Analysis Il

Homework

Exercises (homework) can be found in the script at the end of each Chapter.
Chapter I: # 3 (only for convex sets), # 4 due Th 4-25

Chapter II: # 2,4,5,6 due Th 5-2

Chapter IlI: # 3¢, 4 due Th 5-9

Chapter IV: # 2b, 3, 4, 6 due Th 5-16

Chapter V: # 2,4,6 due Th 5-25

Chapter VI: # 2,3,4 due Th 6-1

Key Dates

Instruction begins: Mo, April 1
Instruction ends: Fr, June 7
Final’s week: June 10-13 (Mo-Th)
Holiday: Mo, May 27

April 2, 2024

No class Thursday, April 04.
Makeup class (tentatively) on Friday, April 12 at 10:30.
Discussion sections on Fridays (tentatively) at 11:40.

Topological Vector Spaces

Definition: Vector Spaces

V over afield F (R or C).

Definition: Topological Spaces

(X,7) where T € P(X) satisfying

1. g, XET
2. ABET = ANBET

3. Ayer = |J,AvET

Recall: Ae T < Aopen < X A closed.

A° =] vea U the set of interior points of A.
. U open

A=() F2a the closure of A.
F closed

A limit points of A.

Compact sets.

Locally compact sets.

Recall: X is Hausdorff iff Vx,y € X, AU,V et suchthatxe U, yeVandUNV = @.



Definition: Bases for Topological Spaces

Definition: Let (X, 1) be a topological space. o € 7 is called a base for topology 7 if Vx€ X, VU €1, x€e U, AW €0
suchthat xe W c U.

Proposition

o S 1 is a base for 7 if and only if every U € 7 is the union of certain sets taken from o.

(*) T:{U Wy : {Ww}wngar Q}
wCQ

Proof

(=)
(=) Take U€tandletxe U, ~ find W, €0, x€ W, S U.

u=|J{xre|Jwicu

xeU xeU

Therefore | .oy Wy = U.

Proposition

If o is a base for some topology t on X, then

1. Vxe X, AW e o such that x e W.

2. VU, Veo,VxeUNV,AW eo suchthatxe wcunV.

Conversely, if 0 € P(X) (@ ¢ o) satisfies (1) and (2), then o is the base for a topology 7 (and 7 is given by (*)).
Note that U,V et = UNV € 1 (requires (2)).
fU=JUgand V= Vg, thenUNV = Umﬁ(Ua NVg) = Ua,ﬂ User Wa,p,x-

Example: Metric Spaces

(X,d) is a metric space if d : X X X — [0, +00) satisfies

1. d(x,y)=0if and only if x = y.
2. d(x,y)=d(yx).

3. d(x,z) <d(x,y)+d(y,z) (triangle inequality).
Definition: Epsilon Neighborhoods

Be(x)={y€x: d(xy)<e}

Ac X is openif and only if Vx € A, 3¢ > 0 such that B.(x) € A. x € B.(x).



T = set of all open sets.

o1={Be(x) : x€X,;>0}

is a base for the topology 7.

Oy = {Bl/n(x) : x€X, neN}

is also a base for 7.

Definition: Direct Product - Product Topology

Let (X1,7;) and (X»,1,) be topological spaces.
Consider X = X; X X,. The product topology 7 on X is given by the base

0'={U1XU2 U eTy, U2€T2}

More explicitly,

T= {U Ul,w X UZ,w : Ui,w (S Ti}
®

(X,,7,) topological spaces (w € Q)

X = 1_[ = {(xw)weﬂ Xy € Xw}

w€eQ

Formally, f = (x)weq, %o = f(®), f: Q= |J,cq Xo such that f(w) € X,,.
[x # @ < X, # @ axiom of choice]

o= {1_[ u, : U, €1, and all but finitely many U, = Xw}

weQ

Definition: Subspace Topology

Given (X,7) and Y € X, then (Y, 7y) is also a topological space where

1y{UNnY : Uet}

Definition: Local Bases for Topological Spaces

A collection y € 7 is called a local base at x € X if

1. VUET, x€U,IJW eysuchthatxe Wc U.

2. VWey,xew



Example

Let (X,d) be a metric space.

