RP' is homeomorphic to the circle, and RP" = RP" ™' U B".

Take x = (xg,-.-,Xn), ¥ = (Yo, ---» ¥n) = (Axg,..., Ax,) and [x] = [xg : x7 ¢ =+ : xp, ).

Then for U ¢ RP" with Uy = {[x] : xi # 0}, we have that Uy, ..., U, covers RP".
Xo Xn

Then define U — R" by [xO:--o:x,,]—>(— L& i),

Xk’. xk’

Connected Sum of Manfiolds

M\B"[[N\B"



M#N.

Mobius Band

October 1, 2024

A Failed Definition

- c’
fec™®: fop VSR

Example




Definition: Charts

Say there exists a cover U; by open sets and U; % V; € R" fixed.

Then the pair (U;,¢;) is a chart.

What if a point belongs to two charts?

With f smooth at x, fo¢; ' smooth at ¢;(x) and fo</>]Tl smooth at ¢;(x).

Notation
The notation C” will be used interchangably with the term smooth.
Definition: Smooth Atlas

Let M be a topological manifold. A smooth atlas on M is a cover (U;,¢; : U; —» V; CR") where ¢jo ¢>,-_1 and ¢; o <,b]71
are smooth for every i and j.



Say that the charts are (smooth) compatible.

Definition: Smooth Function

Say that f is smooth at x € M if there exists a chart U; 5 x such that f o ¢; is smooth at ¢;(x).
Equivalently, if for every chart U; 5 x we have that f o ¢; is smooth at ¢;(x).

* Proof

fodi =(fopiNo(piop;')
Cr

Definition: Compatibility (Equivalence) of Atlases

Atlases A; and A, are compatible or equivalent if every chart in A; is compatible with every chart in A,.
Equivalently, A; U A, is also an atlas.

+ Claim: This is an equivalence relation.

Example
Consider R.
Atlas 1: U =R and ¢ =id.
Atlas 2: Uy = (1,00), ¢y = (x) = x%, Up = (—00,2) and ¢,(x) = x.
Definition: Diffeomorphism
R'SVLWcR"isa diffeomorphism if
« FisC',
» Fisinvertible, and

« Flisc’



Counterexample
y= x” is a smooth homemorphism but not a diffeomorphism.

Definition: Smooth Structure / Maximal Atlas

Given an atlas, we may take all compatible atlases and define a smooth structure by the union of all such objects (i.e.
the maximal atlas).

Lemma:

Every smooth manifold has a countable, locally finite atlas of precompact charts.
Examples
» Zero dimensional manfiolds (i.e. a point).
« R" and open subsets of R".
» If M, N are smooth manfiolds, then M X N is a a smooth manfiold.
That is, if we have atlases (U;,¢;) and (W}, v ), we may generate (U; X Wj,¢; X ;).
» Take F: Mhoﬂeo N with N a smooth manfiold. Then M is smooth.
Take an atlas A on N and the pullback F~' A = {(F~'(U;), ¢; o F)}.
» An open subset of a smooth M is a smooth manifold.

2
« GL(n,R) CR" .

The n-Sphere

+ $" is a manifold

UN=S”\NP@¥R"

Us=S"\sp-R"
bs

8



D3 (2) = 2.

— A different construction for S”.

. orthogonal projection
Take hemispheres U — B".

Projective Space

RP" =R"*'\ 0/ ~ where x ~ Ax for A #0.
[x]=[xg:xp e ix,]=[Axg: Axp i+t Axy ).
Take U; = {x; # 0} and open cover, and maps U; — R" given by [xg: --- : x,,] — (

Xo Xi

ey ,...,ﬂ). Then for j < i take
X X; X

-1 (W Yi-1 Vjx1 Yi-1 1 yi Yn
i (yl""’y")_(yj""’ VY T ’J/i’)’i""’.h)

Definition: Diffeomorphism

M — N

F is a diffeomorphism if F is a homoeomorphism and F ' Amax = Bmax (F_ A ~ B).

October 3, 2024

Recall

RP" R™\ 0/~ x+ Ax
S"[x~-x



Note

Given a manifold M and A a smooth atlas, we generate a continuum of smooth atlases not equivalent to each other.
That is, given M 5 M, F'Af A

homeo
Confer With Groups
G5 G, axb=F"(F(a)F(b)).
Definition: Grassmannians

Write Gi(n), the collection of all k-dimensional subspace L in R".

Observe that if O(i) is the collection of orthogonal transformations in dimension i,

0(n)
k)x0O(n-k)

Gk(n) = O(

with X ~ Y when Y = XA = X(O(K) x O(n — k)).



Where dim(L) = k, U, = {L : LnQ ={0}}, L =graph(A: P — Q), and we have a homemorphism

U, k4 \{Iinear maps P — Q},'

ka(n—k)
Surfaces

We have explored $%, RP?, T? = §' x S'. We have also connected sums.

Terminological Remark

LetRY 5 45 R™.

Then f is smooth if it extends to a smooth map




Exercise

Let A=[0,00) CR. f: A— Ris smooth if and only if it is infinitely differentiable.
Construct (—¢,00).

Definition: Smooth Manifold with Boundary

A smooth manifold with boundary is a topological space along with an atlas A with charts of two types

¢:U—B" (open ball)
¢:U—-B"nH

As before, ¢; o (/)]71 must be smooth.

Examples

« M\open ball.

» The upper half space.

Definition-Lemma: Smooth Function

A function f: M — R is smooth at p € M if either of the following equivalent conditions is satisfied

1. Jachart (U,¢) 3 p suchthat fo¢ ™" is smooth at ¢(p).

2. YV achart (U,¢) 3 p suchthat fo¢™ " is smooth at ¢(p).

12



Where fo¢ ™ = foy  (yog¢ ).
If the above hold for each p € M, then f is smooth.

Remark
f smooth implies f is c®
Exercise / Sketch

The height function on S” is smooth.

¢ (X1, Xpe1) P (X100, Xp).

fop~'= i\/l—xf—m—x%.

Note that handling the equator requires examining the Eastern and Western hemisphere.
The stereographic projection leads to a simpler proof.




Definition: Smooth Function Between Manifolds

F:M — Nis smooth if F is C° and one of the following equivalent conditions is satisfied

1. Janatlas A C Ap,a 0n M and an atlas B C Byax On N such that v o Fo</>,-_1 is smooth on F_l(Wj) NnU;.

2. The same as a., but for Ay and Byax-

Consider as an example S" — RP".

Properties of Smooth Maps

=" = =c"=c =
The sum and product of smooth functions is smooth.

Exercise

The composition of smooth maps is smooth.
Examples
pr .
1. M X N — M is smooth.

F\F ) .
o, m? N; x N, if and only if F; and F, are smooth.

smcvnoth
1.
3. S" > R" ! is smooth.

1. [R”“\o—»[RIP" is smooth with [xg : +-+: x, ]~ (&rﬁ"ﬂ)

2. §" - RP".

14



Definition: Diffeomorphism

diffi .
F: M '—e‘fBN if

« F is smooth.
« Fisinvertible.

« F'is smooth.

Previous Definition
-1

F (Bmax) = Amax-

Exercise

Prove that the definitions are equivalent.

Examples

diffeo
1. tan: (—%,g) — R

2. x—x°,R—>Risnota diffeomorphism.

3. Gi(n) © Gp_p(n) with P — pt.

Example 4

A compact, analytic manifold admits only constant smooth functions by the maximum modulus principle.

15



Example 5

Where ¢ = (x1,...,x,) and each x; is a real-valued function.

WOFoqb_1 = (yll(xl,...,xn),...,ym(xl,...,xn)).
Then S" - R™*

16



where y1 = x1,..., Y = X, and y,41 = —\/l—xf—m—x%.

Example 6

R\ 0 - RP".
Need to check that v ; o F is smooth.
[z‘oz-n:tn]ﬂ)(t1 . %)with Up:10#0

October 8, 2024
Questions

Question 1

Given M smooth and x # y € M, does there exist f € C" (M) such that f(x)=0and f(y) =1.

Question 2

. . c’ : .
Given K C U C M with K compact and U open and g : K — R, does there exist a C" extension f of g on M such that
supp f C U.

Definition: Partitions of Unity

Let W; be a locally finite open cover.

T

A partition of unity subordinated to W;, is a collection of functions f; : M — R satisfying

+0=sf;=<1
* supp fi CW;

Y fi=1

17



Definition: Refinement

Given covers U; and W;, U; is a refinement if for each j we may find i such that U; c W;.
Theorem
There exists a partition of unity subordinated to W;.

Lemma 1

Take B(r) C B(R) CR".

Then there exists g € C* such that

*0=<g=<l1
4 glmz 1
* suppg C B(R)

Proof

Take

1
e x x>0
ho(x) =
0 x<0

18



« Exercise: show that h, € C®(R) (Hint: show that derivatives agree at zero from the right.)

Then take hy(x) = ho(x) - ho(1 — x).

