Topics in Analysis (F24)
September 30, 2024

Chapter 1: Banach Algebras
1.1: Definitions and Basic Properties

Definition: Banach Space

A Banach space X (over C) is a normed vector space with algebraic operations

(x,y) = x+y addition
(A y)- Ay scalar multiplication

and a norm

x> |]x]|
which is complete (i.e. every Cauchy sequence converges).

Definition: (Complex) Banach Algebra

A (complex) Banach algebra B is a Banach space in which there is multiplication

BxB>(x,y)—~xy€B

such that

1. x(yz) =(xy)z
2. (x+y)z=xz+yzand x(y+z) =xy+xz
3. Mxy) =(Ax)y = x(Ay)

4 |yl = 1lxl]- {1yl

Definition: Unital Banach Algebra

B is called a unital Banach algebra if de € B such that

xe=ex=x and |le||=1.
If e exists, it is unique.
1.2: Examples
Example 1

If X is a Banach space, then B = £L(X) (the set of all bounded inear operators A : X — X) equipped with algebraic
operations



(A+B)x= Ax+ Bx
(LAA)x = A(Ax)
(AB)x = A(Bx)

and the operator norm

|| Ax]|| x
1Al £(x) = sup :
(%) x20 | |x|]x
B = L(X) is complete because X is complete.
The unit element is given by Ixx = x.
Example 2
If X =C”, then B= £(C") =",
n
A= (aij)i =1 Ax=y Zaijxj=J/i-
j=1
an o g\ X N
an1 **° Qpn Xn Vn

The norm in C" leadsto a norm in ™"

NGl = (Y 1) e
[EAIEDWET 141l =max)_|a;|

[1(xi)]] = max|x;] ||A||=ml.aXZ|aij|
i

All norms are quivalent.

Example 3

Take B = C(K) with K a compact Hausdorff space, f : K — C continuous and || f|| = max,ex | f(¢)].
Example 4

Take B = A(K), K € C compact with int(K) # 0, f : K — C continuous where f is holomorphic on int(K) and

1711 = max|f()] = _max |7(0)

teK\int(

eg. K=D={treC: |t] =1}. Then A(K) € C(K).



Example 5

Take B = ¢°°(N) or B=L%(S,0, 1) with (S, 0, 1) a measure space, f : S — C essentially bounded functions and

1711 = ess supes| £()] = ;ngs( sup If(t)l)
= €S\N

p(N)
Example 6
Take B =¢'(Z) or B= L' (R?) with [|[{x,}|| = ¥ | x| and || f]| = [pa | f(£)| dt respectively.

Multiplication is given by the convolution. e.g.

fo=(F*8)0)= [ fa=ge)ds
él(Z) is unital, but Ll([Rad) is non-unital (since the unit of convolution is the Dirac delta; see Example 7).

Example 7

Take B = M(IRd) the complex measures on R? with bounded variation.
Then multiplications is given as

(u*v)(A) = deMA— x)dv(x)

and norm

n
lull= sup > |u(A;)| < +oo.
R=] 4; i=1
disjoint

Then, f dm = du gives Ll([Red) - M(IRed).
Example 8

nxn

Take B = C"*"[K] with K compcat and Hausdorff, continuous functions f : K — €"*" and norm

|| f11p =max||f(£)||cmn.
tek
Then B = (C(K))™" the n x n matrices with entries from C(K).

1.3: Remarks

« If B does not have a unit element, consider B; = B X C with operations

(b1, A1) + (b2, Az) = (by + b2, Ay + 1)
a(b,A) = (ab,al)
(b1,A1)(b2,A2) = byby + A1 by + Aaby, Ay A2)



and norm

(o, M1 = 1b]] + Al

Then B, is a unital Banach algebra with e = (0,1). One writes (b,A) = (b,0) + A(0,1)=b+ A-e.
In some sense, B € B; where b € B~ (b,0) € B;.

1.4: Definitions

Definition: Commutative Banach Algebra
B is called commutative if xy = yx.
Definition: Banach Subalgebra

A subset B, of a B-algebra is called a subalgebra if it is closed with respect to the algebraic operations

X,yEBy, A€eC~»x+y,xy,Ax€B
Definition: Closed Subalgebra

By is a closed subalgebra or Banach subalgebra if it is norm-closed.
» Proposition: By is a Banach algebra.

Definition: Generated Subalgebra

Let M + @ be a subset of a Banach algebra B.
The Banach subalgebra generated by M is the smallest closed subalgebra containing M.

algM = (closalggy M)

* Remark

alg M is the intersection of all closed subalgebras containing M.

() ( (i)

algM = clos{Zﬁ.\Ll Aiay azi)~-~ani } is the norm-closure of finite linear combinations of finite products of "

g € M.

1.5: Examples
Exammple 1

Take B unital, b € B. Then

N
alg{e, b} = closp {Zﬂtibl : 1, €EC, NE€ I\I}
i=0

0
where b~ = e.



1.6 Definitions
Definition: Banach Algebra Homomorphism

A Banach algebra homomorphism is a map ¢ : B; — B, between Banach algebras B; and B, such that

. ¢ is linear

* ¢ is bounded (continuous)

* ¢ is multiplicative
¢(b1b2) = ¢(by) - ¢(b2)

* ¢ is unital if both By, B, have units and ¢(ep, ) = eg,.

Definition: Banach Algebra Isomorphism

A Banach algebra homomorphism which is bijective is called a Banach algebra isomorphism.
Then <p_1 : B, — By is an isomorphism as well.

Definition: Banach Algebra Isometry
¢ is an isometry if ||p(x)|| = ||x]]-
October 2, 2024

Recall

Given M ¢ L(X) with X a Banach space (and £(X) itself a Banach algebra), we may construct B = alg,xy M.

1.7 Proposition

Let B be a unital Banach algebra. Then the map

¢p:B3x— L€ L(B)

is an isometric isomorphism onto a closed subalgebra of £L(B) where

Ly:B>z—xz€B

is the left-representation of x.

Proof

Lyisin L(B) since L,z = xz

* islinearin z and

e 1Lezl| = |1x2]| < 1x]| - ||| implies ||Z+]| < || x|| (i-e. Ly is a bounded).



The map ¢ : x - L, is linear

Ly 4x,2=(X1+X2)2=X12+x2=Ly 2+ Ly,z2=(Ly, +Ly,)z

¢ is multiplicative

Ly x,2=(x1X2)z = x1(%22) = Ly, (Ly,2)

From the above, we conclude that ¢ is a homomorphism.
To show that ¢ is an isometry,

1Lzl 1Leell _ ]Il
L[| =su = = =1|x]]|
Al = S0 e = e~ 71 =1

Then also ¢ is injective and im ¢ is closed. Since im ¢ is a Banach algebra, it is therefore a closed subalgebra.

1.7 Remark: Right-Regular Representation

Every unital Banach algebra is isometrically isomorphic to a Banach algebra of operators.
Right-regular representation:

R,=zmzx
Section 1.2: Group of Invertible Elements in a Banach Algebra

2.1 Definition: Invertible Element

Let B be a unital Banach algebra. An element x € B (in B) if there exists y € B such that xy = yx =e.
Note that y = x s uniquely determined.

Write GB for the set of all invertible elements of B.

Remark

GB is a (multiplicative group).

- x,y€EGB = xyeGBand (xy) "=y 'x ",

« x€GB = x 'eGBand (x ") =x, and

* e€ GB.

2.2 Lemma

If xe Band ||x|| <1, then e— x € GB.

Proof

Take the Neumann series

2 3
e+tx+x +x +-



which converges to some s € B

Sp=e+x+-+x"
where s, are Cauchy:

_ ™

n+1 n+k n+1 || ||n+2 —
1—||x]]

Hsnek = snll = [1x77 4T < ] [T + +o

So s, — S,

(e—x)s,=sp(e—x)e— P

Taking n — oo

(e—x)s=s(e—x)=e.

2.3 Proposition
The group GB is openin Bandthe map A:GB2 x +— x~' € GB is continuous (in the norm).
Proof

Take x € GB and consider y € B with ||y|| < ﬁ =¢.
Then x + y € B.(x) is invertible,

x+y=x(e+x_1y),

and

-1 -1
Hxyll =1l {1 el < 1.

Therefore GB is open, since B.(X) € GB. The inverse

o0 o0
(x+y) " =(e+x'y) kTl = Z(—x_ly)nx_1 =x '+ E‘_(—x_ly)nx_1
n=0 n=1

SO

-1,,2
171yl
L= {1~ [yl

o0
-1 -1 -1 +1
HGe+y) ™ =x =) 1T 1" Iyl =
n=1
This converges to zero as ||y|| — 0.

2.4 Examples
Example 1

B = C(K), K compact Hausdroff, f : K — C continuous.
GB={feC(K) : f(t)+0, Vt€K}.



Example 2

B — Cnxn
GB={AeC™" : detA+0}.

2.5 Definition:
Let GyB stand for the connected componet of GB containing e.

Remarks

« the e-neighborhoods B, (x) € B are (path-)connected.

B(x)={ye€B : ||x—yl| <&}

For y1,y» € B:(x), there is a continuous path

0:[0,1]3 A y1A+ y,(1 = 1) € Bo(x)

 Because GB is open and B, (x) is path-connected, GB is locally (path-)connected (i.e. every x € GB has a (path-
Jconnected open neighborhood in GB).

+ In this context, connectedness and path-connectedness are equivalent. Therefore the components of GB are the
path-components of GB.

* GB is the union of disjoint (path-)components where each component is both open and closed in GB.

* X,y € GB belong to the same path-component if there exists a continuous path y : [0,1] — GB such that y(0) = x
and y(1) = y. Here, x ~ y is an equivalence relation.

* GoB={x €GB : dapathin GB connecting e and x}.

2.6 Examples
Example 1

Take B=C(T) with T={z€C : |z| =1} and continuous functions f: T — C.
GB is the non-vanishing continuous functions f: T — C (f(¢) #0, YVt € T).

For f € GB one can define a winding number.
£ -
qgifj%
4 ¢

Cp(ﬂ F arﬁ, (.{(,é)) ¢

We have ﬁ arg f(e'™) a continuous function with
2n
xX=

wind(r) = 7z arg f(e) ] _ = 0(2m) - 9(0)



and wind(¢) € Z.

The map GB 3 f — wind(t) € Z is continuous, hence locally constant (i.e. constant on each connected component).
Therefore GoyC(T) € {f € GC(T) : wind(f) =0}. In fact, we will see that we have equality.

That is, f can be contracted (in GB) to the constant function e(¢) = 1.

2.7 Proposition

GyB is a normal subgroup of GB.

Proof

* GyB is a group.

For any x, y € GyB, there exist paths y; : [0,1] = GB and y, : [0,1] = GB with y;(0) = y»(0) = e, y;(1) = x and
y2(1)=y.

Define y(t) = y1(t)y.(t) a path in GB such that y(0) = e and y(1) = xy. Then xy € G,B.

Following from Lemma 2.2, § = (y;(#)) ™" is a continuous path with y;(0) = e, y1(1) =x ' and x_' € GB.

* GyB is a normal subgroup of GB.
For every y € GB, yGOBy_l C GyB if and only if yGyB = GyBy.
Take x € GyB with path vy, then
s(t)=yr(t)y™", 8(0)=yey '=e, and &6(1)yxy " € G,B.
2.8 Definition: Abstract Index Group

The quotient group GB/GyB is called the abstract index group of B.
Remark

GB/GyB is in 1-to-1 correspondence with the set of connected components of GB.
Indeed, the (path-)connected components of GB are given by yGyB = GyBy (for y € GB).

7GoB =12GoB &= ¥, y1GoB=GoB & y, y1 € GoB < [y,]=[11]in GB/G,B.
2.9 Definition: Exponential Map

[o¢] xn

For x € B, we define the exponential map B3 x — exp(x):=) ,~, ol

2.10 Lemma

The exponential map B 3 x — exp(x) € GB is well-defined and continuous.
For xy = yx, we have exp(x + y) = exp(x) exp(y).
In particular, (exp(x)) " = exp(—x).

Proof

oo x".
Y o S 1s absolutely convergent.




k
It follows that s,, = ZIZ:o % is a Cauchy sequence and therefore converges.

Continuity left as an exercise. Need to show:

xn yn
ICa-v4

The fact that exp(x + y) = exp(x) exp(y) follows from multiplying terms and the binomial formula.

S'lx_'y||'ﬂ4my

October 7, 2024

Recall

GB e+ x.

Gy B connected component of GB containing e.
GB/GyB is the abstract index group.

B=C(T) ~ f€GC(T) ~ ind(f).

Definition: Exponential Map

o0 n

X
exp(x) = Z -7 € GB
n=0

Lemma:

For y € B, ||y|| < 1, there exists x € B such that exp(x) = e+ y.

Proof

Define

y2
S +3 - €B

3
y
logle+y)=y-5+73

This converges absolutely (|| y|| < 1), therefore it converges in B by completeness.

Identities
k k-1 n
o (Lo (1))
exp(log(e+y)) = Z ] =e+y
n=0 ’
Proof
Gy B is equal to the set of all finite products of exponentials of elements in B.
o0 o0
GoB=|JTu= | J{exp(a) exp(ar)- exp,, € B}
n=0 n=0

10



Proof
CallT=J,, "
Then observe that each T',, is path-connected and contains e.
For b = exp(a,)---exp(a,) € T';, define a path
c0:[0,1]->T,
e o(t)=exp(ta;)---exp(ta,) is continuous with ¢(0) = e and o (1) = b.
Therefore, T is path-connected and contains e. It follows that I" € G, B.

To prove that GyB S T, take b € GyB and show that there exists a path in GB y : [0,1] — GB continuous with y(0) = e
and y(1) = b.

We have that (y(t))_1 is continuous and bounded in the norm. Then y(t) is uniformly continuous.
-1

lly (Dl = M.

(AN):|t-s| <5 = |ly(t) —y(b)|| = 1 - 3. Write

b=y(1)-y ' (0)=y(1)y"" (N];1>Y(N]; 1)7_1 (?)WY(%)Y—I (%)7(0) = ﬁfl (%)Y(%)

Therefore, with s, =y~ " (%)y(k—;) b =TT, exp(log(si)).

< 1v! k k—1 k ||<Mi<1
lse—ell < Il (5 )1 T )= 7[5 )< Mo 53 < 5.

Corollary

If B is commutative, GoB = {exp(a) : a € B}.

Remark

Special case: B = C(K) (K compact Hausdorff space).

GoB ={exp(a) : a€ C(K)}.

GB/GyB is an equivalence class of functions f: K — C\ {0} with respect to path-connectedness.

Thatis, fi ~ f> if and only if there exists continuous F(r, x) : [0,1]xXK — C\ {0} with F(0,x) = fi(x) and F(1,x) = fo(x).
These are the homotopy classes of continuous functions f: K — C \ {0}.

This corresponds to homotopy classes of continuous functions f: K — T (with T = {z € C : |z| = 1}) called the 1st
co-homotopy group of K nl(K).