Yx={B:(x) : €>0}

is a local base at x. Similarly,

Jx={Bijn : neN}
is a countable local base.
Proposition

If v+ (x € X) are local bases for t at X, then

U=UYx

xeX

is a bse for 1.

Proposition

{yx}xex are local bases at x for some topology 7 if and only if

1. Vx € X, y, is a non-empty collection of subsets containing x.

2. Ieryx,Veyy,andzeUmV,then dWey,suchthatze WcUnV.

Definition: Topological Vector Spaces

Suppose V is a vector space over F =R, C and let 7 be a topology on V.
Then V is a topological vector space (TVS) if

1. Vx eV, {x}is closed.
2. The functions f, g (i.e. algebraic operations) are continuous.
f:VXVSV, f(x,y)=x+y

g:FxXV-V, g(hx)=21-x

Notation
For A;,A, €V and B € F,
A1+A2={a1+a2 : aleAl, azeAz}
a+ A ={a+a: aeA}

B-A={f-a: BEB, ac A}
a-A={a-a:aeA}
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Lemma

Let V be a TVS. Then

1. Vx,y€V,VopenU,yydx+y, dopen U, 3 x, open Uy, 3 y such that Uy + Uy C Uyyy.

2. VxeV,a€F, V open U, dax, dopen U, 3> x, U, 3 asuchthat U, -U, € U,,.

Proof of 1

Given x,y € X, x+y € Uy, open.

f(x’y)=x+yeUx+y

and (x,y) € f_l(Ux+y) open. In the product topology

(%) € U XUy € [ (Upsy)
which implies x € U, and y € U,,, both open, and U, + Uy, < Uy,
April 9, 2024

Office Hours: Th 11:30 AM - 1:00 PM
Makeup Class: Friday, April 12 at 11:00 AM.

Lemma 1
Let VbeaTVS

1. Vx,y €V, VU, 3 x+yopen, AU, 3 x,U, 3 y such that Uy + Uy, € Uy, y.

2. YaeF, YU, > axopen, AU, 3 a openin F, U, 3 x such that U, - U, S U,.

For 2. with a =0, Vx € X, YU 3 0 open, 36 >0, U, 3 x open such that B;(0) - U, € U. Thatis, U, € U, VY|B]| < 6.

Proposition

Ina TVS, the maps

1. Translation: T,: x€e Ve X+a€V (aeV)

2. Multiplication: My : x€ Vi A-x€V (LEF, 1 #0)

are continuous (in fact, homeomorphic).

Proof

We know (x,y) — x+ y and (A,x) — A - x are continuous.



Inversions

TgoT_,=id, T_,0 T, =id, M, oMl//l =id, and Ml//l o M, =id.
Therefore they are bijective and the inverses are continuous.

Remark

If U is open, then a + U is also open.

If yo is a local base at 0, then y, ={x+ U : U €yy} = x+7,is a local base at x.
Recall that v, is a local base at x if YW 3 x open, U € y, suchthat xe U S W.

That is, in a TVS only local bses at 0 are needed. We may interpret “local base” as “local base at 0.

o= J(x+y0)
XEV
is a base for the TVS.
Types of Topologial Vector Spaces
Normed Spaces / Banach Spaces
A normed space is a vector space over [ together with a norm ||-||,i.e.amap ||-||: x € V = ||x|| € [0, o0) such that

1. ||x||=0 & x=0.
2. [[x+yll = [lx[[+Il¥ll-

3. [|Ax]] = |A]- [1x]].

Remarks

A normed space is a metric space with d(x,y) = ||x—y||.
A local base (at 0) is given by e-neighborhoods:

Yo ={B(0) : £>0}

where

B(0)={xeV : [|x]| <&}
(open ball with radius € > 0).

Convergence in Normed Space

A sequence {x,} (x, € V) convergesto A € V if lim,,_, || X, — x|| = 0.