Then define

hy(x) = o j hy (1) di

— 00

[2 m(t)dt



Finally, we define h(x) = hy(x+2) - hy(2 — x).

Then g(x) = h(]||x||) satisfies our requirements.

Lemma 2

There exists a refinement (U;,¢;) by coordinate charts such that

1. Uj is locally finite.

diff
2. ¢;:U; =5 B"(2).

3. (,b]Tl(B(l)) is also a cover.

Proof

There exists a compact exhaustion of M, C; ¢ C, C C3 C --- where | JC; = M.

There exists also an open exhaustion by precompact open sets @ = V, C V; C V, C --- where V; C Vj,,.

Then define V; := nbhd(C; U V;_;).

20



— ¢
Take A; = V4 \ V; compact, p € A;. Then we have a map U, = B(2).

* U, C W; for some i. (Refinement)
* UpynV;_1 =@. (Locally Finite)

« There exists a finite subcover such that <,b;1(B(1)) is also an open cover.

Proof of Theorem

Set gj =go¢; € C', extended to 0 outside of U;.

* suppg; C U;
* VpeM,Igi(p)=1#0 = ) g; >0

* supp g; is locally finite.

Then we have

21



8
d Zgj

Corollary 1

For K C U, K compact and U open, there exists 1 € C' (M) such that

* thE 1
s supphCcU
Proof

Take Uy = U and U; = M\ K.
Then there exists a partition of unity fy and f; where fy + fi = 1. Therefore f, has support in U and f; has support in
M \ K this occurs if and only if f;|x = 0.

Corollary 2

For K c U, K compact and U open, and g : K 5 R, there exists an extension f: M — R of g: f|x = g such that
supp f C U.

Proof

For g € C"(K), there exists a neighborhood V of K and a function g : V — R such that &|x = g.

22



By corollary 1, there exists h € C" (M) such that

e supphCcV

* hlxg=1

Therefore f=h-g.

Corollary 3

There exists f: M 5 R bounded from below and proper.
Definition: Proper Function
f is proper if and only if f ~1(K) is compact for K compact.

Proof

See Textbook.

Consequence

Take {x : f(x)=<C;} =:E; as i —» 0o. Then we get a compact exhaustion E; C E, C E3 C +--.
2
e.g. f(x)=|]x[|"

October 10, 2024
Algebra = Analysis (Geometry)
Take M to be either a compact metrizable space (A = CO(M )) or a copact manifold (A = C*°(M)).

Mo A

23



Let I C Abe anideal and take V(I) = {x : f(x)=0, Vf" € I}.
Take also Y € M closed and consider Iy = {f : f|y = 0} which is also an ideal.

Y -1
V(I) <1

Denote I, = {f : f(x)=0}.

Theorem

+ I, is a maximal ideal.

« Every maximal ideal is of this form, and x is unique.

M < Maximal Ideals of A
Proof
Maximal Ideal

Take I, and g ¢ 1.
We want to show that g with I, generates A.
Then take f € A defined as f = h+ ag for some h € I,.

Since g ¢ I, g(x) #0. Take a = gég and define h:= f — ag.
Then f(x) - Qigg(x) =0€l,.

Every Maximal Ideal

Let I be a proper ideal such that V(I) # 0, 3x such that f(x) =0, VfeI.
Maximal = V(I) = {x}.
By contradiction, assume not: Vx € M, Af, € I, f(x) #0.
It follows that fy|y, # 0 where U, 3 x is a neighborhood from an open cover.
Then, by compactness, we have a finite subcover
I3 fi=fy, #00n U;.
15y ff>00n M. Butthen1=g 'gel.
JRey

Uniqueness

le = Ix2 X1 = Xo

(=) is obvious.

(=) x1 # x, implies that there exists f € A such that f(x;)=1and f(x,) =0.
Then f € I, while f ¢ I, implies that I, # I,,.

Reading the Topology / Smooth Structure

We have a correspondence

closed sets « ideals

24



Algebra Homomorphisms

Take ¢ : A— R. Then ker¢ is a maximal ideal, and

by
All, >R
x> xf(x)
Then
M < Alg. Hom. A—- R
1-1
A>0m pos. #
Counterexample

Take instead M = R. Claim: there exist a maximal ideals other than I,.

Proof

Take J to be the ideal of all compactly supported functions such that J ¢ M for some maximal ideal M.
However, V x € R there exists a compactly supported function f(x) #0. So M # I,.

Functorial Considerations

Take F: M — N, M and N compact. Then

F:M—- N
(M) « ()
FA

foFef

Definition: Germ

Take M > P.

Where (U, f) ~ (V,g) if f = g on some neighborhood of p.

25



Definition: Tangent Spaces

With y1 2 (—€,€) = M, y2(—€,€) = M, and y1 ~ 7, < y1(0) = y5(0).

(1) = ((x(2), y(2),2(£)) and y'(0) = (x'(0),'(0), 2'(0)).
The tangent space to M at p, written T,,M, is the set of equivalence classes.

Remarks: Tangent Vectors

Take V 3 p a finite-dimensional vector space (= R").
Op

YLY2: (—€,€) >V (germs)
71 ~72:711(0) =y2(0)

26



Write

y(2) —y(0)
t

y'(0) = lim
y=(x1,...,x,) and y' (0) = (x1(0),..., x5,(0)).

A tangent vector to V at p is an equivalence class T, V.
Claim: T,V is a vector space.

Operations

Take p = 0. Write

[ril+[r2]l=[y1+72]
Aly]l=[2y]

When p # 0, instead

[yil+[r2]1=[r1+7r2—p]
Alyl=[Ay+(1-21)p]

Claim: T,V is canonically isomorphic to V

[y]+7'(0)

[y = (21,0, x0) 1+ (21(0), ..., %,(0))
T,V -V
prtv—v

27



Proposition

Take

Then

VoW
DF, =Fy : T,V > T,W
[y]=[Foy]

Then F is well-defined and linear.
F=(F,...,F,) and f‘oy(Fl(yl,...,yn),...,Fm(yl,...,yn).
We have that [y] =y (0) and [Foy] = %F-y( t)|s=0- By chain rule,

oy on I
oy ox, (71(0))

0x, 0x,

d
E(F °0Y)|¢=0 = :
1
Y1(0)

28



Tangent Space

Y1~7Y2 & poyr~doy,andy; ~y, & woy; ~Woys,, SO

(yod N gpor) ~(yod N ¢ors)
Now, take {[y]} = T, M. Claim: this is a vector space.

D¢ n
TyM —— Ty(p)R

% lD(%fsbj)

Ty(mR" .
" [+[r]=[¢" (Gori +dors)]

October 15, 2024
Recall: Tangent Space by Equivalence Classes

Yi(=£€) =M, y(0)=p,y1~ry2 & poy)~poyy = (poy1) (0)=(poy2) (0).
D= n n
T,M={[y]} 5 TynR" =R".

Then for (E,, ..., F,,), we have D(ywE¢ ') : Tp(p)R" = Ty(q)R™ where
%—J _v_l

R" R™
oh . Oh
ox; ox, |[ V1
-1y _| - . . .
D(yF¢ )= i = :
OFn .. OFn [\
0x; 0x, n

29



Chain Rule

We have that D(FG) = DF o DG since (FG) oy =F(Goy).

Example

Take

ande:(af af).

B_xl’ ceey H
Definition: Directional Derivatives
Take v=[y] € T,M and f € C'(M).

The directional derivative is given by

Lof = )]0 = (Fo9™ ) (@0 (D)o
4 n

Then

d 0
8= =Y 50 (@)ni(0)
which is determined by (17'1(0),...,17',,(0)) =7'(0).
Properties

L,:C”(M)—>R

1. Linear over R

2. Ly(fg)=(Lof)g(¢) + f($)(L,g) (product rule)

3. Linearin v.

30



Derivations
The collection D), = {C"(M)—R: (1) and (2) hold} is called the derivations at p.

Algebraic Aside

6,: A—Rgivenby f+ f(p) yields

D(fg)=Df6,(8)+6,(f)Dg
Theorem
T,M — D, givenby v =[y]+ L, is a linear isomorphism.
Recall: Germ

Take (f,U)> p and (g, V)3 p. Then (f,U) ~ (g, V) if and only iff f = g on W Cc Un V. The equivalence classes of
this relation are germs.

Hadamard’s Lemma
Take f € C"(R",0) on R" with £(0) =0.
There exists gi,..., g, € C''(R",0) such that
Fx)=) xigi(x)
and g;(0) = 7(0).
Example

r—1
[

c’ —r—
For n=1and f: R — R with f(0) =0. Then we have f(x) = xg(x) given by

f(x)
x#0
g(x) ={ v

(o) x=0

Proof of Example

Take

1 1
J; %f(tx) dt= xjo f'(tx) dt
f(ex)-x g(x)
=f(1-x) - f(0-x)

31



Proof of Lemma

L4 Laf
J'O Ef(tJC) dt—Zx,-L a—xi(l'JC) dt
Y %—l

Z:_Jé(tx)'xi 8i

Lemma

For D € D), Df depends only on the germ of f.