11



frlc7ENE03

s =y 7 (e

f:K—-C\{0} and L :Kk ¢ \ {0} are path-connected by o(s) = LI se€[0,1].

Vi
- F(s,x)
fi ~ foin K — C\ {0} implies that I|f|I ||f|| in K— T by F(s,x) and G
We conclude that 7' (K) = GC(K) /Gy C(K).
Example
Let B = C(T).

GoB ={exp(a) : ae C(T)={f € GC(T) : wind(f) =0}

For f € GC(T), wind(f) = 0 implies that f = exp(a) has a logarithm.

This implies that f € GyB which itself implies that wind( f) = 0, since wind( f) is continuous on GC(T) and therefore
constant on the component.

Therefore, GB/GyB = Z via the winding number.

For connected components of GB, define y,,(t) = t", |t| = 1, where wind(y,,) = n.

Remark: Closed Subalgebras and Invertibility

Let A be a closed subalgebra of B (both being unital, e € A, e € B).
Obviously, if a € Ais invertible in A (i.e. a'le A) then a is invertible in B. Then GAS GBN A € GB.

Example

Take B=C(T)and A={f € C(T) : f,=0, Yn <0} =C,(T) where f,, = 0 " f(e™)e ™ dx is the nth Fourier
coefficient.

Formally: f(t)= Zflo:_oo fut"inB=C(T), |t|=1.

FEAf(H)=) "7 Of,, , || =1 has an analytic extension into the unit disk || < 1.

More precisely, ¢ : A(ID) > C(T)cC(T) by f+ flr.

Where A(D) = {f € D — C continuous, holomorphicon D} and D = {t € C : |t| < 1}.

Then, for f € A(D) with n € {-1,-2,-3,...},

fn= % LGf(eix)e_inx xX= /() dz = lim L frz) dz=0

27'[1 T Zn+1 o1 271 T Zn+1

* In fact, ¢ is an isometry.

/1@y = sup | f(2)] = maXIf(Z)l =Iflvllcer)

z<1

By maximum modulus principle of holomorphic functions, since ¢ is not constant.

* ¢ is linear and multiplicative.

12



« C,.(T)is a closed subset of C(T).

Ap:C(T)afw- feC

is a continuous linear functional.

C.(T)= ererAn
n=0

* Less trivaially, ¢ is surjective and C,(T) is an algebra.

Example

x1(t) = tisinvertible in C(T) = B.

xp(£) =1 =x1(¢) ¢ C+(T) while x1(£) € C,(T).

Therefore GA € GB N A may not be equal.

Definition: Boundary

The boundary of a subset U of a topological space X is 0U = U \ int(U).
Remark

For Uc X, X =int(U)UdU uint(X \ U) a union of disjoint sets.
Lemma:

1. if a € 6GA, then a ¢ GA and there exists a sequence a, € GA such that a, — a.

2. if a€ da and a, € GA such that a, — a, then ||a;,'|| = +oo.

Proof of 1

a € GA would imply a € int(GA) and not a boundary point.
Proof of 2

Otherwise, there would exist a bounded subsequence ||a;l,1 || = M.

-1 -1 -1 -1 2
lan, = an; 11 < lan, || - l1an, = an, || - llan; || < M7||an, = an,||

Since a,, converges, {a,} is Cauchy which implies “r_zil is Cauchy.
Then a,_lil —b€EA e=a,, a;il — abimplies a~' = b and a € GA. However a ¢ GA.

Proposition

Let A be a closed subalgebra of B (e € A, e € B). Then 0GA € (AN GB) (both boundaries are considered in A).

13



Remark

Both GA and AN GB are open subsets of A.

Proof

Take a € 0GA and suppose a ¢ (AN GB).
Take a € 0GA: a,, € GA, a ¢ GA, a, — a, ||a;1|| — +00.

October 9, 2024

Recall

ASB,GAS ANnGB.

If A= C.(T)= A(D) and B = C(T).

Recall: Theorem

For GA, AnGB open setsin A, U € X, 0U = U \ intU, we have that 3GA € (AN GB).

Proof

Take a € 0GA, a,, = a, a¢ GA, a € A.

Since ay, € GA, ||a,'|| = +0o.

However, a ¢ GB otherwise a € GB, a, — a implies a," — a_ ' (in GB) and, consequently, sup ||a,,'|| < +0, a contra-
diction.

Therefore a ¢ An GB and, consequently, a € (AN GB) = (AN GB\ (AN GB).

Theorem

Let A be a closed subalgebra of B.
GA is equal to the union of some components of An GB.



Proof

Let U be a component of AN GB.
We want to show that either Un GA # @ or U € GA.

The above cannot occur since, by path-connectedness, for x,y € U, x € GA, y #€ GA, there would need to be some
z € 0GA with z ¢ An GB a contradiction.

Alternatively, take An GB open in A.

Then ANGBNA(ANGB) =@ and (AN GB) NAdGA = @ by the previous theorem.

Write A= GAUAGAUInt(A\ GA). Then

ANGB=GAU@Uint(A\ GA)n (AN GB)

and U = (GANnU)uint(A\ GB)NnU where (GANnU) nint(A\ GA) = @ and open in U.
Therefore either GANU = @ or GAN U = U which implies that U € GA.

Example

Take B(T) and A= C,(T) = A(D).
ThenGB={f:T—C : f(t)+0.

Then take

ANGB={f:T - Ccontinuous, f(t) #0, |¢| =1 with analytic continuation into |¢| < 1}

15



such that f € An GB which implies wind(f) € {0,1,2,3,--} gives the number of zeroes of f inside D.

wind(f) = Zim [logf(eix)]izo

_ |- ixy727
=507 rlinf- [logf(re )]x=0
L (" fre)

ix
= —Ilim —~jre  dx
27 r>1 ), f(re'™)

= LlimJ| r(2) dz

z=:eix 270 r—0

zl=r f(Z)

Which gives the number of zeros of f(z) inside |z| < 1

Section 1.3: Holomorphic Vector-Valued Functions

Goal

Define the notion of holomorphic/analytic functions f : Q — X where Q c C open and X a (complex) Banach space.

Sumary

+ Basically all classical results remain true.

» There is a strong and a weak version of holomorphy, but they are equivalent.

Theorem

For a function f: Q — X, Q ¢ C open and X Banach, the following are equivalent

1. f is differentiable at every z, € Q, i.e. there exists f'(z,) € X such that

lim —f(z;:go(ZO) _f'(ZO)HX =0

Z—2Z

2. fis analytic at each point zy € Q, i.e. f has a convergent power series at z, with radius of convergence R, > 0.
[e¢]
f(2)=) an(z—2)", |z2= 2| <Ry an€ X
n=0

16



which converges in the norm of X.

3. f:Q — X is continuous (in the norm) and for every piecewise smooth closed contour I" contained in a disk D
(TcDcQ).

Lf(z) dz=0

Definition: (Strongly) Holomorphic Function
If (1)-(3) hold, then f is (strongly)-holomorphic.
Remarks: Integration of Vector-Valued Functions

A piecewise smooth contour T’ can be parameterized by o : [0,1] = Q.

! I
| r@dz= | oot ar

h(t) continuous

This is independent of the choice of parameterization.
Now I = jol h(t) dt can be defined via Riemann sums. Given a partition P, h:[0,1] — X continuous.

li S(h,PE)—1I||y =0
mesﬁ(%ﬁo”( &) -Illx

where S(h)Pr{) = Z?=1 f(fi)(xi _xi—l)s p= {xorxlr-'-»xn}s é-i € [xi—lrxi]-
Note that & is uniformly continuous and Ve >0, 36 > 0 such that mesh(P;) < §, mesh(P,) < § implies

|50, P €)= 81,2, t )| <

All usual properties of integrals hold.

* linear in integrand

|Jp F(2) dz| < [ 11 f(2)]] |dz] < (length(T)) sup.cr |1 f(2)]].

17



Sketch of Proof (1) to (3)

To show: [, f(z) dz = xo = 0 by contradiction that xo # 0.

We have ||f, fdz|| = L2l ||f, faz|| =
Sketch of Proof (3) to (2)

|- f dz = 0 implies the Cauchy integral formula. Take

flo) |

10 = 337 | 52

[ee]

1 1 1 zZ—z
0=z (w-2)-(z-2) W= Zo(w—?)

n=

Therefore

f( )_ Z_JHJ’ f( )Z (z Zo)mt dw = Z(Z ZO) 27.” (wf(az);nn dw = Z(Z Zo) a,

with the sequence converging (in X) on |z — zg| < |w — zg].

» Radius of Convergence

R =limsup||an||1/n
n—oo

18



(Root Test: |z — zy| < R convergence; |z — zg| > R divergence)

Sketch of Proof (2) to (1)

One can show that a function defined by convergent power series is differentiable, f(z) = Y a,(z—z,)", then fl(z) =

Z an-n(z- ZO)n_l-
The radius of convergence is the same. This also implies that f is infinitely differentiable.

Take z—zy = (z—z1) + (21 — z9) and, by the binomial theorem,

f(z) = Z(z—mk(z an(’;)<z1 —Zo))
k n=k

=0

which converges for at least |z — z;| < R— |21 — 2.

October 14, 2024

Theorem

Let f: De(z9) = X (D¢(29) ={z €C : |z— 24| < €}) be holomorphic.
Then R = S where

1
1. Ris the radius of convergence of f(z) =Y oo an(z—z)" (R7'= limsup,,_, o || @nl| ™).

2. S is the radius of the largest open disk Ds(z,) such that there exists an analytic extension of f from D.(z,) to
Ds(z)-



Proof

1
By definition, Y -, a,(z—29)" converges for |z—zq| < R. Then |z—z| < Rif and only if limsup,,_, s, | |@,(z—20)"||" < 1
if and only if ZZ‘;O a,(z—z)" converges. Therefore, it converges to a holomorphic function on R < S.
If f(z) has an analytic extension to Dg(z,), see step (3) = (2) of previous theorem.

Then f(z) = 5= [; w";) do=Y " an(z—2)" converges for |z — zo| < r < Swith a, = - [, (ZfEU“;Z,+1 dw.
From this, we conclude R = S.

Definition: (Weakly) Holomorphic Function

A function f: Q — X (Q € C open, X Banach) is called weakly holomorphic if o f : Q — C is holomorphic, V¢ € X* =
L(X;C) bounded linear functionals.

A function f:Q — L(X,Y) (X,Y Banach) is weakly-operator holomorphic if hp x : Q — C is holomorphic for all ¢ € Y*,
x € X where hy, x(z) = ¢(f(z)x).
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Remarks

Obviously: f strongly holomorphic = f weakly holomorphic.

||<P(f(2+h)})l—¢>(f(2)) < ||¢||.Hf(2+h;)l—f(2) —f'(z)|l

-p(f'(2))
For f:Q — L(X,Y): f strongly holomorphic = f weakly holomorphic = f weakly operator holomorphic.

Forx€X,p€ Y™, Ayp: L(X,y) 3 A ¢p(Ax) €Cand Ay € (L(X,¥))"
All the converses are also true.

Theorem (Dunford)

Take X Banach, Q < C open.
If f:Q — X is weakly holomorphic, then it is strongly holomorphic.

Proof

We want to show that for any z € Q, lim,_, ,, L (z)_f (20) exists in X.
Choose ¢ > 0 such that the disk D.(zy) and circle ng(zo) I arein Q.

For ¢ € X*, ¢(f(2)) is holomorphic in Q.

o1 =57 [ B o, zep

Apply this to z = zy, 2= zg+ hy and z = zg + hy with 0 < |h1| <g 0< |h2| <eg, h#h,.
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1 {f(zO +h) - f(2) f(ZO+hz)—f(w)}

Amhe = 3, I o
O(An ) = hlihz {¢(f(zo+ hlh)l_ ¢(f(20))  ¢(f(z0+ h;l)z—¢(f(w))}
- [ o0 (e mme ) e~ e )| 4
=%,;‘P(f(‘”))hlihz{(z+hl-t))(z0—w_ (z+h2—i))(z0—w)} do
= %,;‘f’(f(‘”))(zﬁhl —w)(zoi-hz—w)(zo—w) dw

3
Observe that the denominator is at least >, therefore |(An, )| = 5 supger || f(@)]]-]16]] (so long as f continuous,
which will be proven).
Therefore V¢ € X™,

0<|hy|<e
0<|hy|<e
hl#hz

By the uniform boundedness principle, identify A, ,, € X with X** = £(X*,C).
Then supy, p, || Ap,,n, < +00 and

SC'lhl—hzl.

‘ flzo+m) - f(z0) [f(z—[f(2)
Iy Ty

Now, for any sequnce {h,} s, 0 < |h,| <€, hy, = 0,

f(zo+hy) = f(z)
hy
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f(2o4n,—f(20)

is a cauchy sequence. Therefore lim,,_, o A
n

lim f(zo+h)— f(z)
h—0 h

exists in X.

Section 1.4: Spectrum and Resolvent

Consider a unital Banach algebra B.

Definition: Spectrum

For b € B, the spectrum of bin B og(b) ={A €C : Ale— bis not invertible in B}.
Definition: Resolvent

The resolvent is a function R(b;A) = (Ae—b)~". R(b,-): C\ o5(b) - B.
C\ op(Db) is the resolvent set.

Theorem

1. The spectrum oz (b) is a non-empty, compact subset of C.

2. The resolvent R(b, 1) is an analytic, Banach valued function on C \ o3(b).

Proof of (a)
og(b) is bounded, because Ae — b is invertible for |A| > ||b]|.

Ae—b=/1(e—%b)

has |Hb| < 1 for sufficiently large A. Therefore, og(b) S {A€C : |A]| < ||b]||}.

exists in X independent of choice of {h,,}. That is

To show that o 3(b) is closed, if A ¢ og(b) then Vu such that ||A — u|| < € we have that u ¢ og(b).

ue—b=Ae—b+(u—A)e=(Ae—Db) e+\(/,t—/1)(/1e—b)_ll

I-ll<1

when |/J—/1| < H()le—l—b)HH
Therefore C \ o3(b) is open.

Proof of (b)

Take A ¢ o3(b)
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R(b,u;:i?(b,a) _ yiit ((pe—b)" ~ (Ae-b)™")
= _”1_ 7 (e=b)" {(Ae=b) = (ne=b)} (Ae=b)"'

=—(ue-b)"")(Ae—b)"

Using continuity with GBS a~ a”" € GB in the norm, —(pe—b)™")(de—b) ™' - —((1e - b)‘l)2 as - A.
Therefore R' (b, 1) = —(R(b,1))* and R(b, A) is analytic.

Proof of non-empty in (a)

Take o5(b) # 0, otherwise R(b, 1) is analytic on C and bounded

ety 3o -

n=0

We can estimate

- 1 1
- NI
|A|(1 w) [Al=11b]]

s0 limy_,e0 ||(Ae—=Db)"'|| = 0.

By Liouville’s theorem, bounded and entire functions are constant. But we may also proceed by weak analyticity.