A sequence {x,} is Cauchy if Ve >0, AN such that Vj, k2 N, || x; — x¢|| <e.
A normed space is complete if {x,,} Cauchy implies 3x € V such that x,, — x.
Complete normed spaces are called Banach spaces.



Example 1

¢P(N), 1< p < oo, the set of all sequences {x,} =1 = x such that

00 1/p
||x||=(2|xn|”) < +00

n=1

Recall {x,,} + {yn} = {xn + yu} and A{x,} = {Ax,}.
¢? spaces are complete and therefore Banach.

If {x,} € ¢ and {y,} € 9, then {x,y,} €', L +1=2€[0,1](eg. £~ - ¢ =</

1,1
P q
Example 2

¢ (N), the set of all bounded sequences

[1x|| = sup |xp| < +00
neN
Example 3

Co(N) € ¢”(N), the set of all sequences {x,}

lim x,=0
n—oo

C, is a closed subspace, and both are Banach.

Example 4

LP(Q),1sp<oo,Qc R a Lebesgue measurable set with m(Q) > 0, the space of all equivalence classes of Lebesgue
measurable functions f : Q — F such that

1/p
||f||=<JQ|f(x)|pdx) <400
Example 5

L% (Q), the measurable and essentially bounded functions

1711= inf sup [£(x)] <00
m(ﬁ)=0X€Q\N

=88 SUP,eq|f(x)]

LP(Q) spaces, 1 < p < o0, are Banach.

Example 6

For Q + @, let B(Q) the set of all bounded functions f : Q — F with

[1£11 =sup|f(x)]
xX€EQ

is a Banach space.
fn— fin B(Q) if and only if f,, converges uniformly on Q to f.



Example 7

Let Q be a topological space and BC(Q) the set of all bounded, continuous functions f: Q — F.
Then BC(Q) € B(Q) is a closed Banach subspace under the same norm.
That is, the uniform limit of continuous functions is a continuous function.

fn—=f = fe€B(Q)
r€BC(Q)

Example 8

Let K be a compact, Hausdorff space.
Then C(K) is the set of all continous functions f: K — F and C(K) = BC(K).

F Spaces / pre-F Spaces

A pre-F-space is a TVS where the topology is given by some invariant metric d(x+ z,y + z) = d(x,y) or d(x,y) =
d(x—y,0).

An F-space is a complete pre-F-space.

A local base (at 0) is given by

Yo={B:(0) : >0}, Be(x)={yeV :d(xy)<e}

Example 1

¢P(N), 0< p <1, the setof all {x,,},=; such that

(&)
Z |x,]7 < +00
n=1

with

(ee]
d(xy)= xn=ynl”
n=1

Note that this obeys the triangle inequality specifically because it has not been raised to 1/ p.

d(Ax,Ay) = |A|” - d(x,y)

means that d(z,0) is not a norm.
Here, B.(x) are not convex sets.

Side Remark

Given R?, the ¢” norm for 1 < p < oo is given by

G x2) | = (12 ]” + x| P) P

and the distance for 0 < p < 1 by

d((x1,%2))) = 211" + [x2|”



The € neighborhoods for p = 1 are diamonds, p = 2 circles, p = oo squares with smooth transition between them.
However, for 0 < p < 1, we have concave diamond shapes.
These norms and metrics are all equivalent on R in the sense that they give the same topology.

Locally Convex TVS
A TVS which has a local base y at 0 consisting of open neighborhoods of 0 which are all convex.

Definition: Convex Set

Aset AC Visconvexif Vx,y€ A, 1€[0,1],then Ax+(1—-A)y€ A
Alternatively, the line segment between x and y is contained in A ([x, y] S A).

Fréchet Spaces and pre-Fréchet Spaces

A pre-Fréchet space is locally convex.
A Fréchet space is a locally convex F-space.

April 11, 2024
Fréchet Spaces

Example

S = {{{x,} =1 the space of all sequences x,, €F.