Proof

Need to show that if f =0 near p, Df =0.

Where supph C {x : f(x) =0}, h(p) =1 and, consequently, f o h = 0.
So D(0=foh),D0=Df-h(p)+ f(p)Dhand 0=DF.

Lemma
D(k) = 0 for k constant.

Proof

1-1=1 = D(1)=D(1-1)=D(1)-1+1-D(1)=2-D(1), so D(1) =0.
Arbitrary constants follow from the fact that D is linear.

Proof: One-to-One

LetL,f=L,f forall f=x;, then

0 0
Y uist =Y wist

foreach f and v; = w;.

Lemma

Der(C"(m)@p) = Der(C' (M, p))

Proof
Take M =R" and p = 0.
Given D, we need v =) vi% with

0
va=zvia_£=Df

32



for every f.
By Hadamard's lemma, write f =) x;g;(x). Then

=0
Df = Y (Dx;)gi(0) + %(0) Dg;

=Y (x50

Vi

That is, since v; = L,x;, we have v; = Dx;.

Definition: Tangent Bundle

For every p € M, we have T, M.
The tangent bundle TM = [ ¢\, T, M.

When Mis C", TMis C" 1.



October 17, 2024

Chapter 7 of Lee (Lie Groups) will not be covered in class, but is highly recommended reading.
Preliminary Definition: Vector Fied

Take M S TM by p > v(p) € T,M.
Space of Vector Fields

Write X (M) to be the collection of all C*® vector fields.

« This is a module over C*°(M).

« X(M) actson C*(M) by v L,.

Smooth
1. vis C%
2. In local coordinates, for p € U and (U, ) = (x,..., x,) with 6‘971,...,% a basis in T, M.
0
v=) ulx) 5o

functions
onU

3. feCc®(M) = L,feC”

2 Implies 3

34



With ¢|w = 1, supp¢ = U, x;¢p € C* (M), and x;p| W = W;.
Then L,(x;¢) = Vi
on

Definition: Lie Algebra

Take A a vector space equipped with (a Lie bracket) [-,-]: AXx A — A such that

* [a,b] = —[b, a] (Skew Symmetric)

* [[a,b],c]+[[b,c],a]+[[c, a],b] =0 (Jacobi Identity)

Example 1

Take A to be an algebra and define [a, b] = ab — ba. Then if A is associative, it satisfies the Jacobi identity.

- gl(n)
* so(n) (skew symmetric matrices)

— (ab=ba) =b"a" —a"b" =ba-ab=-[a,b]
. su(n) (AT = AT)

Theorem:

The space of vector fields X(M) is a Lie algebra:
« VV,WeX(M), U eX(M)suchthat Ly f = LyLy f — LyLy f. Write U = [V, W].

Lemma
Lyf=Lyf, VfimpliesV=W.

Proof

0 2 0
V=Zliia—xZ‘;Zwia—xi=W

Pick p € U. We want to find v;(p) = w;(p).

35



With ¢ |y = 1, suppp C U and f = x;¢ € C*(M).

Lyf=Lwf
Xi Xi
—r —r—
0(xip) 0 (x;ip)
Z yj ax]' - Z wj ax]'
—— —~
6,-j 6,']'

on W. Therefore v; = w; on W.
Variant
For W; an open cover, Ly f = Ly, f for all f € C*(W;) implies that V = W.

Compute

of dw; of
LVLWf=LV(ija_xj)=Z Vitx; 0x; Zv’wfax,ax]

ovj of
LwlLvf = Z Widx; 0x; ax] * Z Wili5x.0x; ax]ax,

6w] 01/] af
6x,

LyLwf—LwLyf = Z(Vz

Xi
_ Z aw] Gv, 0
Yidx; i ’6x, ﬁxj
Therefore Ly Ly f — LwLyf=Lyf.

36



Remark

Consider Us uand U' 5 '

Properties

« Lie algebra: Skew symmetric an dsatisfying the Jacobi identity

» Productrule: [V, fW]=(Lyf)W+ f[V,W].

Example

Let V be a finite dimensional vector space (e.g. R").
Recallthat T,V =V by [p+tv] < v. Then TV =V XV (p,v).

Take A € End(V) given by
0 "
v(x):Ax:Zv,-%= aij :
1 xn

Take also w(x) = Bx. Then [V,W]=—(AB—-BA)x=—[A,B].
Exercise

Given the example with W constant, determine [V, W].
Theorem (Midterm Problem)

Take A = C®°(M) and the derivations D € Der(A) with D: A ™ A4 over R such that D(fg)=Df-g+ f-Dg.
There exists a linear isomorphism X(M) = Der(A) given by v+ L,,.

Lemma

Take D € Der(A). Then D, € D, where D, f := (Df)(p).

D,(fg)=(Dpflg(p)+ f(p)(Dyg)

37



We know from above that D, = T,m. Therefore L, f = Df.

Definition: Push Forward

Take F : M — N which gives rise to Fy : T, M — Tp(,)N (equivalent to Fy : D), = Dg(p)) given by [y] = [Foy].
We see that (F,D)(g) :=D(goF).

You Cannot Push Forward Vector Fields

« if F is not surjective

« if F is not injective

2/3 9

« it is possible that F, V would fail to be smooth. Take (Fyv)(y) =3y 3




Remark

Take a diffeomorphism F: M — N.
Then F: X(M) - X(N) is given by F,[V,W] =[F,V,F,W].

October 22, 2024

Dimension of Manifolds

F
Take connected manifolds M"" and N" with diffeomorphism M"™ S N".lf pe M" and g = F(p), then

DF
TpMz;—& TyN
is linear and dim T,M = dim TyN.

Definition: Submanifold

N c M" is a submanifold if ¥Vp € N, there exists a neighborhood U 3 p in M and a diffeomorphism U — B" which
satisfies Un N - B* = B" nR".

Example 1

Consider F : R¥ - R" and its graph Graph(F) = {(x, F(x)}. This is a submanifold in R x R".

RExR™ » R - R™ given by (x,y) ~ (x,y— f(x)).
Example 2

Take F: X — Y, X, Y manifolds. Then Graph(F) C X X Y is a submanifold.
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Example 3

s'cr?ors" ! cR"

Example 4

A graph is always a submanifold.

Graph (F|ynp-i(s)) € U x V implies Graph (wFp™'|...) c p(U) x (V).
Example 5

(-1,1) x 0 € R.
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Example 6
RP" c CP",
Definition: Regular Point

Let M, N be manifolds with p € M, q = F(p) € N and take F : M — N with DF : T,M — T,N.

p is a regular point if DF is onto; g is a regular value if each p € F_l(q) is a regular point.
Otherwise, they are called critical points or critical values.

Remark

If dim M < dim N, then all points in M are critical and all values in F(M) are critical (while N\ F(M) are regular).
Remark

For f: M —Rwith df : T,M —R = Ty(,)R. Locally, df = (55,..., 2L) =V f. Then p is regular if and only if df # 0.

ceey axn

Equivalently, p is regular if and only if there exists v € TP M such that L, f # 0.

Proof

Lof=df(v)=Y 5L,

Theorem:

Let ¢ be a regular value. Then F~'(g) is a submanifold.

Example 1

f:R" > Rgivenby f(x)= Z/lixf, A; #0. Then f~'(1) is a submanifold.
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Proof

x is a regular point when f(x) £0 (V f #0).

v=Zx,-aixi=x

Lyf = Zzﬂixi&=2f(x) #0

of v
Ox;i

Example 2

SR

f=x,:8""" - Rthe height function, so

0x, 0x, 0x,

Lyf =LyXp= Vo2t ot Uy e + 1) =

vf vin laxl n laxn—l naxn
=0

The same follows for all projective maps.
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Theorem:

f(Ax) =2 f(x)

Lof = 7 ((1+ D)o

d
= (140 1=/ ()
k

Theorem: Inverse Function Theorem

Take U,V SR" open and a map F: U — V with p € U and g = f(p) € V. Then take

0F;
axj

{DF: T, U~ T,V}=

such that Rank DF = n is an isomorphism.
Then there exists Uy 3 p such that Uy 5 F(Uy) is a diffeomorphism.

Corollary

If F: M" - N" with DF : T,M > T,N (Rank DF = n).
Then there exists a neighborhood Uy 3 p such that F : Uy — F(Uy) is a diffeomorphism.
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D(yF¢~') = DyDfD¢ .
Local Diffeomorphism
Diffeomorphisms are local but local diffeomorphisms are not necessarily diffeomorphisms.

Example 1

2mit

Take R or any interval longer than 1 and map them to st by t—e

Example 2

st s givenby z - z

Example 3

S" - RP".

Contraction Mapping Principle

0
Take ®: X S X with X complete such that d(®(x),®(y)) < ¢-d(x,y) with c € (0,1).
Then there exists a unique fixed point ®(p) = p.