If $(R(b, 1)) is analytic and bounded on C, V¢ € B*, it follows that ¢(R(b,1)) =0, YA, V¢ € B* and that R(b,A) =0
for any A a contradiction.

Definition: Spectral Radius

For b € B, the spectral radius r(b) = max{|A| : A €op(b)}.
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Remark

Write ==~ = min{|A|™" : Ae— b is not invertible} = min{|y| : e— ub is not invertible }with p =

E0)
(e ub) ™" Zu b"

analytic in |y|< I

converges for |u| < ”b”

1 _
Then the radius of convergence R = limsup,,_,o, ||b" || gives us that R is equal to the largest disk where (e— ub) !
has an analytic extension. Therefore S = %b).

Suppose we have an analytic extension f(u) beyond S.

f(u)(e—ub)=(e—ub)f(u)=e

implies that and, if (e — uob) not invertible, f(uy)(e— uob) = -+ = e a contradiction.

Theorem

r(b) = lim |[B"]|" = inf [|b"||"
_n—>oo _nEN
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Proof

To demonstrate existence, fix n N, n=qg-ng+r,0=<r < ng.

15" < [16"™]]7-|Ib]|"
1 q r
115" |7 < [|B™[|" - ||b]|"
1 a1
limsup ||B"||" < ||B"™]||™ -1
n—oo
Since 1=2.ng + L. Take n — oo. Write

1 1 1
limsup ||b"||" < inf ||b™]||™ <liminf||b"||"
nyeN n—o00

n—oco

October 16, 2024

Note: Closed Subalgebras

Assume A is a closed subalgebra of B (e € A S B).
Take b€ AC B.
Obviously, b — 1e being invertible in A implies b— Ae is invertible in B. We also have

C\sp4(b) = C\spg(b)
(confer. GA € GB with 0GA = (AN GB)) and, equivalently,

spp(b) S spa(b).
One can show similarly that

0(C\spa(b)) € 0(C\spp(b))

dsp4(b) € dspg(b)
Proposition

1. C\sp,(b) is the union of some components of C \ spz(b).

2. sp,(b) =spg(b)ul, H, Where H,, are some components of C \ spy(b).

Example 1

Suppose spg(b) looks like
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Now sp 4(b) can only be one of the 4 possibilities.

Example 2

B=C(T), A=Cy(T) = A(D), x1(2) = t,spgx1 = T.

Theorem: Spectral Mapping Theorem (Simple Version)

For a polynomial p(z) = ZI,LO pat" we define p(b) = ZI,LO pub" for b € B where 1° = e.
Let p be a polynomial and b € B with B a unital Banach algebra, then sp(p(b)) = p(sp(b)) := {p(z) : z € sp(b)}.

Proof
For A € C, consider q(z) = p(z) — A= c]_[ﬁl(z -7i).
Now, g(b) = p(b) —Ae = c[]i_,(b—y;e). It follows that

A ¢sp(p(b)) < p(b)— Aeis invertible.

a commuting product
——t

!

N
l_[(b—}fie) is invertible.
i=1

< Vi, b—1y;eisinvertible.

< Vi, vy; €sp(b)

N

Vzesp(b), q(z) =c| [(z-7:) #0
i=1

Vzesp(b), p(z) A
A ¢ p(sp(b))

|

11
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Applications

If p(b) =0, then sp(b) € {z€C : p(z) =0}, because

SMT
{0} =sp0=spp(b) = p(spb).
It follows that if b is nilpotent, such that b” = 0 for some n (p(z) = z°), then sp(b) = {0}.

If b is idempotent, such that b° = b (p(z) = z° — z), then sp(b) < {0,1}.
If b is unipotent (or flip), such that b° = e, then sp(b) = {+1}.

Section 1.5: Riesz Functional Calculus
Question:
Can one define f(b) for b € B a unital Banach algebra for more general functions f?

Definition: Set of Functions Holomorphic on the Spectrum

For a unital Banach algebra B and b € B, let A[sp(b)] stand for the set of all functions f which are holomorphic on
some open neighborhood U of sp(b).

Lemma

Let f € A[sp(b)],i.e. f:U — C holomorphic. Then there exists an open set W with (piece-)smooth boundary such that

sp(flewewecu

(i.e. OW c U\ sp(b)) and

21 Jow ®=2 |0 z¢U

iJ dw _{1 zEsp(b).
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Example

* Proof

IMAGE 7

SQUARES
Definition:

Using the lemma, we define for f € A[sp(b)]

f(b)= o wam)ue— by da
(where sp(b) € W € W € U).

One can show that this is independent of choice of W (and also of U).
Note f(1)(Ae—b)~" is holomorphic on U \ sp(b).
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Remark

fis f2 € Alsp(b)] implies fi + f, € A[sp(b)] and (fi + f2)(b) = fi(b) + f2(D).

Proposition

For a polynomial f(z) = p(z) = ¥ piz', we get f(b) = p(b) = ¥ pib’

Proof

1
o7 d/l——

(le—b) 507

ow

[Al=R

Therefore, p(b) = 5= [5,, p(b)(Ae— b) 'da, and

£ = p(h) = 77 |

- 21i

Proposition

If f1, f2 € Alsp(D)], then fif, € Alsp(b)].

7 OW n=0

.

L @e=p(0)(Ae- )

N

)

(A"e—-b")
— —_—
(A" Le4--+b""1)(Ae—b)

"volynomial in A,5" dA =0

ow

(1f2)(D) = f1(D)- f2(b)

30
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Proof

We assume 90V is inside oW.

fib)= 7 [ A (Ae=b) " a2
f0) =37 | p(Oe-b)" ac
Then
AAD) = s [ ] AR e e-) azar
Recall that
) o e b) ((e—D) o1 (Ee=b)"'=(Ne-b)""
(Ae—b)"'(¢e=b)™' = (Ae=b) [ =: ](ée—b)l— e
Therefore
_ -1
AWAD) = o j [ nn©ce-b)" g ana- (27”)21 [ rp©0e-)" g acan
fl(/l) -1 fz(f)
= G |, pOGe 0 [ S arai- s [ e | aca
=£(8) =0

2mJ £ AE) (Ee—b)7!
= (f1.£2)(D)
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Recall

fe€A[spb], f:U - C,sp(b) €U open. Define

(1) 1) =557 [ fOe=)" az

analytic in U\sp b

with spb € W € W € U and W piecewise smooth. o o
From the above lemma, applied to W, we get W, such thatspb S Wy S Wy S W S W c U. Then

@) g7, FDAe=)" dz
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with V= W \ Wy, aV = 0W U oW,

(1= = 557 | fA)Ae=b))" dz=0

holomorphic on V

and VcVcU\sp(b).
Results

N, f2€Alspb] = fi+fo € A[spb]

fHi(b) + fo(b) = (fi + f2)(D).

For f polynomial, Y _o fut", f(b) = ¥ fab".

Proposition

fi(b) f2(b) = (fif2)(b).

Theorem: Spectral Mapping Theorem

Letbe Band f € A[spb]. Thensp(f(b)) = f(spb) :={f(z) : z€sph}.
Proof

1. take u ¢ f(spb).

Then u ¢ f(z), Vzespband u— f(z) #0.

Therefore, there exist an open U; 2 sp(b), U; € U, such taht u— f(z) #0, Yz € U;.
Define g(z) = m holomorphic on Uy, and

8(2)-(u—f(2))=1 = g(b)-(ue—f(b))=e

by the previous proposition and the polynomial result. So pue — f(b) is invertible, and u ¢ sp(f(b)).
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+ Remark

1
27”6W/J f(z)

(ue—f(b))™ (ze—b) "' dz

forspb € W; EWl c U;.
« take u ¢ sp(f(b)) and, for contradiction, assume u € f(sp b).
Then pe — f(b) is invertible, u = f(1) for some A € spb.

* |ldea

pe—f(b) = f(A)e— f(b) = (Ae—Db)-ga(D)
We define

(2) —f(lzle__zf(z) z€ U 2sp(b)
81 = fl(/l) Z= 1

such that g, (z) is holomorphic on U. Therefore g, (b) € B,

(A-2)ga(2) = f(A) - f(2), VzeU

and (Ae—b)ga(b) = f(1)e— f(b) = ga(b)(Ae—b). Since this is invertible, (Ae — b) is left and right invertible.

Remark

dz

gu(b) = 5—=

Mg OELCI

Theorem: Composition of Functions

Let b € B unital, f € A[spb], and g € A[sp(f(b))] = A[f(sph)].
Then h=go f e A[spb] and h(b) = g(f(b)).

Remark

f is an open mapping and maps U to the open set V 2 sp(f(b)).
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Applications

» Exponentials

 Logarithms

log b, b € B under the assumption that

- 0¢spb

— There exists a path connecting 0 to oo in C\ sp b.

This gives us that log z is analytic on U 2 sp b.

C\path is simply connected, so there exists an analytic logz on C\path.
- if logb is well-defined, then exp(logb)) = b (via composition)
- likewise, one can define powers f(z) = z% (a € C)
Application: Spectral Idempotents (Riesz Idempotents)
p is idempotent if p2 =p.

Assume that b € B and that sp b is not connected.

spb=01U0,U---Uaogy

with o; closed and disjoint subsets of sp b.
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Now let Uy, ..., U, be open neighborhoods of g4, ...,0, which are themselves disjoint.

Write U = U; U --- U U,, 2 sp b, and consider

1 xeU;
xi(x) = .
0 xeU; j#i

Then y; is analytic on U 2 sp(b).
Put p; = x;(b) the spectral or Riesz idepotents.

Properties / Remarks
2 2
* pi = pi because ()" = xi-
* e=p; +---py, mutually orthogonal such that p;p; =0, Vi # j, because y; +---+ yny=1and y;x; = 0.
« pib=bp;, because y;f = fy; for f(z) = z.

 pi= sz Iawxi(z)(ze— b)~' dz where sphS WS W C U.
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W;=WnU;, WU ---Wy =W. Therefore

N

1 -1 .,

p,rmZJ xi(z)(ze—b) dz=0, i#j
j*1 70V

Then p; = 5 [, (ze— b) ' dz.

» Write

b=(p1+p2+-+pn)b(p1+po+--+pn) = p1bp + p2bps + -+ pnbpy

since plbp] = bPzP] =0.
» For an idempotent p # 0,

B, ={pap : a€ B}
and, therefore, B, has a unit element p.
Lemma

Assume b € B with Riesz idempotents p;,...,py # 0.
Then b is invertible if and only if p;bp; is invertible in B, for all i.

Proof

b~ '=c¢, bc=e,then

(p1+-+pn)b(pr+--+pn)c=e
Zpib(PiPi)C =e
(pibi)(picp;) = pi

Suppose p;bp; invertible in B,,.. Then p;bp;c = p;, ¢; = p;cp; and b l=c= Zﬁl DiCiPi-

Remark
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Therefore B invertible if and only if B; are invertible. B; = P; BP;.

October 23, 2024
Lemma

Let b € B and py,..., p, € B satisfying p? =pi, pipj =0 (i # j), pr+--pp=e, bp; = p;b.
Then b is invertible in B if and only if for each i, p;bp are invertible in B, and

N
spp(b) = | Jsps, (pibpi)

i=1
where By, = {piap; : a € B is a unital Banach algebra with unit p;.

Theorem

Let p1,..., pn be spectral idempotents of b with respect to sp(b) =0, U0, U--- Uo (closed and disjoint).

Ifoy,...,0n # 3, then pq,...,py #0 and spol(pibp,-) =0;.
Note: if 0; = @ then

1 -1
pi_XU"(b)_Z_niJa 4|Ze—b| dz.

' analytic
Proof

Without loss of generality, we may assume py,...,pp #0 (M = 1) and ppr+q =+ = py =0.
Then by the above lemma p; + -+ p); = e and

M
spp(b) = | Jsps, (pibpi)

i=1

Assuming spo.(p,-bpl-) =¢g;is proven for j =1,..., M, then

M N
spp(b) = UUi = U(Ti
=1 =

and therefore that M = N.
To prove that SPs, (pibp;) = o; for each p; # 0,

sme(pibpi) ={1eC : p;(b—A)p;+e— p; not invertible in B}

For fixed A, f1(z) = x:(2)(z—A)xi(z) + (1 - y;(z)) is analytic in a neighborhood of sp(b).

fa(b) = pi(b—2Ae)p; +(1-p;)
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Then A €spp (pibp;) if and only if fi(b) is not invertible in B.

Equivalently that 0 € sp( fy (b)) or, by spectral mapping theorem, 0 € f)(sp b).
This is further equivalent to there existing some é €spb: 0= f (&)

1 ZGO’jEUj,l'¢j

z—A z€o;

fa(z) = {
Thatis,iféespb:{€o;and ¢ = A or, simply, A € 0;.
Chapter 2: Commutative Banach Algebras
Section 2.1: Homomorphisms, Ideals and Quotient Algebras.
B need not be commutative.
Definition: Banach Algebra Homomorphisms
¢ : A— B is a Banach algebra homomorphism if it is linear, multiplicative and bounded.
Definition: Banach Algebra Ideal
A (two-sided) ideal J of a Banach algebra is a linear subspace J € Asuchthat Vae A, Yj € J, aj,jac J.
Remark
If ¢ : A— B is a Banach algebra homomorphism then ker ¢ is a closed two-sided ideal of A.
Proof
Put Jekerg, a€ A, j€J. Then ¢(j) =0, p(aj) = ¢(a)p(j) =0=p(j)p(a) = ¢(ja) and aj, ja € J.
Definition: Quotient Algebra

If Jis a closed, two-sided ideal of A (J # A), then A/] is a Banach algebraA/J is a Banach algebra [a] = a+ J.
A[] is a vector space, a normed space (J closed) with ||[a];|| = inf;e;||a+ J||, and a Banach space because A is
complete.

[a1]+[az]=[a1 +az] and [a1]-[az] = [a, - a;]

(a1 +j1)(ax + jo) = a1ay tarpta it jije
€J

Definition: Quotient Map

Taken: A— A/J by am [a].
This is a Banach algebra homomorphism which is surjective with kerrx = J.

Proposition

Let ¢ : A— B be a Banach algebra homomorphism and J € ker¢ a closed, two-sided ideal of A.
Then there exists a Banach algebra homomorphism <p] : A/J - B such that ¢ = (p] om

39



A ¢ s B
A/]

¢(ar) = p(ay).

Write <p]([a]]) =¢(a), and [a1] = [a, ] implies a; — a, € J € ker¢ and subsequently that

Remark
J={0} and J = A are always closed, two-sided ideals of A.
Examples

« A=C"™". Only ideals are {0} and A.

A= L(X) (continuous operators) for X a Banach space. Then at least {0}, K(X) (compact operators), and A are
ideals.

+ X a separable hilbert space. Only {0}, K(X) and A.

nXxn

* A= Cypper Upper triangular matrices. Then there are many (one sided) ideals for n = 2.