Example

Take F:R" - R" and || DF,|| < c< 1.
Recall that the operator norm for an operator A: R" — R" is given by

A
Alop = sup AL gp 1w
e L | T

Then F is a contraction by c.
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Proof

0
XCf)=X+(y—x)é

FG)

o)

X Fee )

bl

1
duJo:Hy—ﬂ|=L|w%nndr

Then
1 |
d(F(x),F(y)) < . [[F(y(2))|| dt
1
< . [|DFy(0y -7 (2)|| dt
<c
fl,_/% !
=] [IDE,()]|-[ly (£)|| dt
1
vaIWUmdt
<c-d(x,y)
Proof

Write {x;} = {@"(x)}.
Claim: {x;} is Cauchy which implies that x = lim,,_, o, x,,. Then

O(x) = lim O(x,) = lim x, = x

Uniqueness follows from the observation that for fixed points d(x, y) < d(x, y) implies x = y.

Proof that Sequence is Cauchy

Forn<n+k,

d(xp, Xp+k) < d(P(xp-1, @(Xp4k-1)) < cd(Xp-1, Xpsk-1) < Cnd(xo,xk) <c"L- (1+-+c

since

D(x9),P(x1)
d(xo,xk)s\d(xo,xl)f‘d( X1, X2 )l+“'+‘d(xk—1,xk)l
L C"’L ck:l.L

October 24, 2024

Recall: Contraction Mapping Theorem

®: X — X complete, then there exists a unique fixed point x such that ®(x) = x.
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Recall: Inverse Function Theorem

7 N e Fech

aﬂ /——\1 Va

GlellT
DFp: T,R" - T,R" implies there exist U, and V; such that

F: UO s VO
G
is a diffeomorphism with FoG=Tand Go F = 1.

Remarks

Assume that p =0=g¢g and that DF; = 1.
Then F =1+ ¢ and Dy, =0 (contracting). Look for G = I + g, then

FoG=1
(I+¢)o(I+g)=1I
—¢po(I+g)=g

which gives us our fixed point. Then ® : g — —¢ o (I +g) with g : B(r) — R" is a continuous function on a Banach
space giving

CO
B(r) — B(R)
— —
r adjustable R fixed

on a subset with ||g|| = sup,ep(,) g(x) and [|g[| < R.

Claim

® is contracting.
The contraction mapping theorem implies there exists a unique fixed point ®(g) = g where —¢po (I+g) = g.

Observations

Fis C' and DF invertible implies G is c'.
FoG=1,F(G(x))=x,(FoG)oG =1
SoG' =(FoG)™.

Remark

F,
UxR" 3 R

X R
— (F,DF) -
TU TR"
Gy
«—
(G,DG)
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Then F being c? implies Fy is C' and invertible, and Gy is c.
Fy(x,v) = (F(x), DFyv)

Theorem: Implicit Function Theorem

Take

(x,y)eRme"JUa(p,q)%Rnac

with %’ an invertible n X n matrix.

_(% oo a0
(vqn_(axl,...,axn,ayqeo)).

Then there exist V, 3 p and W, 3 g such that in V) X W, @' (c) is the graph of gV 5 Wy such that ®(x, g(x)) = c.

Remark

IFT < IFT.

Proof that Inverse Implies Implicit

Define F:R" xR" - R" xR" by (x,y) = (x,®(x,y)) (i.e. (p,q) ~ (p,c)).
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invertible. Applying the inverse function theorem, FoG = I implies G = (id, g) with g : R” xR" — R" where g(-) = g(, c).
So @(x,g(x)) =c.

Theorem: Regular Value Theorem

Take F: M"*"™ - N" 5 ¢ with ¢ a regular value.
Then F~'(c) is a submanifold.

Proof

We know that each p € F~'(c) is a regular point.
Then in local coordinates DF,, : T,M"" ™ — T,N" is given by an n x (m + n) matrix of rank n.

then locally Flisa graph and therefore a submanifold.
Definition: Immersion
Amap F:N" — M" is an imersion if DF), : T,N — Ty(,)M is one to one at every point (m = n).

Definition: Embedding

The map F: N" — M™ is an embedding if it is an immersion and a homeomorphism on its image.

48



Definition: Submiersion

The map F: N" — M™ is a submersion if DF,, is onto (m < n).
p

Examples

Example 1

A local diffeomorphism is both an immersion and a submersion.
Example 2
¥ : R — M is an immersion if and only if y'(¢) # 0 for all points .

Example 3

For N compact, F is an embedding if and only if it is one-to-one and an immersion.

Counter-example 1

Imersions but not embeddings.

Counter-example 2

RoRXR—S xS =T°=R"/Z°

t (t,at)

Can be given by composition of (e”"'*,&*™").



Remark

Consider A: V — V with equivalence given by BAB™' ~ A.

If A: V — W then the equivalence given by B, AB; ' ~ A.

Consider f(R,0) — R with the assumption that £(0) = 0, f'(0) = 1. Then there exists a change of coordinates x = x(t)
such that f(x(t)) =rt.

By the inverse function theorem, there exists g satisfying f(g(t)) = t.

Consider f(z) complex analytic with £(0) =0 and f'(0) = 1.

Local Normal

Let F: pe N" - M™ 3 g be an immersion.
Then there exist local coordinates xi,...,x, near p and y,...,y, near g such that y; = xq,..., yn = X5, Yn+1 =0, ...

a T 7

October 29, 2024

Recall: Local Normal Form Theorem for Immersions

For F: N" — M™ an immersion where rank(F) = n < m and p € N, there exists a coordinates x;,...,x, near p and
Y1,---,Ym near F(p) such that

yi=x

Yn=Xn
F:
Yns1=0

Ym=0
IMAGE 1

Proof
F
peEV—U>gq

p—q€F(p)

rank DF, = n < m, for example.
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1 0 07
010
0 0 1
0 0 O
0 0 O
10 0 0]
IMAGE 2
yi=x1
n=z2 :
: and Yn=Xn
y ;z yn+1=Zn+l_Fn+l(zlv---»Zn)
n— n .

Ym=2m— m(zl,---»zm)
Theorem: Local Normal Form Theorem for Submersions.

Assume that F: N" — M is a submersion such that rank DF = m < n.
Then we may take coordinates x,,...,x, and yi,..., y, such that y, = x,..., ¥m = Xp.
The procedes similarly to previous theorem.

Remark

Immersions look locally like linear subspaces.
Submersions look locally like projections.

Theorem: Constant Rank Theorem

Assume that rank DF = k for a constant k.
Then for coordinates x;,...,x, and yy,..., ¥, We can have y; = x1,..., Yk = Xk, Vk+1 =0,. ..

Homework
Take f agermat 0 on R" and take dfy # 0 (V fy # 0).
Then there exists a coordinate system yy,..., y, such that f(y) = f(0) + y;.

That is, for (xi,..., x,) there exists a diffeomorphism (f o ¢)(xy,...,x,) = f(0) + x1.
Note that we do not have control over the x coordinates, so the previous theorems will not work.

Remark

G __F
Take K - N — M.

If G, F are submersions, then FG is a submersion.
If G, F are immersions, then FG is an immersion.

Theorem

Let F: N - M be an embedding.
Then F(N) is a submanifold. Consequently, F: N — F(N) is a diffeomorphism.

IMAGE 3
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If N is a submanifold of M, then N — M is an embedding.
Example

Take R — R” by - (0, ).

IMAGE 4

This is not even an immersion.

Example 2 (Homework)

For N the graph of y = | x|, there exists F : R 1C—>1 R* such that N = F(R).

IMAGE 5

Submanifolds

For any g € X, there exists a neighborhood U and a diffeomorphism ¢ : (U, U N X) - (W, W nR").

IMAGE 6
Proof

And embedding is an immersion which is homeomorphic on F(N)
With F an immersion, we have

IMAGE 7

Since F is also a homeomorphism, there exists U'suchthat U' n X = F(V).

Zero Measure Sets

Key Point

Zero measure sets are unambiguously defined.

Definition: Zero Measure Set

X € M is a zero measure set if

« For every closed chart (U, ¢), ¢(UnN X) CR" has zero Lebesgue measure.

« There exists a coordinate atlast (;, ¢;) such that ¢;(U; N X) has zero measure.

Lemma

F
R"DW—IR" and Y € W where m(Y) =0.
C

Then F(Y) has zero measure.
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Proof

IMAGE 8

We may cover Y by a countable collection of open sets U such that U ¢ W.

Then it suffices to show taht F(Y N U) has zero measure.

Then ||DF|| < C. Given € > 0, we need a cover F(Y) by open balls with total volume less than &.
Pick p € Y and define B,(p) ={z€ U : ||z—p|| =r}. Then F(B,(p)) C Bc,(F(p)).

IMAGE 9
For p=0=F(p)
IMAGE 10

d 1
2 p(e2) dtsj \IDF||- ||2]| dt < Cr
dr .

1

I1F(2)]] <length(t - F(£2)) = J

0

Since Y has zero measure, it can be covered by balls B, (p;) with total volume less than .

Therefore F(Y) is covered by Bc,,(F(p;)). Then the sum is bounded above by C"5.
Take 6 = 5.

Definition: Smooth Measure

Let u be a measure on M.
1 is smooth if

- for every coordinate chart (U, ¢ = (x1,...,x,)), u= fdxy...dx, (f >0).

- there exists a coordinate atlas (U;,¢;) such that the same is true.

Proposition

A smooth measure exists.

Proof

Take (U;, ¢;), dx; ...dx, = u;, and the partition of unity h; subordianted to U; (supph; € U; and ) h; =1)

Then h;u; is a measure on M. Then we may take ) h;p;.
Proposition

The following three conditions are equivalent.

* X is a zero measure set
« there exists a smooth, positive u such that u(X) =0

« every smooth positive u has u(X) = 0.
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Theorem: Sard

c’ . o
Let F: M™ 5 N" with r > max{0, m — n}. The set of critical values has zero measure.
Remarks

There are two cases. m < n permits C'. This is the easy case because there are no c' space filling curves.
If m > n,then r > m—n+ 1. This case is difficult.

Corollary

There exist regular values.
The set of regular values is everywhere dense.

Proof

For M=[0,1], N=R, n:m=1,andf:[0,1]9>u;e.
Separate the interval into segments I; of length 1/ k.

IMAGE 1

Consider all intervals containing critical points.

Then f' is uniformly continuous. That is for all € > 0, there exists 6 > 0 such that [x—y| <6 = |f'(x) - F'(y)] <e.
Consider the critical values covered by intervals of total length < £ and f(I;) containing critical points.

Choose 1/k < &, then | f'|;.| <&. So | f(I;)|e-1/k and, consequently,

NUOIE bl
Theorem: Brouwer Fixed Point Theorem

0
Amap G:B" % B" has a fixed point G(x) = x.
Fact
The one dimensional manifolds are exactly R = (0,1), S*, [0,1) and [0,1].

Fact

Consider F: M — N where N = @ with g regular for F and F|sy;.
Then F~'(q) is a manifold with boundary and 0F ' (g) = F~'(¢) n oM.

IMAGE 2

Lemma

. . . c”
Let M be a compact manifold with boundary. Then no map exists such that F: M = M such that F|s; = id.
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Proof

Write
F:M ——> 0M>q

] o
oM ,
where g is a regular value.

Then F~'(q) is a submanifold with dimension dimM — dimdM = n— (n—1) = 1.
Then the only candidate closed manifold with boundary of dimension 1is [0,1].

IMAGE 3

But since the restriction is the identity and the boundary must lie in the boundary of M, we have a contradiction.

Corollary

00

. . =nC” n— .
There is no function F: B" = $"~" such that F|spt-gn-1 = id.
Lemma

—n C” —=n . .
G:B — B has a fixed point.

Proof
. —nC” =
Assume the contrary, that there exists g : B" 5 B" such that g(x) # x.

IMAGE 4

Then consider x — G(x) with G|,3" =1id. Then, explicitly,

g(x)+1- ”x‘g(x) - 6(x)

x—g(x)l|

However, by the previous lemma, this is impossible.
Fact

Every continuous map G : B" >R canbe Co—approximated by a smooth map P.

||G—P[| = sup [|G(x) - P(x)|| < p
x€B"

Proof of Theorem

Assume G: B — B" with G(x) # x with 0 < & < min ||G(x) — x| |.
However P: B" —» B"(1+¢). Thenfor F= -—P, G~ P~ F.

Theorem

Let M" a smooth manifold. Then there exists an embedding M < RrY.
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Proof

(Assuming that M is compact)
Pick some finite cover by coordinate charts (Uj;, ¢;) such that V; € V; € U; with V; also a finite cover.

IMAGE 5

Let f; be such that f;|y, =1 and supp f; C U;. Further, assume that f < 1 outside Vi.

IMAGE 6

Then fi¢p; : M — R".

Define F: M — R" by (fi¢1,-.., fidw fir-.-, fi) such that N = nk + k.

Claim: F is an embedding. That is, it is an immersion which is homeomorphic on its image. Equivalently, it is an
immersion and one-to-one.

We need that rank DF = n. Take x € V; where fi¢p; = ¢1 on V. Then D(fid1), = (D¢,)x which is of rank n. So F
must be of at least (and, in fact, at most) rank »n. That is, F is an immersion.

Again, take x € V; and consider F(x) = F(y). Then fi(x) = fi(y) and, consequently, y € V.

Therefore fi¢,(x) = fip1(y) which implies ¢;(x) = ¢1(y) and x = y. Therefore F is one-to-one.

November 5, 2024
Theorem: (Weak) Whithey Embedding Theorem

If M" is a smooth manifold, then

+ there exists an embedding M < R,

« there exists an immersion M < R>".

Remark: (Strong) Whitney Embedding Theorem

For M" smooth and compact,

« there exists an embedding M — R*"

« there exists an immersion M < R*"™!

This is sharp, however we can do better for some M (e.g. S" = R"™.

Tangent Bundle
T™ T,M=n1"(p)
lﬂ
UcCcM>3p

IMAGE 1
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9
0x,

5 , " )
Where we have a basis FRRRE in T, M for any p € U. Then, writing v = Y Vigye

™y = () B (), (- 00)
C —_— —

¢n(p) Dp(v)eR"
Properties

Cr . . Cr—l .
F:M - N implies DF: TM — TN by v~ DF(v) where DF(V) is Fyv.
If Fis an embedding (or immersion), then so is DF.

If Fis a submersion, then so is DF.

Examples

TR" =R" x R".
TV=VXV.
78" =S' xR by (p,v) ~ (p,a).

IMAGE 2

So any vector field v may be written as v = a%

If there exist vy, ..., v, such that v;(p),...,v,(p) is a basis, then TM = M xR".
TT" =T"xR".

Counterexample: TS” # §° X R”.

Example

Take an embedding M < R*. Then TM < TR* = RF x R¥ is also an embedding.

IMAGE 3

The map (g, v) — g + v is not useful, but (¢,v) —» v € R js.
We have a Gauss map M 5 Gr(n,k) by M3 g+ T,M € Gr(n,k).

Example

n+1

M a hypersurface M" C R

IMAGE 4

q — T,M which is " =" to the normal line.

L
M - GR(n+1,n) & RP"

p ——— v,

n+1

M — S"CcR

~L
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Definition: Riemannian Metric
A Riemannian metric is a smooth map g : TM — R such that for each p € M, g| T, M 1S @ positive-definite quadratic form
where g(v,v) =0 and g(v,v) =0if and only if v = 0.

In local coordinates, (x;,...,x,) and with p € M and v € T,m, g,(v) =) gi;(p)v;v; where g;;(p) is symmetric.
We have that positive quadratic forms are in one-to-one correspondence with inner products.

(vw) = 5(g(v+w) - g(v) - g(w))

In coordinates,

(vw)= Zgij(p)viw
Example

Take an immersion M < [R{k

IMAGE 5

The inner product in R restricts to a Riemannian metric on M.

Theorem

Every manifold admits a Riemannian metric.

Proof 1

Since any manifold may be immersed M < Rk, we may define a Riemannian metric.

Proof 2

Take a locally finite cover by coordinate charts, {(U;,¢;) = (x1,...,x,)}.

Within every chart, take a Riemannian metric g; such that %, % =0

Take a partition of unity f; > 0 subordinated to U; (supp f; C U; and )_ f; = 1). Then

g=Zfigi

g(v) =) fi(p)gi(v)>0

with v # 0, g; > 0 and f; > 0 for some i.

Definition: Unit Tangent Bundle

Take some manifold M and a Riemannian metric g.
Then g~ '(1) =: STM is the unit tangent bundle.

Claim 1

The unit tangent bundle is a smooth submanifold of codim =1 and dim =2n — 1.
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Proof 1

Consider ¢y : TM —» TM by v+ Av with 1 #0.
Since g(¢a(v)) = A°g(v), it follows that (exercise) a is a regular value of g if and only if A°a is a regular value. That s,
for

MﬂML[R{

p is a regular value of f o ¢ if and only if ¢p(p) is a regular value of f and a is a regular value of f if and only if Maisa
regular value of Azf.

Proof 2

(p, v) is a regular point if and only if there exists some w € T(TM) such that L,,g # 0.

IMAGE 6

For w=v,

0 0 .2

518 a=1 = 57478(v) A= =28(v) # 0
Claim 2
If go and g; are Riemannian metrics on M, then STM, = ST M, are diffeomorphic.

For V, gy and g; with S; and S,

IMAGE 7

8o(x)
gi(x)

The map x — X.
Exercise

If M < R with an induced metric on M, then STM < R* x §*71 by (p,v)— vEe S induces STM — SF71.

IMAGE 8
Example
STS® = SO(3) = RP®
IMAGE 9
Take p L v, ||p|| = ||v|| =1, we can generate an orthonormal basis (p, v, p X v).