A= C(X) for X compact Hausdorf spaces. Then every closed set E € X generates a closed ideal

Je={f€C(x): flp=0}
In particular, E = {xo}, Jx, = {f € C(X) : f(xp) =0}, dim(A/Jy,) =1 implies A/J,, =C.
Remark

Every closed (2-sided) ideal is a closed subalgebra of A but not vice versa.
For a set S C A, let J = clos id4(S) be the smallest closed 2-sided ideal containing S (i.e. the ideal generated by S or
the intersection of all ideals containing S). One can show that

J= closA{iaijibi ta;,b; €A, j; € S}
i=1
Section 2.2: Maximal Ideals and Multiplicative Linear Functionals

From now on, B is a unital, commutative Banach algebra.

Definition: Multiplicative Linear Functional

A multiplicative linear functional on B is a linear map ¢ : B — C such that ¢p(ab) = ¢(a)p(b) (¢ £ 0).
Proposition

A multiplicative linear functional on B is bounded. In fact ¢ € B, ||¢|| = 1, ¢(e) = 1.

Proof

¢ # 0 means that there exists a € B such that ¢(a) # 0.
Then ¢(e)p(a) = ¢p(ea) = p(a) so ¢(e) =1 and consequently that ||¢p|| = 1.
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If |¢(a)| < ||all, then ||¢|| < 1. If this were not the case,

<1

wl@l>llall = ||

a

o(a) is invertible. Call the inverse b. Then

and e—

b(e—ﬁ)=e —  ¢(b) gb(e—ﬁ)=¢)(e)=l

—_—
=p(e)= ;i 9(a)=0

which is a clear contradiction.

Definition: Maximal Ideal

A (two-sided) ideal I of B is called maximal if

* I+ B (Iis aproper ideal)

« if Jis another ideal of B such that I € J € B, then either I = J or J = B.

Proposition

A maximal ideal I is closed and B/ is a field.
Proof (Closed)

We have I € I € B with I an ideal. Since I is maximal, either I = T or I = B. But then e € I, and there exists a € I such
that ||a—e|| < 1. Then a = e+ (a— e) is invertible and for each b € B, b=ba 'a € I and I = B a contradiction.

October 28, 2024

Recall: Multiplicative Linear Functionals

¢$:B-C
* linear
* ¢(ab) = Pp(a)p(b), ¢ #0.

Then ¢(e) =1, ||¢]| =1

Recall: Maximal Ideals

I is a maximal ideal of B if

«ICB
+

 If Jis an ideal with I € J € B, then either I = J or J = B.
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Proposition
Every maximal ideal is closed and, in a commutative Banach algebra B, B/ I is a field.
Proof (Field)
We know that B/I is a Banach algebra. We need to show that every nonzero [a] € B/ is invertible.
Consider [a] € B/I with [a] # 0. Then a ¢ I. Define
J={i+ax:i€l x€eB}

Then J is a linear subspace and an ideal in B since for any y € B

y(i+ax)=yia(yx) €]
(i+ax)y=iy+a(xy)e]
()
el

Since I € J € B and I is maximal, it cannot be that I = J since 0+ a- e € J implies a € I a contradiction.
If J=B,thene€ Jand e=i+ ax forsome i € I and x € B. Therefore, in the quotient,

[e]=[a]-[x]=[x]-[a]
and [a] is invertible in B/ 1.
Theorem: Gelfand/Mazur
Any (complex) Banach algebra which is a field is isomorphic to C.

Proof

Let A be a Banach algebra which is a field with unit e € A, and consider the map

A:Co2A dle€e A

This Banach algebra homomorphism is isometric (||1e|| = |1]) and injective.

If A is surjective, then it is a Banach algebra isomorphism.

Take a € A. We know that sp(a) # @, therefore A € C such that Ae — a is not invertible.
It follows that Ae — a = 0 and, consequently, a = 1e = A(A).

Corollary

Let B be a unital, commutative Banach algebra and I be a maximal ideal. Then B/I = C.

Theorem: 1-1 Correspondence Between Maximal Ideals and Multiplicative Linear Functionals

Let B be a unital, commutative Banach algebra.

1. If ¢ is a multiplicative linear functional on B, then ker ¢ is a maximal ideal in B.

2. If I'is a maximal ideal in B, then there exists a unique multiplicative linear functional ¢ such that ker¢ = I.
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Proof of 1

If ¢ is a multiplicative linear functional, it is bounded and ker ¢ is a closed, two-sided ideal.
We know 1 ¢ B because ¢ #0 (p(e) =1).

We have that B = ker¢ + C - e becasue

b=b—¢(b)-e+¢p(b)-e
%—J
€ker¢

(b= ¢(b)-e)=¢(b) = p(b)-Pp(e) =0

and therefore dimB/I=1.
If I€J< B,then J/I1< B/I and either dim(J/I) =0 (J=1I)ordim(J/I)=1(J = B).

Proof of 2

Let I be a maximal ideal in B.
By Gelfand/Mazur (corollary) B/I = C, so there exists a Banach algebra isomorphism v : B/I — C.

B 4 > C
X‘ y’
B/I
where 7 and v are Banach algebra homomorphisms.

Put¢p=wom:B— Cby ¢(b)=yw([b]). Then ¢ is a Banach algebra homomorphism that is also a multiplicative linear
functional with ¢(e) = 1. Since v is injective,

ker¢p =kerm =1

Suppose ker¢, =ker¢, = I. Then

b—¢1(b)-e€kergp, =1
b—¢y(b)-e€kerg, =1

and (¢1(b) — ¢2(b))e € I. But a proper ideal cannot contain invertible elements. Therefore ¢1(b) = ¢, (b).
Since this holds for all b, ¢, = ¢,.

Definition: Maximal Ideal Space

For a unital (complex) commutative Banach algebra B, M(B) denotes the maximal ideal space (i.e. the set of all multi-
plicative linear functionals on B).

Remark
M(B) € B*.

M(B)c{p€B” : ||p|| <1}.
The multiplicative linear functionals are a proper subset of bounded linear functionals.

Example

B = C(X) (the set of continuous functions f : X — C) for X a compact Hausdorff space.
Every x, € X determines a multiplicative linear functional ¢, : B— C by ¢, (f) = f(xo) for f € B.
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The corresponding maximal ideals are of the form I, = ker¢,, = {f € C(x) : f(x0) =0}. Then

C(X)=1I,+C-e, e(x)=1
C(X)/I,=C

Therefore ¢, € M(C(X)). In fact one can show that M(C(X)) = {¢, : x € X}. So M(C(X)) = X.
Remark
M(C(X)) cC(X)*.
C(X)* is isomorphic to the set of all complex Boreal measures on X by
o= | 10 dutx)

with bounded linear functional = 6, ~ 65, € M(C(X)).

Section 2.3: Gelfand Theory and Gelfand Transform
Setting

Unital commutative (complex) Banach algebra B.

Lemma

Every proper (two-sided) ideal I, of B is contained in some maximal ideal of B.
Proof

Zorn’s lemma applied to the collection S of all proper ideals.

Lemma

Every non-invertible element a € B is contained in at least one maximal ideal.

Proof
Consider a € Band Iy € {ax : x € B} anideal (y(ax) = a(yx) € Iy and (ax)y = a(xy) € I).

Iy is proper, otherwise Iy = B, e € I and ax = xa = e a contradiction.
Then, by the previous lemma, a = ae € I C I for some maximal ideal I.

Theorem: Gelfand Theory

Let B be a unital commutative Banach algebra and b € B arbitrary. Then b is invertible in B if and only if ¢(b) # 0,
V¢ € M(B).

Proof

(=) if bis invertible,

1=¢p(e) = (b~ b)=p(b™')-$(b)

so ¢(b) # 0 for all ¢.
(=) if b is not invertible, then there exists ¢ € M(B) such that ¢p(b) = 0.
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If b is not invertible, then b is contained in some maximal ideal I and I = ker ¢ for some ¢ € M(B).
Therefore b € I = ker ¢ implies ¢(b) = 0.

Definition/Notation: Gelfand Transform

The Gelfand transform of an element b € B is the function b : M(B) — C defined by b(¢) := ¢(b).

Remark

SUPgen(B) la(o)| = SUPpen(B) lp(a)| < |lall-
Later we will consider M(B) with topology (a compact Hausdorff space).

Definition: Gelfand Transform of B

A:B3bw beC(M(B))

It is a Banach algebra homomorphism.
Gelfand’s theorem states that b is invertible in B if and only if A(b) is invertible in C(M(B)).

Note
b is invertible if and only if ¢p(b) = b(¢p) 0, V¢ € M(B).

Equivalently, b is invertible in C(M(B)).
A continuous finctional is invertible within the set of continuous functions if and only if it is non-zero everywhere.

Purpose of Gelfand Theory

Invertibility in B corresponds to invertibility in C(M(B)).
We need to determine M(B).

Remark

If B=C(X) (X compact Hausdroff), then M(B) = M(C(X)) is homeomorphic to X.
M(B) = X (homeomorphic) implies that C(M(B)) = C(X) = B isometric Banach algebra isomorphisms.

October 30, 2024

Recall
M(B) the multiplicative linear functionals or the maximal ideal space.
b invertible if and only if ¢(b) + 0, V¢ € M(B).

b: M(B) — C where b(¢) = ¢(b) the Gelfand transform of b.
A:B— C(M(B)) where b+ b is the Gelfand transform of B.

Section 2.4: The Topology of the Maximal Ideal Space

Since M(B) € {¢p € B* : ||¢|| <1} € B*, M(B) is a topological space with the subspace topology with respect to the
weak*-topology of B*.
A base for the topology in M(B) is given by

Us;bl,...,bn[(p] = {W € M(B) : Wj(bl) _(p(bl)l <g i= 1,...,I’l}
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with € > 0, by,..., b, € B and ¢ € M(B).

Theorem

M(B) is a compact Hausdorff space.

Proof

M(B) is Hausdorff because it is a subspace of the Hausdorff space B*.

By Banach-Alaoglu, the unit ball is compact in the weak*-topology. We need that M(B) is a closed subset of the unit
ball.

Let ¢ be in the closure of M(B) with respect to the unit ball such that ¢ € B* and ||¢|| < 1. To show that ¢(ab) =
¢(a)¢p(b), consider

Ue;a,b,ab[(pb] = {WGB* : |W(bi)_¢(bi)| <g i= 1’--””}

Then w € M(B) N Ug.q p,ap[¢], SO We have

ly(a)-¢(a)l <&, |y(b)-¢(b)|<e, and |y(ab)-(ab)| <e.

We know that w(ab) = w(a)y(b). Therefore

|p(ab) = p(a)p(b)| = |p(ab) -y (ab) - ¢p(a)p(b) +y(a)y(b)|
< |¢(ab) —y(ab)| +[¢(a) —y(a)| - [p(b)| + [w(a)| - |¢(b) —yw(b)|

<e+el||b||+¢€l|all

Taking € — 0, ¢(ab) = ¢p(a)p(b), Va,b € B. Similarly, p(e) = 1.
Thus ¢ € M(B) and M(B) is closed in the unit ball of B*.

Proposition

For b € B, the Gelfand transform b : M(B) — C is continuous and ||b|| := maxgenm(p) |b(¢)| < ||b]|.
In other words, b € C(M(B)).

Proof
We need to show that b is continuous at each ¢, € M(B).

Consider U = B.(B(¢y)) an e-neighborhood in C. Then the preimage is

b7 (U) = {p € M(B) : b(p) € Be(b(¢o))} = {& € M(B) : |b() — b(gho)| < e} = {p € M(B) : |p(D) = po(D)| < & = U;p[ o]

with [¢pg ] open in M(B).
Also note that

1b(p)] = lo(b)| < |Iphill - ||b]| = bl

Corollary

The Gelfand transform of B, A : B — C(M(B)) by b~ b is a Banach algebra homomorphism with ||A|| = 1
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Proof

A is linear and multiplicative with

Q
+
S
1]
D
+
[y

)

Q
[y
1]
D
[ap

|IAll = 1 because ||b]| < ||b]| and [[é]| = ||e|| = 1.

Then é(¢) = ¢p(e) = 1.
It follows also that

(ab)(p) = p(ab) = p(a)p(b) = a($) - b(¢) = (a-b)(¢)
Corollary

For be B, b€ GB if and only if b = A(b) € GC(M(B)).
As a consequence, spp(b) = sbe(am(p)) A(b) (A preserves spectrum).

Proof

b€ GB implies that ab = e and that a- b = &= 1. Therefore (b) ' =a=b1.
We have also that b € GC(M(B)) implies b(¢p) 0, V¢ € M(B) and ¢(b) # 0 similarly. Therefore b € GB.

Gelfand Theory

Two problems for a given Banach algebra B:

1. How to determine M(B).

2. How to determine its topology.

Theorem

Let B be a commutative Banach algebra with maximal ideal space M(B) = X and topology 7 on X.
Now assume we have another topology p on X such that

1. (X,p) is a compact topological space.

2. VbeB, b: X — Cis continuous in the (X, p) topology.

Then 7 = p.

Proof

First show that 7 € p.
Take U € 1 from the abse of the topology

U=Ugp,,..b,[#]={y € X : |y(bi) = ¢(b;)| <& Vi}
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Then

U=(Wyex :|bw)-bi(¢)l <et=[)(b:)" (Be(bi(9)))
i=1 i=1

which is open in the (X, p) topology because b; is continuous. Therefore U € p.

We have thatid : (X, p) — (X, 1) where (X, p) is compact and (X, 1) is Hausdorff is continuous (7 < p).
Then as an open map, we map closed sets to closed sets.

AC X closed = A comapct = i(A) compact = id(A) closed.

Therefore (id)~" is continuous and p = .

Theorem

Let X be a compact Hausdorff space and B = C(X).
Then M(B) Is homeomorphic to X by the map

7: X3 x+- ¢ € M(B)
where ¢, (b) = b(x) is the point evaluation for b € B = C(X).

Proof

We have that ¢, is indeed in M(B) easily.

Then to show 7 is injective, ¢, = ¢, implies that ¢, (b) = ¢,(b), Vb € B. Then b(x) =b(y), Vb€ C(X) and x = y.
Because x # y implies that there exists b € C(X) such that b(x) # b(y).

Since X is a normed space, {x} and {y} are closed. By Urysohn’s Lemma, there exists a continuous b such that
bl(xy=0and bl =1.

IMAGE 1

To see that 7 is surjective, otherwise there would exist ¢ € M(B) such that ¢ # ¢, Vx € X.
That implies that there exists b, € B such that ¢(b,) # ¢ (by) = b(x).
Put a, = by — ¢(by) - e. Then ¢(a,) =0. So

¢x(ay) = px(by) —p(by) #0
IMAGE 2

With a, continuous, we find a neighborhood U, 3 x where a,(t) #0, YVt € U,.

.....