Recall that S”/x ~ —x = RP", but that we may also identify B"/x ~ —x on §" "
That is, RP® = B*/ ~ (with radius 7).

IMAGE 10

Take A € SO(3).
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November 7, 2024
Theorem: (Weak) Whithey Embedding Theorem
For M",

1. there exists an embedding M — R*"*".

2. there exists and immersion M < R*".

Proof

(For simplicity, consider M compact)

M <ty R" 5 v
R \L
Ty
m—1

Where ||v]|| =1.
Hope: for m sufficiently large, F, is an embedding and immersion.

What could go wrong?

* F,not1-1.
IMAGE 1
P=d= 1, gy = £V
Sotake ®: M x M\ A — S"! (where A is the diagonal) by (p, ¢) — =%

llp=all”
We need v ¢ ®(M x M \ A). Since 2n < m — 1, this map has zero measure.

+ F, not an immersion.

IMAGE 2

Take v : STM — S by (p, w) » w. Then v ¢ w(STM).
Then F, is an immersion where 2n—1<m—1 (2n < m).
Then for immersions, we may continue the process until 2n = m; for embeddings, only until 2n+1 = m.

Remarks

\P:TM—»Rkby(p,W)HW-
®: (MxM)xR—-R by (p,q,1) - (p-q)t.

Homework
Problem 1
Take L, M C R* submanifolds such that dim L + dim M < k.

Then for almost all x, (x+L)NM = @.
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Problem 2

Take M" CRY, k > 2n, and a projection p, : p — “

p— xII
IMAGE 3
For almost all x € R”, Oy iS an immersion.
Problem 3
Take LC M XN 5 N.
IMAGE 4

Then 7' (g)NL=L,.
For almost all g, L, is a smooth submanifold. Hint: 7|;.

R Smooth Topology

Take M compact and 0 <r < oo,
For f: M — R (with either k = 1 or considered compontent-wise), define

11 £1lco = sup [ £(x)]
XEM

Then C°(M, Rk) is a Banach space with induced distance d(f,g) = ||f — g||co.
For 1 < r < oo, take a finite coordinate cover (U, ¢,) (which is contained within some coordinate cover (Wy,¢,). For
r =1, define

[ fller =

X
where f = f o ¢, and we may equivalently take max{i, ¢} rather than the sum.
Then CI(M,IR) is a Banach space with well-defined topology. Similarly, for arbitrary r,

e =1 fllem + Z

[ll

00X,

with equivalence again to a maximum. Finally, for r = 00, ¢™ C Cr for any finite r.
The C* topology is generated by all C" topologies.

r+1 %)

c’>cloctrncoc oC

ﬁ of

6xc :

c .. .
Convergence: f; — fifand only if f; — f, and so do all partial derivatives up to r 3 0
Note that C® (M, R) is not a Banach space. It is, however, Fréchet.

N Smooth Topology

Instead, take C' (M, N) with 0 < r < 00 and M compact. Define

M-ty N RF
\_/(
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Theorem

For M compact, r > 1

1. the set of immersion M - R¥ is " open.

2. the same is true for embeddings.

Proof

Let F: M — [Rk be an immersion and G C' close to F.

T,(M) LN Tp(p)[Rk rank = n
%
k
Tgp)R rank = n
Theorem

c’ . . . .
For M" 5 R* with M compact and r > 1, if k = 2n then immersions form a C" open and dense set.
If k =2n+ 1 then the same is true for embeddings.

Lowering the Dimension

Take F : M — R*. We want an embedding/immersion approximation.
: G - : -
We know that there exists an embedding M < R for sufficiently large m, so consider F := (FeG) : M — R x R™.

Cr
Note that (FeG) = (F,0).
Take a basis of R, (ey,...,e,). We can take vectors close to our basis v; = e;, v» = e,, etc. We want to construct a
k m—1 v k

. . k m T
series of projections R" XR™ — R™ X R - e R

IMAGE 5
Review: Ordinary Differential Equations

On R",

x = v(x)on U cR"

with x = (x1,...,x,). We want a map x from some open interval to U satisfying
i
x1 (1) = vi(x(1))

< (6) = va(x(1))

with x(0) = p. Geometrically

IMAGE 6

were x'(¢) = v(x(t)) is an integral curve.

62



Theorem

1. Existance: for every p € U and 1, € R, there exists € > 0 such that there is an integral curve y : (fop—¢,fo+¢€) - U

(where y(ty) = p.

2. Uniqueness: lety: (tp—¢,tp+€) » U and n: (o — 8,1 +8) — U be two integral curves through p at t,. Then

Y =1 on the common domain.

We may refine (a) as

1. for every p and ¢, there exists € > 0 on a neighborhood V 3 p such that for every g € V there exists an integral

curve y, : (fh—¢,ty+€) —» U where y,(f) = q.
2. y4(t) is smoothin g and t. Namely, on V X (# — ¢, fp + €).
IMAGE 7
With Parameters

Consider x' = v(x,A). Then we have p and y, , which depends smoothly on A.

x=v(x,A) (p,A) A'=0

For x' = v(x, t), given p and 1, we have Y p,1, Which depends smoothly on p and .

x=v(x,t) (pty) =1
November 12, 2024
Recall: Solutions to ODEs
Given x' = v(x) on U.
For each p € U, there exists £ > 0 such that y, : () — €, fo4+,) — U where v, (1) = p.
Two solutions with the same initial conditions agree on their common domain.

Proof

Choose p =0 and 1, = 0, and write y'(£) = v(y(r)) with y(0) = 0 for ¢ € (—¢, ). Then,

Ym=ﬂdﬂﬂMr

Take B = C°([—¢,¢],R") with y(0) =0, and a map @ : B — B given by

Mw:Lwﬂwm

Claim: @ is a contraction provided that ¢ is small. Then y = ®(y) has a unique solution by the contraction mapping

theorem.
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Uniqueness

Fix t, and p. Then there exists a maximal integral curve. That is, given y,, : (a,b) — R" and Yp: (a', b') - R", Yp=7p
on (a',b') N (a,b) and they are defined on (a,b) U (d,b').

Examples

n

OnR

* v(p)=0impliesy,(f)=p

« v(x) = Ax gives y,(t) = eAtp.

* v(x)=1onU=(0,1)withy,(t)=p+t

IMAGE 1

2 dx=A2 dx

I
tO—O,x—)Lx,E ’W

=dt,and x =y,(t), gives

xdy t
F:J dt
p AY 0

and
2 1x
- =t
Aylp
implies
-1 1 p
Ax(t)  Ap x(1) 1-Atp
IMAGE 2

So the max interval is (—oo, ,Tlp)

Definition: Integral Curve
Let M be a manifold and v a vector field. y : (a, b) — M is an integral curve if y' () = v(y(1)).

IMAGE 3

Toy(t+71).

IMAGE 4
(@oy) = (dx0)(p(¥(1))).

Existence

For v a vector field on M, and for each p € M and t,, there exists £ > 0 and an integral curve y,, : (o —¢,tp+€) > M
with ’}’p(t()) =p.
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Definition: Complete Vector Field
v is complete if every maximal integral curve has R as a domain.

Examples

v(x) = xzaa—x on R is not complete.

v(x) = % on (0,1) is not complete.
v(x) = Ax on R" is complete.
If [|v(x)|| < al|x|| + b on R", v(x) will be complete.

Definition: Support of a Vector Field
suppv ={x : v(x)#0}

Theorem

Suppose v is compactly supported. Then v is complete.

Corollary

If M is closed, then every vector field is complete.

Phase Portraits

=—x9_,9
Take v = —x5- Yoy

IMAGE 5

Consider x' = —x, then x(¢) = ¢ 'p. Then it takes infinite time to travel from p to 0.

IMAGE 6

Definition: Flow

A flow is a 1-parameter subgroup in Diff( M), the group of diffeomorphisms on M. That is, (pt € Diff( M), t € R such that

Note that this implies (¢') ™' = ¢~ ".

Said differently, R — Diff(M) by ¢~ ¢' is a group homomorphism.
Example: ¢' = e*' : R" - R" is a one parameter subgroup GL(n) C Diff(R").
F:MxR— M given by (x,t) — ¢'(x) gives F(x,0) = x and F(F(x,t),7) = F(x,t+71).

Definition: Local Flow
Take ¢'(x) defined only on ¢ € (—¢(x),&(x)).

For a neighborhood U c M x {0} C M XR, F: U — M.
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IMAGE 7
Theorem

There is a 1-1 correspondence between local flows and vector fields; similarly, there is a correspondence between
flows and complete vector fields.
Explicitly, ¢" — v(x) = £ (x)| =9 and, conversely, v -y, (1) =: ¢ (p).

Proof

First, we need that ¢’ : p = y,(t) is a flow.
Flow lines are intergral curves of the respective vector field.

" (p)=9¢'(¢"(p))

:Yp(t+r) :Yyp(r)(t)

So t=y,(t+7)and 0 y,(7) while t =y, (1)(2) while 0 - v, (7).

IMAGE 8

Therefore, by uniqueness, these are the same.
Now we need v ~» <pt ~ w where w = v. Compute

w(p) = 520'(p)| = 57,0 = v(p)

Yp(t)

t=0

where y,,(t) = v(y,(t)) and y,,(0) = p.
Finally, we want ¢ ~ v ~ ¥ where ¥ = ¢. We have
d ¢, t _d n
S () =o' (p) and v(q)=-0"(q)|

and we need £¢'(p) = v(¢'(p)). Compute
d d d
S0 0= ()| =" @' )| = (e (p)
q

Examples

Take R" and v = v, a constant.

IMAGE 9
Solutions have the form ¢'(p) = p + vot.
Take instead v(x) = Ax, ¢'(p) = ™' p and AT = AL AT
Remark

A+B

In general, e”*? # ¢”e® but they are equal when [A, B] = AB— BA = 0.
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Proposition

Let v be a vector field and v(p) # 0, then there exist x;, ..., x,, near p such that v(x) = % and ¢’ (x) = (x1,..., Xp_1, Xn+

t).

IMAGE 1
Proof

Take y1,..., ¥n—1,¥Yn, p =0, and v(p) = %.

IMAGE 2

Then there exists time 7 such that y,,(¢~ " (g)) = 0 where 7(g) depends on q.
Define amap 7: g~ ¢~ "(q). Then g = ™ (n(g)). Then

X1=)107%

Xp-1=Yn-1°T7
X, =1(x)

Lie Brackets Via Flows

Take two vector fields v, w and consider the flow <pt of v

IMAGE 3

Then we may take D(p[W(,,—r(p) € T,M and define —dithth(p—z(p) 0= L,w(p), the Lie derivative.
t=
Compare with

IMAGE 4
where L, f(p) = =< f(¢ "' (p)) _, Which depends only on v(p).

Remark

If M is compact, then ¢' is defined for all times.
Consider X(M) of C* vector spaces which is topologically Fréchet (complete, locally convex, with an invariant metric).
Then

D¢ (w)=w,eX(M) and L,w=-—uw,

dt

t=0

Example 1

Take v a constant vector flow on R” with ¢’ (x) = x + tv and D¢ = id. Then for w =y w; >,

0 0 0
L,w= _EZ w;i(x— tv)a_x,-|t:0 = Zwai(x)a—xi
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Example 2

Let w = Ax with v constant. Then

Lyw= d A( fHl =A
y W= dt X—V =0 = AV
Example 3

Let v = Ax with w constant. Then (pt(x)eAtx and D¢’ = ¢’ and

d ar
L,,w——ﬁe wt:O——Aw

Note that examples 2 and 3 demonstrate the skew symmetry of the Lie bracket.

Example 4
Let v = Ax and w = Bx. Then ¢'(x) = e x, D¢’ = e’ and
Low=—LoApe | —(AB-BA) = —-[A,B]
v dt —~———1t=0 '
D! Wyt (x)

Theorem
Lyw=[v,w].

Proof

LetK={p : v(p)=0}and U= M \K.

Then M = U] [0k ] Jint(K). Since U and the interior of K are together dense, and the flow for int(K) is ¢’ = id, we
need only examine U.

Then with the local normal form near p, write

3 0 ow; 0 ow; 0
W—Zwi(X)axi, L w = Za 6x, and [U lU] Zaxn axn
Remark

Consider flows v ~ ¢’ and w ~ v'.
The bracket [ v, w] measures to what extent <pt and v’ do not commute.

Example
[ A, B] measures to what extent e’ and e”* do not commute.
Theorem

[v,w]=0if and only if ¢'y° =y’
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Observation 1

Write D¢’ = ¢} and observe that ¢} v = v while yiw = w.

IMAGE 5

Proof

Consider F: M - M. Recall that v — F,v by [n] = [F on]. Compute

n(r) =y,(1) =¢"(p)

t+7

so %(Pt(l?) =vand ¢'n(z) = ¢ (¢"(p))¢" " (p). Therefore

% "(p) = %J(W(p)) = v(¢'(p))

Observation 2
Next, observe that for F: M — M, F¢' = ¢'F if and only if Fxv = v.
Proof
Recall that v, = [t~ o' (p)].
If Fp' = ¢'F, then Fo'(p) = p'F(p).
IMAGE 6

If instead, Fyv = v, then Fo' o F~' = ¢". Left as an exercise.

Proof

(=) Set v’ =: F such that, by previous observation, ;v = v € ¥(M). Write

d
—[w,v]=-L,v= %wivzo

(=) If [y,w] =0, then wiv = v for F := y°. By the second observation, y°¢’ = ¢'y°. To see that v}, is constant,
compute

d d s+n d s n s d n s
TeVRVE R V| T apVeVEy| S Vg ey, = vslwv]=0
Theorem
IMAGE 7
If c(r) =y "¢ "w'p (p), then ¢'(0) =0 and ¢"(0) = 2[ v, w](p).
Fact

If ¢: (—¢,€) = M, ¢(0) = p, and ¢'(0) = 0, then ¢"(0) € T, M is well-defined.
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Recall

The vector fields v and w give rise, respecitvely, to flows <pt and u/t.
IMAGE 1

Theorem

¢(0)=0, c'(0)=0and ¢"(0) =2[v,w](p).

Example

Take v(x) = Ax ad w(x) = Bx such that ¢'(x) = e**x and y' = "' x.
Then c(1) = e e "' x. Recall that

B

1 1
e =1+ At+ A 4 and € =T+ B+ 3B+

So

1 1 1 1
(I=Bt+ 5B 1+ )(I= At+ S A 4 )(I+ Bt 5B L 4 ) (T4 A+ 5 A+ )x

c(t)

[[+(-B—A+B+A)t+(B°+A*+BA—-B°—BA— AB— A+ BA){ ]x
=[I1+0+[B, Al +-]x

At

We have v(x) = vg+ Ax++-- and w(x) = wo+Bx+---. f v = vy + Ax+ o(x) ¢ (x) = eMx+ AT e — g+ -+ where

the higher order terms are given by some const(x)z".

Theorem

If v(0) # 0, then in some coordinate system v = % = 1p.

Therefore ¢’ (x) = x + tv,.

Definition: Distribution

A distribution E of rank k on M" is a field of k-dimension E, C T, M depending smoothly on points on M.
Note: Gri(T,M) 3 Ej,.

Depending Smoothly

* pick a chart

IMAGE 2

Then Typ(,)R" = R”, ¢« (E,) € Grr(R") and we have a smooth map V — Gri(R") by p - ¢ (Ep).

* local coordinates

There exist vy,..., v such that v;(x),..., vi(x) are linearly independent and span(v;(x),..., vi(x)) = E,.
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Examples

* Let v # 0 be a non-vanishing vector field. Then v-R = span(v(p)) =: Ep,.

. Take R" > R¥ with E, =span(%,...,i)

IMAGE 3

« E= 9 0,0 3
E—span(ax,xaz+6y)clR .

Definition: Integral Manifold

An integral manifold of E is a 1-1 immersion N — M such that T,,N = E,.

Examples

» For v # 0, the integral manifolds are flow lines.

0 5}

0—)61,...,6—)%), the integral manifolds are R* + p (horizontal lines).

- For R" 5 R with E,= span(

. Take T® =R*/Z°.

IMAGE 4

With v = % + a% with a irrational which are dense in T* and this not embedded.

. Ezspaun(a 0 490

3 . .
32 %32 ay) C R has no integral manifold.

. 3 2 . 0 0 0 0 .
Consider R” > R” with span(a,@) =span(v,w). Then L, f = % =0and L, f = % =0. Soif L,f=0=L,f,

then f is identically constant. For our example, we have [v, w] = % ¢E.

Definition:

E is said to be integrable (or involutive) if for any v, w tangent to E, [v, w] is also tangent to E.

Theorem: Frobenius

The following are equivalent

1. E is integrable.
2. locally E looks like R* c R".
3. through every point, there exists an integral manifld.

That 2 implies 3 can be seen from the diagram; that 3 implies 1 comes from E, = T),N.
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Proof 1 Implies 2

Let us consider the two dimensional case. Take E = span(v, w).

IMAGE 5

Notice that E' = span(%,%) and [a%’%] = 0. We have that E> [v,w] # 0if and only if [v, w] = fv + gw.

Then for u = av + bw, span(v, u) = span(v, w) and [v, u] = 0. Therefore

[v,av+bw]=0
(Lya)-v+L,b-w+b-[v,w]=0
Lya-v+L,b-w+bfv+bgw=0

and

Lya+bf=0
L,b+bg=0

Then, setting & := Inb such that b = ¢" (b +0), L,Inb = —g. Consider L,h = —g

IMAGE 6

Sov= %, h(x,y)=h(x)- J’Oyg(x, t)drand L,h = % = —g(x,y). We may repeat this argument on L,a = —bf.

Then E = span(v, u) where [v, u] = 0 which implies their flows commute ¢‘y° = y°¢".
Consider the map B 3 (t,s) — ¢'y’(p) which is a local R*-action.