N
a(t) =) |ag ()]
i=1

which is itself continuous and a(t) > 0 for each ¢ € X.
So a € B=C(X), ais invertible in B and

N
¢(a)=) ¢(ay)p(ay)
i=1 B
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which would imply that a is not invertible, a contradiction.
To show that 7: X 3 x = ¢, € M(B) is continuous, take X 3 x, = ¢, and consider

U=Ugp,,..on[x,] = {x | Px(bi) = by, (bi)| < €} ={py : |bi(x) = bi(x0)] < €}
Then

TN (U)={xeX : |bi(x) - bi(xo)| <€}

which is the open preimage of b; : X — C with b; continuous.
Then 7 : X - M(B) is a continuous map between comapct, Hausdorff spaces and ™! is continuous.

Section 2.5: Commutative Banach Algebras Generated by Single Elements

Consider the Banach algebra A3 B and

N
B = alg,{e, b} = clos, { Z /lnbn}

n=0
Theorem
The maximal ideal space M(B) of B = alg,{e, b} is homeomorphic to spg(b).
November 4, 2024
Recall
Let A be a unital Banach algebra, b € A and B = alg,{e, b} = clos4{>_ A:b' 1 A; €C, N €N the smallest closed subal-
gebra containing e and b.

Then B is a commutative Banach algebra and the closure of all polynomials in b, p(b).

Theorem

The maximal ideal space of B = alg{e, b} is homeomorphic to spz(b). The map

7:M(B) 3 ¢+ ¢(b) € spp(b)

is a homeomorphism.

Proof

* 7: M(B) — C maps into spg(b).
Otherwise, z = ¢(b) ¢ spp(b) (for some ¢) and b— z- e is invertible in B. So

p(b—z-e)=¢(b)—z-P(e) =0

and, therefore,

P((b—ze) ' (b—ze)) = p(e) =1

a contradiction.
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* 7 is injective.

Assume that ¢, (b) = ¢p,(b).
Then ¢, (b") = ¢»(b") for n=0,1,... and, consequently,

N N
%(Z Anb") = ¢2(Z Anb”)
n=0 n=0
Because B = clos{} 1,b"} and ¢; is continuous, ¢, (a) = ¢,(a) for each a € B and ¢, = ¢,.

* T is surjective.

Take z € spg(b). Then b— z- e is not invertible in B.
It follows from Gelfand theorem that there exists some ¢ € M(B) such that ¢p(b —ze) =0 and ¢(b) =

« We know 7 : M(B) — spy(b) is an injection with the natural topology (weak*-topology of B*) on M(B) and spy(b)
Hasudorff compact.

Define (another) topology on M(B) via 7.
To show that both topologies are the same, we need that for each b € B, b: M(B) — C is a continuous function.

a

-1 N
spp(b) — M(B) —> C B
equivalently, a=aot " :spgz(b) — C is continuous.
Letp =1 '(z), 7(¢) = z and b(¢) = ¢(D) = .
Thenifa=e, é(¢p)=p(e)=1,8(z)=1
If a=n, b(</>) <p(b) =z and b(z)=z contlnuous
Fora=b", b" = (b)" and b" = (b) so b'(z) = z".
When a = p(b) p(z) = Z; ,Aiz' a polynomial,

D
1l
M=
kS
1l
™M=
ke
F)

~
1l
—
~
1l
—

M
I}
™M=
g
=

~
Il
—

(1) p(z)

DN

Il
'l\/IZ

II

~
1l
—

Fora€ B, ||la- a,|| — 0, a, = p,(b), we have a— a,, = a— a,, and take

max |a(p) — a,(¢p)| < |la—anl|p = max, Ia(Z) an(2)]
peM(B) z€spg(b

Therefore a,, = a uniformly on spg(b) with @ continuous.
Both topologies on M(B) coincide. Therefore 7 : spg(b) — M(B) is a homemorphism.
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Theorem

Let A be a unital Banach algebra, and b € A an invertible element. Then for

N
B=alg,{e bb '} =clos, Ab i A eC, NEN
84
i=—N

This is the closure of all trigonometric polynomials. The map

7:M(B)>2 ¢ ¢(b) €spy(b)

is a homemorphism.
The proof follows similarly to that for the previous theorem.

Example: Wiener Algebra

Let T={z€C : |z| =1} with C(T) continuous functions T — C.
W < C(T) is the set of all functions with an absolutely convergent Fourier series.

o0
a(t) = z ant"
n=—00

such that ||a||w = oo |an| < +o0.

This is a Banach algebra with addition and multiplication defined pointwise and ||ab|| < ||a|| - || b|| (verify!).
Further, fora € W, ||al|c(t) < ||al|w and W € C(T) is a continuous embedding.

Remark

W is a Banach algebra.
W is isometrically isomorphic to ZI(Z) (as a Banach algebra)

c(r) = a(r) - b(1) {cn} ={an} *{b,}
(S ent") = (L ant") (Y tnt") 6= Y aniy
kez

Consider y,(¢)=t"forne€zZ. yo=e, xn=(x1)" (x1)"" = x_1. Note that

W =algy, {Xo, X, X1}

Write

N
w=closW{p<x1>= Sy ml)’}
i=—N
and, to show that the trigonometric polynomials are dense in W, for a(t) = fo:_oo a,t", consider v (1) = ZI,L_N a,t"
and

la() =M@= Y lail

|n|>N

51



which converges to 0 as N — +00 because ), |an| < +00.
Claim: spy(x1) =T.
Indeed, for |z| > 1,

1 1 1 1 1/ t\"
(1= 2x0) _t—z__zl_t/z__E;(_Z) W

For |z]| <1

(XI_ZXO)_1=tiZ=%1_Z/I_% Z ( )

However, for |z| =1, y1 —zyo =t —z vanishes at t =z € T. Thus y; — zyo ¢ GW.
Therefore, the maximal ideal space of W is homeomorphic to T.
If we identify M(W) = T via 7 from above,

d(xo) =t €T

T M(w) 43 ¢
w
Fora=Y a,t" =Y anyn,
¢(a)=y anp(xn) =) anp(x1)" =) anty

Then a(¢) = ¥ a1 and a(t™ ' (%)) = Y anty.
Finally @(ty) = Y a,ty implies that @ = a.

Theorem (Wiener)
Let a € W. Then a is invertible in W if and only if a(t) #0, YVt € T (i.e. if a is invertible in C(T)).
Remark

a€W and a(t) #0, Ve Timplies that 1 € W

That is, if a has an absolutely convergent Fourier series (under these conditions) then % has an absolutely convergent
Fourier series.

Example

Let A= C(T) and B = alg,{Xy, X;} = clos¢(r {p(t) Z Ant”}.
One can show that B=C,(T) = L(A(ID))where

27

C+(T)={aeC(T) : L % 6% dx = 0, Vn<0}

and

A(D) = {a € C(D) : a|p holomorphic}
L2 A(D) > a7 € C(T)
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Claim

spp(x1) =D.
For |z| < 1,

1 1 ec(T)

X1—2 " 1=z ¢ Cy(T)
and (for |7 < 1), - ¢ A(D).
So M(B) =D. For || =1, ¢, (a) = a(ty) (a € B).
For |t] <1,

(’bt‘)(a)zﬁ =1 T 2m 0 l—e_ixto dx

1 [ a(t) 1 (7 a(e™)
T
or ¢, (a) = a(t) (if a is holomorphically extended into D).

November 6, 2024

Theorem

Let A be a unital Banach algebra and by, ... b, € A be commuting elements.
Then the maximal ideal space of B = alg,{e, by,..., b,} is homeomorphic to some compact subset of

K spg(by)x---Xspg(by,) cC”
That is, the map

7:M(B)3 ¢ (¢p(by),...,6(b,))eKcC"

is a homeomorphism.

Remark

K=imt =1(M(¢)).

¢(b;) € spp(b;).

ForaeB, A:M(B)»C,a=daot '

:K—-C,

é(x)=1 x=(x1,...,X,)
bi(x) = x;
A:be beC(M(B)), be C(K).
Section 2.6: Shilov Idempotent and Arens-Royden Theorems
For B a unital, commutative Banach algebra,

A:B— C(M(B))

M(B)

Obviously, if p € B is idempotent then (;5)2 = p.
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Theorem: Shilov

Let y € C(M(B)) be an idempotent.
Then there exists a unique idempotent p € B such that p = y.

Note

Idempotents y € C(M(B)) correspond (uniquely) to clopen (closed and open) subsets of K € M(B).

0 @¢K
1 €K

x(¢) = {

Theorem: Arens-Royden

The abstract index group x(B) = GB/GyB is group-isomorphic to the abstract index group x(C(M(B))) via the map

1:x(B) 3 [b] = [b] € x(C(M(B))

Remark

For B=C(M(B))and A: B> b+ be B,
« GB>b— beGB.
« GoB3br beGyB

GoB = {exp(a) : a€ B}
exp(a) =br b=exp(a) € GyB

« ([b] ~ [b] is well defined and

[b]={bexp(a) : a€ B}
[b]={bexp(a) : a € B}

» Easy: 1 is a group homomorphism.

* 1is injective and surjective (non-trivial)

* 1 injective means that if b € GB is such that b has a logarithm in B, b= exp(a), a € B, then b has a logarithm
in B, b = exp(a) for some a € B (and @ = a). Or if by, b, € GB such that by, b, € B are homotopic, continuous

functions M(B) — C\ {0}. Then b, and b, are connected by a path in GB (i.e. b; = b, exp(a))

« | surjective means that if y € GB (i.e. y: M(B) — C\ {0}) is continuous, then there exist a ¢ € GB such that
¢=7v-exp(a) with a € B.

Chapter 3: C*-Algebras

Section 3.1: Operators on Hilbert Space

« Inner-product space: a complex vector space H with inner product H X H 3 (x, y) — (x, y) € C such that
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1. (x,y) is linear in x and anti-linear in y

2. {(x,y)=(yx).

3. (x,x)=0and (x,x)=0 < x=0.

« Norm: ||x|| = v/{x,x)
« Cauchy-Schwarz Inequality: |{x, y)| < ||x||- ||yl

« Triangle Inequality: ||x+ y|| < [|x|| + || ]|

Definition: Hilbert Space

A Hilbert space is a complete inner-product space.

IMAGE 1

Examples

H=cC", (x,y) = Z?:l Xiy
H = 0*(Q) (Q possibly uncountable), (x, y) = Y wea XwY, Where ||x| | = Y wea |x,|? < +00
H= LZ(S, du) with (S, Bg,du) a measure space.

Theorem: Riesz Representation

For every ¢ € H™, there exists a unique y € H such that ¢(x) = (x, y).
Themapt:H3y—¢E€ H™ is an isometric antilinear (almost) isomorphism.

t(Ay) = A1(y)
(x’/ly> = Z(-x’y>

We will consider L( H) the Banach algebra of bounded linear operators A: H — H equipped with the norm

_lAx]]
Al Ly = sup ———
xer ||x]]

x#0
Definition: Adjoint Operator (for Hilbert Spaces)
For A € L(H), its adjoint A* € L(H) is given by (Ax, y) = (x, A y) for any x,y € H.
Remark: Well-Defined
A* is well-defined. For y € H, consider ¢(x) = (Ax, y) which is a bounded, linear functional (¢ € H).
By Cauchy-Schwarz, [(Ax, y)| < [|Ax|| - [[y[| < [|Al| - [Ix]| - |I¥], so [[¢l| < [|A[] - [1yll.
By the Riesz Representation Theorem, there exists z, € H such that ¢(x) = (x,z,).
Put A*(y) = zZy, A" :Hsyw zy € H such that (Ax, y) = (x, A*y).

Remark: Linearity

A% is linear.
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Remark: Boundedness

A" is bounded, |[A%y|| = [|z,|| = [|o]] < [1All - [|¥]l.
Therefore, A* € L(H).

Properties

. (AH)" = A

A1 =114l

« (A+B)*=A"+B" and (14)* = 214",

*

« (AB)* =B*A

- Ais invertible if and only if A* is invertible and (A™")* = (4*)™".

2
- |1A*A|| =]A]|"
x,x)={Ax, Ax) = X
A*A Ax, A Ax||?
2 2
[|Ax||" < || A" Ax|| - ||x|| = [|A"A]| - ||x]|
2
2 || Ax|]
[|A[|" =sup———- < [|A" A||
x#0 |||
2
[|A*Al| < [|A]] - |]All = Al
Definitions

A€ L(H) is called

Self-adjoint if A* = A.
« Unitary if A"A=AA" =1
« Normal if A*A = AA*

* Positive (A= 0) if (Ax,x) =20, Vxe H

Positive implies self-adjoint which implies normal.
Unitary implies normal.

Proposition
A € L(H) is self-adjoint if and only if (Ax, x) € R.
Proof

A= A% implies (Ax, x) = (x, A" x) = (x, Ax) = {Ax, x). Therefore (Ax,x) € R.
(Ax, x) € Rimplies (Ax, x) = (x, Ax) = (x, Ax) = (A% x, x). Therefore ((A—A™)x, x) = 0 s0 (exercise) ((A—A")x,y) = 0.

Use with ¢(x, y) = ((A— A")x, ), p(x,y) = 2(p(x+y, x+y) —p(x -y, x—y) +ip(x+iy, x+iy) —ip(x— iy, x—iy)).
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Proposition
For A€ L(H), A*A=>0.
Proof

(A* Ax,x) = (Ax, Ax) = || Ax||* 2 0.

November 13, 2024

Recall: Propositions

Ais self adjoint if and only if (Ax, x) € R.
A* Ais positive (i.e. (A* Ax,x) = 0).

Theorem

Let A€ L(H)

1. if A= A*, then sp(A) S R.

2. if A= 0, then sp(A) € [0,+00).

Lemma

If K € L(H), ||Kx|| = 6||x||, and || K*x|| = &||x|| for § > 0, then K is invertible.

* Proof

K is injective (ker K = {0}).

The image imK is closed (use cauchy sequences with Kx,, — y, {Kx,} Cauchy, {x,} Cauchy, x, — x. Then
Kx, » Kx = Kx=y).

kerK* = {0} since

(kerk*) = (imK)™*
={y€H: (yz)=0 VzeimK}
={yeH : (yKx)=0, Vx€ H}
={yeH: (K"
={yeH: Ky" =0}

and {0} = (imK)L implies that im K is dense.
Therefore, im K = H, K is surjective and injective, and ultimately K is invertible.

Proof of a

Take A=a+if e C\R (B +0), and write

A::T.
A-Al=A—al—ipl=p ﬁ‘”—i = B(T - iI)

=K
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ThenK=T—-iland K*=T+il. So

(T =iD)x||*((T=iD)x, (T =iD)x) = || Tx||* +||x||* = i (x, Tx) + i (Tx, x)

Since (x, Tx) = (Tx, x), we get || Tx||* + ||x]|* = || x||*.
Likewise, ||(T +iI)x||* = ||x||* so T —iI is invertible and A — AI is invertible.

Proof of b

Recall that positive implies self-adjoint.
For A € (—=00,0), A= —a, @ >0, we have A—AI = A+ al =: K. Then

I|Kx||* = ((A+al)x, (A+al)x) = ||Ax||” + &°||x||* + «({Ax, x) + (x, Ax))
By assumption, (Ax,x) =0 and (x, Ax) = 0, so ||Kx||* = a°||x||*.
Remark

For A€ L(H) where A= A", the following are equivalent

1. Alis positive.
2. sp(A) €[0,+00).

3. A=B"Bfor some B € L(H).

Section 3.2: C* Algebras
Definition:

A C*-algebra is a Banach algebra B which has a map

x:Bda—a €B

(called an involution) such that

« (a*)* =a, (ab)* =b"a",and e* =e.
s (a+b)*=a" +b*, (Aa)* = 1a”".

2
* [la*all =lall".

Remark

If B has a unit, e* = e.

For invertible elements, b invertible if and only if b* is invertible and (b™) ™' = (b™)*.
2 * *

||a®|] = ||ﬂu- Indeed ||61|L*= lla*al| < |lal|-||a*|| so ||al| < ||a"|| (for a #0).

Since ar a’, [la”|| <[la""|| =|all.
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Examples

« B=L(H) bounded linear operators on Hilbert spaces.

« B =C(X) with X a compact Hausdorff space given by a : X — C continuous and a* (x) := a(x) (complex conju-
gate).

« B=L>(S,d ) essentially bounded functions on a measure space (S, Bs, 1) again with a*(x) := a(x).

Non-examples

2
B=W={Y c;ant" : ¥ |ay| < +oo}. We have ||a|| =Y |a,| and ||a™|| = ||a|| but not ||a*al| = ||al|".
B=c'lo,1].
Definitions:

An element b € B is called

- self adjoint if b* = b
. unitary if b*b=bb* = e
« normal if b*b = bb*

« positive if b* = b and sp(b) € [0, +0].

Proposition

For b € B normal, the spectral radius r(b) :=max{|A| : A €sp(b)} =||b||.

Proof
We know that r(b) = limp_co ||b"]|"" = infuen || 6" [|/"™. Therefore, r(b) < ||b]].
k k
For any element a which is self adjoint, we have ||a*a|| = ||a°|| = ||a||?. By induction, [|a® || = ||a||?® so ||a"||}'" =

||al|| for n = 2*.
For a normal element b,

11" 12 = 11(")*B"|| = [|(b*B)"|

Then, since b* b is self-adjoint, ||b"||% = ||b*b||" for n =2 and ||b"||*" = ||b* b||"/2.
Therefore r(b) = ||b*b||/? = ||b]|.

Corollary
The norm in a C*-algebra is uniquely determined (i.e. there are no different equivalent norms).
Proof

Let a € B be arbitrary. Then r(a*a) = ||a*a|| = ||a||*.
Therefore ||a|| = /r(a*a). The spectral radius (and the spectrum) are determined in terms of algebraic properties.
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Proposition

The spectrum of

1. a unitary element is contained in T={z€C : |z| =1}.

2. a self-adjoint element is contained in R (in fact, it is a subset of [—||al|], ||a||]).

Proof of 1

For a unitary element, ||a||* = ||a*al|| = ||e|| = 1, so ||a|| =1 and sp(a) € T.
Sincea '=a*, (a7 ) a " =a'(a)* =e, a ' is also unitary and sp(a_*) € T.
Observe that sp(a) = {% S sp(a_l)}, then sp(a) € T and sp(a ') € T.

Proof of 2

Recall that exp(c) = Y & < Then (exp(c))™ = exp(c™).

n=0 ,*
Let a be a self adjoint element, then u = exp(ia) is unitary since u™ = exp((ia)*) = exp(—ia) = u .
By the spectral mapping theorem,

exp(isp(a)) = exp(sp(ia)) =sp(exp(ia)) €T
Therefore sp(a) S R.
Proposition

Each b € B can be written uniquely as b = by + ib, with b; and b, self-adjoint.

Proof

b+b*

Define by = 5

and b, = b;—f’* which are self-adjoint and compute

by+ib,=b and by —ib,=b"
For uniqueness, assume that 0 = b; + ib, with b; and b, self-adjoint. Then b; = —ib, and, since sp(b;) € R and
sp(b,) €R. Then sp(b;) =sp(b,) = {0}. Therefore ||b;|| = r(b;) =0, and, since b; is self-adjoint, b; = 0 (similarly for
by).
Theorem
Let B € A be a unital, C*-subalgebra of a C* subalgebra A. Then B is inverse closed in A (i.e. GAN B = GB).

Remarks

B is inverse-closed if and only if VY b € B, if b invertible in A then b 'eB.
Equivalently, sp 4,(b) = spg(b) for every b € B.

Proof

Let b € B be invertible in A. Then ¢ = b*bis invertible in A (¢ =b~ ' (b~ ")* € A.
Now c is a self-adjoint, therefore sp ,(¢) € [—||cl||,||c||] S R.
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For subalgebras, spg(c) 2 sp,(c) and dspg(c) S dsp,(c). Infact, spg(c) = sp,(c)ul,eq Ho Where H,, are (bounded)
connected components of C \ sp 4(¢).

However, because sp 4(¢) S R there are no holes. Therefore spg(c) =sp4(c).

We know that 0 ¢ sp 4(¢) so 0 ¢ spg(c). So c is invertible in B, so b is left invertible in B since

Similarly, b is right invertible by repeating the argument with d = bb*. Therefore b is invertible in B.

November 18, 2024

Section 3.3: Commutative C*-Algebras
Proposition
For a unital commutative C*-algebra B and ¢ € M(B), we have ¢(b*) = ¢(b), Vb € B.

Proof

Write b = b; + ib, with by and b, self-adjoint. Then b* = by — ib,.

Then sp(b;) € R implies that ¢p(b;) € R, otherwise ¢(b;) = z € C\ R gives ¢(b; — ze) = 0 which implies b; — ze is not
invertible and z € sp(b; ).

Then ¢(b) = ¢p(by) + ip(by) and ¢(b™) = ¢p(by) — ip(b,) with ¢(b;) real.

Remarks

A map ¢ : B — C is a *-homomoprhism if ¢(b*) = ¢(b)* = ¢(b) (involution in C).
The Gelfand transform is also a *-homomorphism

A:B3bw beC(M(B))

with A(b*) = (A(B))* and b* = (b)*. So

b*(9) = p(b*) = ¢(b) = b(9) = (b)* ()
Theorem: Stone-Weierstrass

Let X be a compact Hausdorff space and a € C(X) a subalgebra of C(X) such that

* ais norm-closed in C(X)
e J€a
«if feathen fea

« Vx,y€ X with x # y, there exists f € a such that f(x) # f(y).

C,(X) the set of all continuous functions f: X - Rand a, =an C,(X).
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Proof

It is enough to show that a, = cg(X) for f € C(X), f =Ref+ilm f then f € a.
If f€a,,then|f| € a,. Without loss of generality, || f|| <1, |f(x)]| < 1. Note that

0 (1
o(t)=V1-t= Z(z)t"
n=0

which converges uniformly on [—1,1]. Write | f| =+/| f|? = \/F= 1-(1-f2). Thenfor t=1- f*(x) €[0,1],

o /1 N
|F(x)] = Z(fl)(l—fz(x))" =Y () +Ry(1- £7(x))
n=0 n=0

where the first term is polynomial in f2 = ff € a, and we may estimate the remainder

sup [R,(--+)[ = sup |Ry(2)
xeX tef0,1]

which converges to 0 as N — oo. Therefore | f| may be approximated by elements in a,.
Then a, is a lattice. Given f, g € a,, we have

fvg=max(f,g}=5{f+g+|f~gl} and fAg=min{f,g}=5{/+g /gl

and fvg fAgea,.
Now, YV a, B € R, there exists f € a, such that f(x) = a and f(y) = B.
First, we obtain a function i € a with h(x) # h(y) and 1 € a, then put f = y1 + 6 h. We need

a=y+8h(x) and B=y+8h(y)

which can be found by solving (g) = (i ZE;;) (2;)

Now we replace f by Ref = 3(f + f) EasoRef € a,.

Let f € C,(X). We want to show that f can be approximated by functions in a,.

Let € > 0, fix xg € X and take x € X arbitrary. Find g, € a, such that g,(xp) = f(xp) and g(x) = f(x).

Since these functions are continuous, we have that g.(y) < f(y) + € in some open neighborhood U, 5 x. Then U,
covers X as we range across x € X. We have a finite subcover Uy, ..., Uy, and hy, = gy, A gx, A *** A 8xy-

Then hy, (y) < f(y) + € for every y € X where hy (xo) = f(x).

Doing this for all xy € X gives a collection {hy, },ex- For some Vy 3 xo, hy, (y) = f(y) — €.

Then {Vy, }x,ex covers X and admits a finite subcover V. ,...,V, which gives rise to h = hy, V hy, V +++V hy .
Therefore f(y) —e < h(y) < f(y) + . Therefore | f(y) — h(y)| < e for every y € X and h € a, (by the lattice property).

Theorem

Let B be a unital C*-algebra.
Then the Gelfand transform A : B> b+ b e C(M(B)) is an isometric *-isomorphism.

Proof

We know that A is a Banach algebra homomorphism (i.e. multiplicative, linear and ||A[| = 1).
We know also that A is a *-homomorphism with A(b*) = (A(b))™.
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The Gelfand transform also preserves spectrum where spg(b) = spc(a(p))(A(D)) because b € B is invertible if and
only if ¢(b) = b(¢) is non-zero for each ¢ € M(B) and, equivalently, b = A(b) is invertible in C(M(B)). Therefore the
spectral radius is the same r(b) = r(A(b)).

Take b = a*a for arbitrary a € B. Then ||a*al| = ||A(a*a)|| = ||A(a)*A(a)]], so ||al|* = ||A(a)||* and ||a| =
[|A(a)|| an isometry. It follows that A is injective (A(a) =0 = a =0).

To show that A is surjective (im A = C(M(B))), put a =im A. Then

* ais an algebra

* ais isometrically isomorphicto B (A: B — a < C(M(B)))

» ais norm closed (via Cauchy sequences)

*l€a

« feaimplies f € asince f=A(b) gives f=A(b)* = A(Db¥).

« for ¢1, ¢ € M(B), ¢, # ¢, implies there exists b € B such that ¢1(b) # ¢2(b), s0 b(Py) # b(¢s).

Therefore, we may apply Stone-Weierstrass to see that a = C(M(B)) implies A is surjective.
Examples
« B=¢"(N) = {{x,}nz0 : ||x|| = sup,, |x,| < +o0} is a commutative C*-algebra. Therefore ¢*° is isometrically
*-isomorphic to C(M(¢°°). Some maximal ideals can be identified with N.
o x={Xp}noo P Xn
N= {¢n}n=0 € M(¢7(N)) = X

where ¢ are dense in X. All other functionals are given by axiom of choice. X may be identified with the ech-
compcatification of N which is uncountable.

« B=L([0,1]). X = M(B) is an exotic space. It is "totally disconnected” and uncountable, but B = C(X).
« B = PC(T) gives a maximal ideal space that can be roughly identified as X = T x {0, 1} with a non-trivial topology.

« Finitely generated algebras. Caution: if A is a C*-algebra and a € A, B = alg{e, a} may not be a C*-algebra
since a* may not be in B. If B = alg{e,a,a”}, then it is a C*-algebra but may not be commutative.

« Take A a C*-algebra, a € A with B = alg{e, a} with a = a* or B = alg{e,a,a”} with aa™ = a*a. Then these are
g

both unital, commutative C*-algebras. In these cases, B = C(X) where X = sp ,(a)spg(a). We have a homeo-
morphism

1:M(B)3 ¢+ ¢(a) €sp(a)

with ¢(a™) = ¢(a).
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Recall

Given a unital, commutative C*-algebra B, B = C(X) where X = M(B).
Proposition

Let B be a C*-algebra such that B = alg{e, b,b*} where b*b = bb* (i.e. b is normal).
Then B is commutative and M(B) is homeomorphic to X = sp b by

7:M(B) > ¢p(b) € X =spbh.

In particular, B is isometrically *-isomorphic to C(x) by

A:Boar dor '=aeC(X)
Remarks
« spb* =spb; p(b*) = ¢(b).
caeBlaec(M(B))—a=(Aor ") eC(X)

b(x) = b(r ™" (x)) = b($) = p(b) = x.

« b Db(x)=x,beC(sph).

« B*(x) =bF (7 (%)) = B¥(¢) = p(b*) = p(b) = %.

Section 3.3.5: Functional Calculus for Normal Elements in C*-Algebras

For a continuous function g € C(X) where X =sp(b), b € B normal (i.e. b*b = bb™, define g(b) such that :g—(T?)(x) =
g(x) for g(b) € alg{e, b, b*} (i.e. g(b) =A~'(g) where A : B = alg{e, b,b*} — C(spb)).

Then b b(x)=x, b* - b* =% and g(b) - g(x).

In particular, if p(x) = Zpl—xi, then p(b) =.Zpl~l.9i.

a(x)=Y,;pijx'* and q(b) = Y, , piib' (b™)’.

Spectral Mapping Theorem

If bis normal and g € C(spb), then spz(g(b)) = g(spg b) (=img).
Section 3.4: Positive Elements in C*-Algebras

Recall

a >0 (a positive) if and only if a* = @ and spa € [0, +00).
This generalizes to A€ L(H) where A>0if and only if Vx € H, (Ax, x) = 0.
Forae C(X),a=0ifand only if a(x) =0, Vx € X.
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Proposition
Ifa=0and b=0,thena+b=0.
Proof

If @>0and b >0, then both a and b are self-adjoint and (a+ b)* = (a + b).
Thenspac[0,||a||]andspb<c[0,]||b]|] impIieSthatsp(a— “—ZHE) c [—%, HZ |:| and sp(b— @6) c [ HZ“, “Z”]
Since they are self adjoint,

lall || _ |lall ||all ||b]] ||b]] ||b]]
o= el - (- Uelly) Ul g |1, LEIL (- L1001
So
|lal| +||b]| ||al| ||b]] [lal| +||b]|
| It IR Lt | R

lell 41181 )  lal #1181 g

Therefore r (a +b-— 5

+1|b +1|b +1|b
Sp(Mb_llall I ||e>g[_||a|| [[b]] [lall +1I II}

2 2 ’ 2
We conclude that sp(a + b) € [0, ”“Hzﬂ] c[0,+00).
Theorem: Square Roots of Positive Operators
Let a = 0. Then there exists a unique element b = 0 such that a = b (notation: b = V/a).

Proof: Existence

(Using functional calculus)

Consider B = alg{e, a} with a = a* a C*-algebra. Then B = C(X) for X =spa € [0, +00).

a(x) is continuous and positive, so y/a(x) is also continuous and positive and therefore an element of C(X).

Then there must exist b € B such that b(x) = v/a(x). So (b)* = a, b(x) =0 and b* = a with b = 0.

Proof: Uniqueness

Assume a = b* = ¢* where b = \/a as above and ¢ > 0. We have b € alg{e, a}.

Obviously, ca = ac implies ca” = a"c and cx = xc for all x € alg{e, a}. So cb = bc.