IMAGE 7

So x(g) =tand y(q) =s.
This proof may be generalized to arbitrary dimension.

Example: Foliation

Consider S c €%, §' =U(1) = e'? acts on C? by e z= (eigzl,eigzz). This admits no foliation.
Consider instead two solid torii.

IMAGE 8
s’ -cp' =%
December 3, 2024
Definition: Transversality
Let K Lm for M D> N with K compact and N a proper submanifold.

F & N (fis transverse to N) if Vx € K such that F(x) € N, DF(Tyk) + Tp(x)N = Tp(x)M.
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Example 1
F .
Take K = M a submanifold. Forallxe KN N, T, K+ T, N =T, M.

Example 2

Assume dim K +dim N <dim M. Then K 4 Nifandonly if KN N = @.

Example 3

Take F: K —» M and N = {q}. Then F 4 q if and only if g is a regular value.

Example 4

Take M=NXxBand N =N X b.

IMAGE 1

Then F 4 N x b if and only if b is a regular value of m o F.

Proposition

Assume F 4 N. Then F~'(N) c K is a submanifold.

dimF~'(N) = dimK + dim N — dim M
Proof (Ideas)

Take X C K and assume there exists a cover U; of X such that X n U; is a submanifold in U;. Then X is a submanifold.
Locally, we can streamline.

IMAGE 2

Locally, the linear subspace n can be thought of as a projection and it looks like Example 4 above.

Theorem: Transversality

{FAN : FeC'(K,M)}for1<r< oo isopen anddense for r < oo and residual if r = co (a countable intersection of
open and dense sets).

Proposition

Take G: KX X > M & N. Then foralmostall xe X, G, : KXx— M 4 N.

IMAGE 3

Where G, 4 N for almost all x.
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Proof

G (N)ckxXDX.

Claim: x € X is a regular value of 7| g-1(y) if and only if G, 4 N.

Then Dz : T(,, )L = Ty X (regular value). Adding the vertical direction, T(,, )L+ T(,x) (KX x) = T(y, ;) (KX X) (transver-
sality).

IMAGE 4

Applying DGy, 1), since T(,,x)L is the kernel of DG, DGx(T(y,,)(KX X)) + Tg(x,p)N = Tg(x,p) M.

Transversality holds when K Lr'=M>oN.

Start with F. We need F 4 N arbitrarily close to F.

So take X to be a small, closed ball in R". Write G(p,x) = F(p) +x. Then G 4 N + X and consequently G & N.
Therefore G, = F+ x 4 N for almost all x.

Theorem: Tubular Neighborhood

Let M™ c R" closed. Then there exists an open set U and a submersion p : U — M™ with p~'(y) a disk of dimension
n—m.

IMAGE 5

(U, p) is a tubular neighborhood.

Proof

Write N={(y,v) : ye M, ve T,R" L T,M} c MXR", a smooth submanifold. This is the normal bundle.

Take V to be a neighborhood of M in the normal bundle (i.e. ||v|| < €). Then there exists a map ®: V — R" given by
(o) y+v.

Claim: @ is a diffeomorphism on its image (for € small). Therefore p(®(y,v)) = y.

To prove the claim, we need that @ is a local diffeomorphism and one-to-one.

Write D®( 0 : T(y,0)N — Ty[R”. Therefore T(y,0)N = Ty M ® N, - T,M & N,, and D®(,,,) remains invertible when
[lv]| <e.

Now take xx = (yx, vi) and xj = (y;, v;.) such that ®(x;) = ®(x;). If no valid ¢ exists, then we would have ||vi|| — 0
and ||v|| — 0. But then x; — x and x;. — x' for x,x € M.

@ restricted to M is inclusion, and in the limit ¢(x) = ¢(x}.). However, the map is a local diffeomorphism which means
it is locally injective, so we have a contradiction.

Proof of Proposition

Take Nc M cR" and K ki M. We need F: K - M 4 N and X a closed ball in R”. Using the tubular neighborhood
projection, define G := p(F(p) + x) suchthat G: X X K — M.

IMAGE 6

Then we have transversality of the neighborhood of F(K) ¢ M which implies G, = p(F + x) 4 N for almost all x.
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Theorem

r

Consider {F: K 5 M D N} for K compact with boundary. This is open and dense for r < co and residual for r = oo.
Then F 4 N and F|sx 4 N.

Proposition

F & N and Flsx 4 N implies that F~'(N) is a smooth submanifold with boundary 0K 2 0F ' (N) = (F|sx) " (N).

Theorem Jet (Thom’s) Transversality Theorem

Fix a Riemannian metric (-,-). Thenfor f, Df: T,m> v L,f €R.
Since Df = (3L,...,2L),(Vf,-)=Df. SoVfe X(M)and V f: M- TM.

yeeoy A
i axn

IMAGE 1

Functions which satisfy V f 4 M are called Morse Functions.
Note that we cannot apply our standard version of the Transversality Theorem since, in general, we cannot find f to
satisfy v=V f.

IMAGE 2

Definition: Degree Mod 2

C
Let M" and N" closed and F: M = N 3 y a regular value.
We define degF = #{F_l(y)} (mod 2) (Note: given information regarding the orientation, this is not modulo 2).

Theorem

The degree of F is well defined independent of y.
The degree is a smooth-homotopy invariant.

Examples
1. degid=1
2. F:SIEZszesl,degF=k.
3. Polynomials P: ¥ - 8, degP = k.

4. For any k, there exists F: S" — §" such that deg F = k.

IMAGE 3

This is the suspension of the n-sphere. We take the map F(0,t) = (F(0),t)

F, FE
1. Take M; - N; and M, = N, to construct (Fl,Fz) :M; X My - Ny X N,. Then deg(Fl,Fg) =degF, - degF,.
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2. A:T" - T" for A€ M,(Z), deg A = det A.

3. Consider F: R — R where f(x) = x for |x| >> R.

IMAGE 4

Proof

Let yo, y1 be regular values connected by a path L. Make F transverse to L. That is, F 4 L.

Then F is a local diffeomorphism at F~'(y,) and F~'(y;). Under small perturbation, so is F. So #F~ ' (yo) = #F~ ' (1)
_1 ~

and #F (1) = #F(n).

IMAGE 5

So F~'(L) is a one dimensional compact submanifold of M with boundary, and 0F (L) = F(y,) U F(y;). This one
dimensional submanifold is either a circle, an interval or a collection of such elements. In any case, the number of
boundary points is even so #F(y,) and #F(y;) sum to an even parity and therefore share parity.

Smooth Homotopy

Fy ~ F, are smoothly homotopic if there exists a map g : M x [0,1] — Nsuch that g|yxo = Fo and g|yx1 = Fi.

IMAGE 6

Take y a regular value for G, Fy, F; and consider G~ (y).

IMAGE 7

In this case, the previous parity arguments follow similarly.

Smooth Approximation of Continuous Functions

c’ -
Take F: M - Nand F: M — N. Then
G

/\
Mty N S Rp"

IMAGE 8
UL Nand F=poG.

Proposition

deg F := degF is well-defined.
Claim: any two smooth approximations are smoothly homotopic.

We need (a family) F; such that F, YA,

M —% N —3R"
\?)(

Write G, = (1 - ¢)Fy + tFy. Then G, » UCR" 5 N, s0 po G, = F,.
IMAGE 9
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Theorem: Brower Fixed Point

—Cy —
For F: B" 3 B", F has a fixed point. That is, ther eexists x such that F(x) = x.

Proof

Assume not, that F(x) # x.

IMAGE 10

_ Co _ .
We know that G : B" - §"~" and G|gr-1 = id which has deg = 1.
Lemma: For M = 6X compact, if this map commutes

ML)N
L2
X

then deg f = 0.

IMAGE 11

But from above, if f = G|s»-1 we have a a contradiction 1 # 0.

Fundamental Theorem of Algebra

Write P(z) = 2+ alzk_l + -+- + ay for k> 1, a polynomial P : §* = §%, with degP=k=>1.
Assume for sake of contradiction that P(z) = 0 is not a regular value, but then 0 is not in the image and degF =0 # k

Euler Characteristic Mod 2

Take M closed, v: M — TM a vector field such that v 4 M.

IMAGE 12

F is a vector field if and only if ¥ o F = id. The transversality theorem does not necessarily preserve this features.

IMAGE 13

¢(x) = 7F(x). We claim that ¢ : M — M is a diffeomorphism. Then define 5= Fo¢™ .
Then define y,(M) = #(v(M) N M).

Theorem
X2 is well defined.
Remarks

If vy, v1 h M, w; =(1—t)vg+tvy, w: MX[0,1] > TM are supersets of w_l(M) - M.
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Example

Take S* and the vector field generating rotation about the z axis where y, = 0.

IMAGE 14

This vector field is invariant under antipodal involution. So Sz/ ~=RP?, but 12 = 1. So these are clearly not diffeomor-
phic.
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