Now consider By = alg{e, a,c}, a* = a, ¢* = ¢ and ac = ca a commutative C*-algebra. Then b = /a € By, a = b* = ¢,
b=0and ¢ = 0 implies that @ = (b)* = (¢)%, b =0, ¢ = 0 (continuous functions on M(---)). Therefore b= ¢ and b = .
Lemma

For a=a", there exist a;,a_ =0 suchthata=a, —a_, a,a_ = a_a, =0.

Proof

For B = alg{e, a} a commutitve C*-algebra, we apply Gelfand Theory / Functional Calculus. For x € M(B), define

0 a(x)<o 0 a(x)>0

éz+:{ﬁ(x) a(x) =0 and a_:{—a(x) a(x) <0
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So a;,a_ € Band a.C(M(B)).
Theorem:
Let b € B be an arbitrary element in a unital C*-algebra. Then b*b > 0.
Remarks
« Obviously true for B=L(H) or B = C(X).

- It was open for quite some time for general C*-algebras. It would be trivial if every C*-algebra were isomorphic
to some *-subalgebra of L( H). This turns out to be true.

« Recall that b* b = 0 boils down to whether e + b™ b is invertible.

Proof
b* b is self-adjoint. Therefore b*b=c—d for c =0 and d = 0 with cd = dc = 0.
To show: d = 0. Consider (bd)*(bd) = d(b*b)d = —d° <0 (i.e. d° = 0).
Then take bd = s+ it where s and t are self-adjoint. Since s and t are self-adjoint, S 0, * >0 and (s2 + t2) >0. So
(bd)*(bd) + (bd)(bd)* =2(s* + 1*) 2 0.
Therefore (bd)(bd)* = 2(s* +t°) +d° = 0. We know that (bd)(bd)* and (bd)* (bd) have the same spectrum (except
possibly {0}). Recall from the homework that for A # 0, A — xy is invertible if and only if A — yx is invertible.
Therefore the spectrum of (bd)(bd)* and (bd)*(bd) is {0} and
|| |” = [|(bd)™ (ba)|| = r((bd)" (bd)) = 0
so bd =0 implies d° =0, 0= r(d’) = (r(d))* = ||d||’ and therefore d = 0.
Corollary

An element a € B is positive (a = 0) if and only if @ = b* b for some b € B.

Proof

(<) by previous theorem.
(=) a =0 (a self-adjoint) means b = y/a. Therefore b > 0 and b” = a which implies b= b* and a = b*b.

Theorem: Polar Decomposition

Let a € B be invertible. Then there exists a unique unitary element u € B and positive element r € B (r = 0) such that
a=u-r.

Proof: Existence

Define r—\/a a. Since aand a* are |nvert|ble sp(a*a) €[6,+00) and r |s also |nvert|ble
Putu=a-r 'suchthat u*u=r*aa*r ' =r'r’ri=zeand uu* =ar 'a *a* = ar *a* =a(a” a) a=e.

Proof: Uniqueness
Write a = uyr, = usr, and consider a* a = (rl)2 = (r2)2 for ry,r, = 0 which implies r; = r,. It follows that u; = ari_1 is

likewise unique.
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Remarks

* left / right polar decompositions a = ur = sv for r,s =2 0 and u, v unitary.

« for A€ L(H) (not in general, not even for C(X)) (but it does work for L”(S)), A= U-R for R > 0 and U a partial
isometry (UU™ U = U or equivalently that (U*U)? = U*U). ker A and ker A* may not be trivial.

Corollary

If two Hilbert spaces are isomorphic as Banach spaces, then they are isomorphic as Hilbert spaces.

Proof

Take H; and H, Hilbert spaces with A: H; — H, an invertible bounded linear operator.
Define R = (A*A)"/2: H, » H,. Then A= U-Rfor U: H, - H, unitary gives U*U = Iy, and UU™ = Iy,. So
R U
Hl g Hl g H2

where U is a Hilbert space isomorphism and isometry. U*U = Iy, gives

(x, 7Y, = (U Ux,y),, =(Ux,Uy)p,
1

so U preserves (-,-) and ||x|| = ||Ux]|.
November 25, 2024

Section 3.5: -ideals, *-homomorphisms and Quotients in C-algebras
Definition: *-homomorphism

A homomorphism ¢ : A — B such that ¢(a”) = ¢(a)”.

Definition: *-ideal

An ideal J € A such that a € J implies that a™ € J.

Definition: *-subalgebra

AC Bis a subalgebra if it is an algebra and a € A implies a* € A.

Proposition

If ¢ : A— Bis a *-homomorphism between C*-algebras, then ker¢ is a *-ideal and im¢ is a *-subalgebra.
Theorem

Let I € A be a closed, two-sided ideal in a Cx-algebra. Then I is a *x-ideal.

Proof

t

l/nﬂfortzo.

Take a € I, consider b = a*a € I. Consider u,,(t) =
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IMAGE 1
Then u,(b)=b-(Le+b) " €.

IMAGE 2

For 0 < u,(t) <1,

Lyt
n

1 2
OS(un(t)—l)z-t:<1” ) -tsﬁ

With u, € C([0,||b[|]) and spb < [0, |[b][1, |1(ua(£) = 1)*t||c((o 617 = O and, equivalently, || (u,(b) — e)*b|[4 — 0.
Since (u,(b) —e)* = u,(b) — e, it follows that

1 Cun(2) = 1) el oo, p117) = |1 (un(b) — )bl | 4
= [[(n(b) = €)b(un(b) - )|
= [[(un(b) - €)*a* a(u,(b) - e)]|
= |la(un(b) - e)||*
= [(un(b) - €)a™]|* >0

Since u,(b) € I, u,(b)a* € I and since I is closed and u,(b)a* — a*, a* € I.
Theorem
Let Abe a C*-algebra and I € A be a closed *-ideal. Then A/I is a C*-algebra.

Proof

A/ I is a Banach algebra with operations [a]+[b] =[a+ b] and [a]:[b] =[a-b] where [a]=a+1={a+i : i€ I}.
We may further define [a]* = [a*] and a norm ||[a]|| = infie; ||a + i] | 4.
We want to show that |[[a]|]* = ||[a]*[a]]]’.

ll[[ali|| =inf[|a+i|| =inf|[a” +i"|[ =inf[|a” +i|| = |[[a"]|| = ||[a] ||
i€l i€l i€l

By the sub-multiplicativity of the norm, ||[a]*[a]l| = |[[a*1]| - [I[a]]| < ||[a]||®. In the other direction, write 0 < z < e
tomeanz=0ande—z20 (i.e. z=z" and spz<[0,1]). Then for z € I,

=inf||la+i|| = inf || =
I[alll =inf[la+il| = inf || =]|[a]ll
Since ||e—z|| =1,
I[a]l|* =inf{||a-az||" : 0sz<e, zET}
=inf{||(e-z)a"ale-z)|| : 0<z<e z€I}

<{|la*a(e-z)|| : 0sz<e z€T}

=|[a"a]l|
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Theorem

Let A, B be C*-algebras and ¢ : A —» B a *-homomorphism. Then im¢ = ¢(A) is a closed *-subalgebra of B. If ¢ is
injective, then it is an isometric *-isomorphism to its image.

Proof

Assume ¢ is injective.
Obviously, sp(¢(a)) S spa since a— Ae invertible implies ¢p(a) — Ae is invertible.
Claim: for a = a*, sp(¢(a)) = sp(a). Otherwise, there would exist Ao € sp(a) with Ao ¢ sp(¢p(a)).

IMAGE 3
So there must exist f : sp(a) — [0, 1] continuous with f|sy(p(a)) =0 and f(Ag) = 1.

IMAGE 4

Therefore sp f(¢p(a)) = f(sp(¢p(a))) =0 and, since f is real valued and ¢(a) is self adjoint f(¢p(a)) suffices. It follows
that f(¢(a)) =0=¢(f(a)) and that f(a) = 0. However, this contradicts our construction of f which set f(1¢) = 1.
Hence, sp(¢(a)) = sp(a) for any a = a*. Further, ||¢p(a)|| = r(¢(a)) = r(a) = ||a|| for any such element. For an
arbitrary elment b,

1e(D)|1> = 1 phi(B)*¢(b)|| = ||¢(bB)|| = ||1b™b]| = |||’

We conclude that ¢ is an isometry. Therefore, its image is closed since it is an isometry.
In the general case, assume that ¢ is not injective.
Consider the quotient algebra with I = ker¢ and w([a]) = ¢(a).

> ¢(a) S B

A 4
N2
All
We hae that 7 is a surjective *-homomorphism, v is an injective x-homomorphism,
and A/Iis a C*-algebra. Therefore A/I = ¢(A) is an isometric isomorphism as above.

Corollary
If B< A are C*-algebras with I a closed #-ideal of A, then B + I is a *-subalgebra of A.

(B+1)/I1=B/(BNI)

Proof

Consider the quotient map 7 : A — A/ I restricted to B, | : B — (B + I)/I which is closed in A/I. Therefore B+ I is
closed in A because if b, + i,, = a, [b,] = [a]. Therefore [a] e (B+I)/Ianda=b+i€ B+ 1.

We have that B + I is a *-subalgebra of A where b+ [b] is surjective ([b+ i] = [b]) *-homomorphism.
Thenkern|g=BnI,and:B/(BNI)— (B+1)/Iis anisometric *-isomorphism.

Section 3.6: Positive Linear Functionals
Definition: Positive Linear Functional

A linear functional ¢ (on a C*-algebra) is called positive (¢ > 0) if for all positive (a = 0) a € A, ¢p(a) = 0.
If, in addition, ¢(e) = 1, then ¢ is called a state.
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Remark
Positive functionals satisfy ¢(a”) = ¢(a).
Proof

Fora=a",a=a,—a_, a; 20. Therefore ¢p(a) = p(a,) —p(a_) ER.
For general a=s+it, s and ¢t self-adjoint,

Pa”)=p(s—it) = p(s)—ip(r) = ¢(s) +ip(r) = p(a)
Remarks

s ¢1,¢, = 0implies ¢+ ¢y =0
« ¢ =, ifandonly if p; —¢pp 20

Examples

B = C(X) with X compact Hausdorff. M(X) regular borel measures.

+ All bounded linear functionals, u a complex regular borel measure.

u(f) = ij du

+ Positive linear functionals, u a (positive) regular Borel measure

o) = | fan
- State ¢(e) =1if and only if u(x) = [, du=1.

+ Multiplicative linear functionals, 6, the Dirac point measure.

u(f) = f(x0) = jf do.,

- [f.gl= ijg du semi-inner product (not a norm since [ f, f] = 0 does not imply f =0, and no completeness).

November 27, 2024

Recall: Positive Linear Functionals
C*-algebra A, ¢ 2 0if p(a) =20, Va€ A, a=0.
« ¢p=0gives p(a) = p(a”)
* 1, 20implies ¢ + ¢, 20

* ¢1= ¢y ifandonly if o — ¢y 20

70



Example

A = C(X) positive linear functions, ¢(f) = ij du, u regular Borel measure.
¢ is a state if p(e) =1

Example

nxn

A=L(C")=C"" linear functionals

n
T
¢p(A) =trace(B A) = z bija;;
i,j=1

Positive linear functionals correspond to B = 0. For A = 0, this implies

¢p(A) = trace(Al/zBTAl/z) = trace(BTA)

where A = AV2AV2 Bso implies that

¢5(A) = trace(A'*(B") 2 (") 4'%) = trace(C*C) = Y CjeCji 20
J.k

Conversely, assume ¢ = 0 and choose

Then

¢p(A) = trace(BTxx*) =x"B x= (BTx,x>
for any x € C". Therefore B'>0and B>o0.

Example

A=L(H). A subset of positive funcionals is described by positive trace class operators C;(H).
For K € C1(H), ¢px(A) = trace(KA).

Finite Rank Operators

Finite rank operators are a subset of trace class operators. For xe H, K=x® x".
kz=x-(zx).

Proposition: Schwarz Inequality

For a positive linear functional ¢ = 0, [¢(x*y)| < p(x*x) - ¢(y*y), Vx,y € A.
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Proof

* * * *
x x=z0andy y=0,s0¢(x x)=0and ¢(y y)=0.
Define [x, y] = ¢(y" x) which has

* linearity in x and anti-linearity in y.
» [y.x] =[x y]since ¢(x"y) = ((y" x)") = p(y*x).
e [x,x]=¢(x"x) =0.

Then [x—Ay,x—Ay] = 0 for all . Assume, without loss of generality, that [x, y] is real (otherwise we may replace

([zx,y]for |[t| =1) If [x,x] =0o0r [y,y] =0, then [x, y] = 0. Otherwise, put 1 = — BJ}:

W}

(A}

If [x,x]=[yy]=0,then —A[x,y]+ A[y,x] = 0 implies that [x, y] = 0.
Rmeark
p(x) =+/[x,x] is only a seminorm, not a norm. Thatis p(x) =0/ x=0.

Proposition:

If ¢ =0, then ¢ is bounded and ||p|| = ¢(e).

Proof

(e )" < p(x"x) - p(e”e)
We know that r(x*x) = ||x*x|| = ||x||* and sp(x*x) € [0, || x]|*].
So [|x|]?-e—x"x20 (x*x<||x||*-e) and ¢(||x|]*- e— x*x) = 0.

¢le)- []xI° = p(x"x)

Therefore |(x)|* < ||x||* - p(e)* implies that ¢(e) < ||p|| < ¢(e) which shows also that ¢ is bounded.
Remark
¢ =0 and ¢(e) =0 implies that ¢ = 0.
Proposition
If ¢ is a bounded linear functional on A and ¢(e) = ||¢|| then ¢ > 0.

Proof

Without loss of generality, consider ¢(e) = 1.
Assume that a >0 and ¢(a) =a+if <O0.
If B+ 0, them consider ¢p(a+ide)=a+i(f+A)for L €R.
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B+ Al < |p(a+ile)
<|la+ilell

= [(a+ite)* (a+ire)||''?

= ||a*a+a*il—ai/1+/lze||1/2
2 2\1/2
< (llal*+2%)"
So (B+1)% < ||a||* + A% which means §° +2A < ||a||* which cannot hold for A — +oo.
If 6=0and a <0, then

¢(llalle—a)=[lal| —a>||al|

On the other hand ¢(||a||e—a) < ||||al|e—a|| < ||a|| since sp(a) € [0, ||a||] implies that sp(||a||e—a) € [0, ||al||]
and ||||al|le—a|| = r(||a||e—al| < ||a|| which is also a contradiction.

Theorem:

Let B be a C*-subalgebra of a C*-algebra A (all unital) and ¢ be a positive linear functional on B.
Then ¢ has an extension to a positive linear functional on A.

Proof
¢ =0 (on B),so¢€B*and ||p|| = ¢(e).

Hahn-Banach tells us that there exists an extension ¥ € A* onto A with y|g = ¢ such that ||w]|| = ||¢||. So
[lw|| = ¢(e) = yw(e). By the preceding proposition, w7 > 0 on A.

Section 3.7: Representations of C*-Algebras and GNS-Construction
Definition: Representation of a C*-Algebra

A representation (, H) of a C*-algebra A is a *-homomorphism 7 : A — L(H) such that zz(e) = I.
Example

A=L(H), n =id is trivial [id, H].

Definition: Inflation

If (m, H) is a representation of A, the inflation " is given by the block matrix
m(A)
A
n'(a) = 7(4)
n(A)
with H,=H®H&®---®H (=HXHX -+ X H).

Example

A= C(X) (arbitary p Borel measure) or A= L% (X,dp).
Take H = I°(X,dy), then w: C(X) 3 f + My € L(H) by M;g = fg where g € L*(X, dp).
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Definition: Direct Sum of Representations
The direct sum of representations (7, H,) by n = @, 7, and H = P, H,.

For a finite or countable direct sum, we may think of this as

mi(a)
my(a)

n(a) =
my(a)

Definition: Equivalence of Representations

Two representations (71, H; ) and (7, H>) are said to be equivalent if there exists unitary U : H; — H, (U U = Iy, and
UU™ = I,) such that Uny (a)U™ = m5(a).

Definition: Cyclic Representation
A representation (77, H) is cyclic if there exists some v € H such that clos(n(A)v) = H (i.e. clos{n(a)v : a € A} = H).

Example

Take

with 7(a) = a € L(C*) sinc by v = (Zl) for vy, v, #0.
2

If instead we take

and 7(a) = a then this is not cyclic since n(A)v = lin{v}.
Theorem
Each representation is equivalent to a direct sum D, 7, of cyclic representations.

Proof

If  is not cyclic, show that & = m; @ 75.
Apply Zorn’s lemma.

December 2, 2024

Recall

 Representation (7, H)

— m:A— L(H) a *-homomorphism.
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+ Direct Sums
-n=Pn,and H=P H,
« Cyclic (7, H)
— dv € H such that clos(n(A)v) = H.
» Theorem: Every representation is equivalent to a direct sum of cyclic representations.

— (m, Hy) ~ (72, H) if 11 (@) = Unp(a)U™ for U: H, — H.

Proof

LetE={EC H : n(A)v; L 7(A)vy, Vv1, 15 € E, 11 # vo} Which may be ordered by inclusion to apply Zorn’s lemma.
Then £ admits a maximal element E € £. Define Hy = @, clos{n(A)v} € H. Note that Hy is closed, since it is an
orthogonal sum.

Claim: Hy = H, otherwise H = Hy ® H; for H; # {0}. Then for every v € Hy, h € H; and a,b € A, (n(A)v,h) =
(m(b*a)v, h) = 0. Therefore

0=(n(a)v,n(b)h)
n(a)v La(b)h
n(A)v La(A)h

This means that Eu {h} € £, but E was maximal by assumption so & € E. This implies that H; = {0}, a contradiction.
Now H, = clos(n(a)v) for v € E, so H,, L H,, for vy # vo, H= & e Hy, and n,(a) = n(a)|y, is a representation.
n(a)H, € H, and n(a*)H, € H,,.

For H = H,, & H,,, with {(})} = H,,,

Then, since n(a*) =n(a)* = (: 2)

wo=(; )

with respect to H,, & H,,. Therefore n(a) = @ ,cz7,(a) and H = (+) H, = € H, (where the former is a literal sum).
Write

V= Z b, - (bv)veE

b,€H,

1/2
and [|v]] = 1Y bl = (T 115.11) " = 118 I @ 1,
GNS-construction

Gelfand-Naimark-Segal
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Theorem

For a unital C*-algebra A:

1. for a positive linear functional ¢, there exists a cyclic representation (74, Hy) and a cyclic vector v, such that

¢(a) = (my(a)vy, ve)

2. For a cyclic representation (7, H) with cyclic vector v € H and positive linear functional ¢(a) := (z(a)v,v), we
have that (7, H) ~ (7, Hp).

Remark

Positive linear functionals are in one to one correspondence with equivalence classes of cyclic representations.
Proof of A

Write [a, b] = ¢(b* a), a semi-inner product ([a,a] =0 == a =0).

Take L={a € A : ¢(a*a) =0} a closed linear subspace. Since |¢(b*a)|* < ¢p(a“a)- ¢(b*D), for each a,b € L we
have that [a, b] = 0 implies that [a + b,a+ b] = 0.

Lis a left-ideal. Thatis, a € A and x € L implies ax € L. Write

(,b((ax)*ax)2 =¢(x"a” ax)2 <p((x*a*a) x a*a) ¢p(x"x)

=0

For Hy = A/L a vector space with well-defined inner product (a+ L, b+ L) = [a,b] = ¢(b* a), we have an induced norm
|la+L||* = ¢(a*a) and can take Hy to be the completion of Hy. Then

2 * % 2 2
llax+L||"=¢(x a ax) <||al|”-||x+ Ll

Write mg(a) : Hy — Hy by x+ L+ ax+ L (which is well-defined because L is a left-ideal). This map is linear, bounded
(by previous computation), and may be extended by continuity to 74(a) : Hy — Hy.

It remains to show that 7y, Hy) is a representation. It is multiplicative ,(ab) = ng(a)m,(b) from the definition. We
have also that my(a”) = m4(a)” since

(71(1)(a)*(x+L),y+L>H0 = <x+L,7t¢(a)(y+L)>
=(x+Lay+L)
= ¢((ay)"x)
=¢(y"(a"x)
=<a*x+L,y+L>
=<n¢(a*)(x+L),y+L>HO
Finally, we have cyclic vector vy = e + L since my(a)(e+L) = ae+L=a+ L. So ny(A)(e+ L) = A/L = H, and the

closure is Hy.

Definition: State space of a C*-Algebra

The state space of an algebra Ais S = {¢p =0 : ¢(e) = 1} for positive linear functionals ¢.
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Remark
[|6]] = ¢(e) = 1, s0 S, is a subset of the unit ball of the dual space A' of A. This is convex and compact in the
weak*-topology.

If Ais commutative, then S, is a maximal ideal space.

Definition: Extreme Points of a Convex Set

The point a € C, for C convex, is extreme if a = Aa; + (1 —A)ay, a;,a, € C, A € (0,1) implies that a; = a, = a.
Write ex(C) for the set of extreme points.

IMAGE 1

The collection ex(S,) are called the pure states.

Theorem: Krein-Milman

For a compact, convex set C of a (Hausdorff, locally compact) topological vector space such as C =S4, ex(S4) # 0 and
Sa = clos(conv(ex(S,4))) (i.e. the closure of the convex hull of the extreme points).

Proposition:
[|a|| = max{¢(a) : p €Sy} forall a=0.
Proof

Case A = C(X) for X a compact, Hausdorff space, S, can be identified with the positive regular Borel measures y on
X with p(X) = 1.

ula) = [Xa<x> du(x)

The extreme points are given by the Dirac measures ex(S,) = {0y, : xo € X}. Thenforall p € Sy

lp(a)l < |lpl] =1lall
——
=¢(e)=1

So

llalls = max{a(x)} = a(x) = @5, (a)

for some xy € X.
In the general case, consider a = 0 and A, = alg{e, a} a commutative C*-algebra. By what we have just proved, for
some ¢y € Sy,

llall = ¢o(a)

We may extend ¢ € Sy, to ¢ € S, by Hahn-Banach for positive linear functionals such that

lall = ¢o(a) = Pp(a)
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Theorem

Let A be a unital C*-algebra. Then there exists a representation (7, H) such that 7 : A — L(H) is a *-isometry.
If Ais separable, then H can be chosen to be separable.

Proof

F c S, weak*-dense (A separable implies the existence of a countable F).

Using the GNS-construction, ¢ € F gives (g, Hy). Take 7 = @¢€Fn¢ and H = EB(peF Hy.
n:A— L(H) is a x-homomorphism, since it is the direct sum of x-homomorphisms.

* [lz(a)ll < |lall

o |lmg(a)| | = ||mp(a) vyl = (mp(a* a) vy, vy) = [a*a+ L e+ L] = p(a”a).

2 2 * * * 2
[Im(a)l|” = sup||my(a)||” =z supp(a a) = maxp(a a) =||a al| = ||al|
PeF ¢EF $ES,
so ||n(a)|| = ||a|| and 7 is an isometry.

Corollary

Every unital C*-algebra is isometrically *-isomorphic to some closed *-subalgebra of some L(H).

December 4, 2024
Chapte 4: Toeplitz Operators

L*(T)=¢*(2); T={reC : |t =1)}.
G f(t)=Y cq fut" = {fu}nez is an isometric isomorphism.
fa=3=f(e™)e " dx the fourier coefficients.

{feLl’(T): fy=0,Yn<0}= {anr” e (N, 1] = 1} = H'(T) = *(N)

n=0

With H(T) the Hardy space. One can identify fe H*(T) with f(z) = Y 50 fnz” for |z| <1 and an analytic extension
H*(T) 3 f ~ f which is the set of all functions f : D — C analytic and

1 (7. o 1/2
sup (E[ If(relx)| dx) < 400
=7

0<sr<1
More General
p . (7 ixy|p
Take L”(T): [7_|f(e"™)]” dx < +00,for 1< p < +00.

Then HP(T) ={feL” : f,= VYn<0}is aclosed subspace and it can be identified with the space of all f: D — C
analytic and

1 s ixy|P 1p
sup (Ef |f(re )l dx) < 400
-

0=<r<1
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Harmonic Extension / Analytic Extension

Write the harmonic extension

hif=Y fut"el’ (T Y furl"le™

nez nez

where

Then (h(f))(re'™) = (h, f)(e'") and

n n
t' >z, n=20

n

n -
r -z , n<o0

So h(f) is harmonic as the sum of analytic and antianalytic functions, (% + %) h(f)=0. So

. n — 2 .
(he 1)) = 5 | M) dy

—ml=rcos(x—y)+r

P:1”> Y nez fut" e znzofnrnemx = anofnzn'

iy b4 iy
(pf)(z)zi f(1) dr =2 1 Md

2mi Jpt—z 21 ) _,1—e Vg

p_: ZnEZ fntn = anofnrnemx'
b4 iy
_feT)

(P = 55 | Lo

So for z = re'”,

( 11 )_ 1-1°
l—e Wz 1-—e*VZ) 1-rcos(x—y)+r?

One can show for 1 < p < +oo, f € L” implies that h, f — f in the L”-norm.
Then also if f € H” then h, f — f.

Riesz Projection Operator

P:Yy crfut' Y 150 fat" is bounded on L” (for 1 < p < +00, but not for p =1 or p = o).
H = P — P_ is the Hilbert transform on T. So

m(i) =35 [ (- o D @y

—a\l—e"Yre* 1—etWre ™
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Soasr—1,

ixy 1 (7 x—y iy
(7)) = 57 | cot(5FE) ste™ ay
which is a singular integral and requires a Cauchy principle value.
It follows that imP = H”(T) and kerP = {f € L : f, =0, Vn = 0} = 1HP(T) where H*(T) = {f € L"(T) : f, =
0, Vn>0}.

Multiplication Operators

Take a € L(T), then

M(a):L’ > fwafel?

And

[IM(a)fllr = lafl|ce < |lal|z=- || fl]r
so [|[M(a)|| < |lal]ze.
Theorem

Let A € £L(L) be continuous and assume that M(t)A = AM(t). Then there exists a unique a € L”(T) such that
A=M(a)and [[M(a)|| =|al|re=.

Corollary
For a € L, M(a) is invertible if and only if a is invertible in L.
Proof

A= M(a) implies that M(t)A= AM(t),so A~'M(T) = M(T)A™". So A" = M(b) for b e L. Therefore

1= M(a)M(b) = M(ab)
implies ab = 1.

Toeplitz Operators on Hardy Spaces

For a e L(T),

T(a):H” > f P(af) e H’

eL?

Note: || T(a)|| < [IP||-|IM(a)|| =||P[]-||al|r= sofor p=2, ||P||=1andfor p#2, [|P|| > 1. Also ||a|| < || T(a)ll.
Vi=T(r)by f(t)m tf(t)and Vo, = T(¢ ") by f(£) Ltf(o) are the forward and backward shift respectively.
Then T(d): l}_lT(Gl)Vl.
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Theorem

Let A€ £(H") be bounded and assume that V_; AV; = A. Then there exists a unique a € L (T) such that A = T(a)
and ||al| = [|T(a)|| = [|P|]-]|all.

Theorem
If T(a) is invertible on H” for a € L*°, then a is invertible in L. The converse is not true.
Laurent Operators

On ¢P(Z). If p =2, then L*(T) = ¢*(Z).
Take a€ L by a=) a,t". Then

M(a)f=af = (Zantn)<2fmtm) = Zanfmtn+m = Z(Z“nfn—k)tk
n m n,m k n

The Laurent operators on ¢7(Z) are given by

L(a)x=y J’n=zan—kxk y=axx
kez

where x = (x,,) ez and y = (yp) ez are in €7 (7).
Multiplier Classes

Forl<p=<oo, M,isthesetofall ae LI(T) with a = (a,) nez
For all finite supported x = (x,,) ez € €7 (Z), a* x € ¥ and ||a * x||s» < C||x||¢v.
Then for a € M, we can obtain L(a) by continuous extension x € ¢”, () 2% L(a)x = lim, 00 a% x™ inthe £”-norm.

Now L(a)x = a * x the convolution product converges. So for ¢”(Z)

X-1
X0
X1
X2

x={Xp}tnez =

and

ay, ay a—
L(a) = a, ay a_
a ag a_

which is (a;_i)j kez. For Laurent operators, U, L(a) = L(a)U, for

U; :L(l’)E

(=)
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Multiplier Classes
* M, =L"(T)
- 1,1 _
. Mp—quOI’;-FE—l

« M, = Mo, = W the Wiener class {a,} € ¢' with M; €

p: ép E] {xn}nEZ = {yn}nEZ EZP

_|Xp n=20
=10 n<o

where im P = ¢”(N) so T(a)x = P(L(a)x) on ¢”(N) and

ap  a;
a_q [Z0) a

T(d) - a1 ayg ady

Remarks
« Ais bounded on ¢”, U A = AU, implies A= L(a) with a € M),.

* A=L(a), a€ M, invertible implies a is invertible in M,,.

Theorem

Let A = £(¢"(N)) be bounded and V_;Av; = A. Then there exists a unique a € M, such that A = T(a) and
| T(a)ll = IL(a)|] =:||al|m,-

Theorem

If T(a) is invertible, then a is invertible in M,,. The converse is not true.

[a—
S =

S -

So V_; AV; = A gives a diagonal setup.
Theorem

For a € C(T), T(a) is invertible on H”(T) if and only if a(t) # 0 for every t € T and wind(a) = 0.

Theorem (Widom)

The spectrum of T(a) on H”(T) is connected.
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Theorem

For ae L(T), a real valued on H?,

spT(a)=[a,p]

where a = ess-inf;c1 a(t) and B = ess-sup e a(t).
Example

For a= yg, u(E) >0, u(T\ E) >0, we have that sp T(yg) =[0,1].
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