0
1 |xn =yl
d({xn}’{yn})z z_n’ 1+|’; _73, | <+00
n n

n=1

Triangle inequality:

a+b a b
< + ,
l1+a+b 1+a 1+b

a,b=0

invariant metric, complete.

Yo ={B:(0) : €>0is alocal base.

Fo={Uen : €>0,NeN}.

Uen = {{xn}ner ¢ |xln<e,Vn=1,...,n}.

Ve >0, 3¢ >0, N such that U; y € B:(0).

Vé>0,N, e > 0 such that B.(0) € Ug y.

2™ S x in metric of S as m — oo.

2 = My 1% ifand only if Vi e N, £ — x, as m — oo (pointwise, componentwise convergence).

Example

C(Rd), the set of continuous functions f : R S F.

I fI = sup |f(x)]
TN

N’ _
L8 T+ (7 -gllln



Complete Fréchet space.
“Locally uniform congergence” such that f;, — f in metric of C(IRd) if and only if ¥ compact set K € IRd, fn converges
to f uniformly on K.

Example
C®[0,1] the set of infinitely differentiable functions f:[0,1] — F.

111 = sup]lf(")(x)l

x€[0,1

[(o¢]

n=0

1=|[1f - glllx

Fréchet space.
fn— fin C®[0,1] as m — oo if and only if for every m € {0,1,...}, f,%") - f(”) uniformly on [0,1] as m — oo.

Proposition

Every TVS is Huasdorff.

Proof

Letx,yeV,x#y.

For U =V \ {0}, and open set, x— y € U.

Using the continuity of (x%, y°) ~ x* — y* and Lemma 1, there exist U, 5 x and U, > y open such that U, - U, € U.
Note that U, N U, = @, otherwise there would exist z € U, N U, such that 0 = z— z € U, — U, € U a contradiction.

Definition: Balancedness

A subset U of a vector space V is called balanced if VA €F, || <1, AU € U.
Example

For V = IRZ, F =R, an ellipse is convex and balanced.

Note that since A =0 is a valid choice, 0 is always in a balanced set.

A retangle, offset from the origin, is convex but not balanced.

A concave diamond centered at 0 may be balanced.

An annulus is neither.

Exercise

Show that for V = C, F = C, the balanced, convex sets are the open and closed disks along with the entire plane.

Proposition

1. Every TVS has a balanced, local base.

2. Every locally convex TVS has a balanced and convex local base.

10



Proof of A

e.g. y={U : Uopen, 0€ U}.

For every U € y, construct another U open, 0 € U <€ U balanced.

Then 7 = {U : U taken from y} is a local base.

Use Lemma 1 again and the continuity of (1,x') ~ 1-x at 1 =0, x' = 0.
Given open U 30, find § > 0 and open Uy 3 0 such that B,5(0) - Uy € U.
Thenfor a €F, |a| <6, a-Uy € U. Take

U= U a-U

a€lF
|a|<6

Therefore U is a union of open sets and 0 € U ¢ U. Finally, for [A] <1,
A’U:UA’Q’U(): U ,BU():U

a€F B
|a|<o |Bl<|A|-6<6

Proof of B

We have a local base y = {U,}, U, 3 0 open and convex.
We want to construct j = {U,}, U, 3 0 open, convex and balanced.
Given U convex, define

U=ﬂaU

|a|<é

convex and balanced.
Need to show that U 5 0 is an open neighbrhood.
Rest of the owl left to the reader.

Recall

The intrinsic characterization of a base for a topological space or a local base for a topological space X, {y}xex-

* VxeEX,UEy,, x€U

* Vx,y€EX,UEy, VEY,, zeUNV,AWEY,, WCUNV.

Proposition

A balanced, local base y (at 0) of a TVS V has the following properties:

1. v is a nonempty collection of subsets of V' containing 0.
2. VU,U, € Y, dU e Y suchthat U € U3y n Us.

3. VU€ey,xeU,dAW eysuchthatx+ Wc U.

11



4. YU €y, AW € y such that W + W ¢ U (continuity of (x,y) —» x+ y at (x = y =0).
5. YUey, YxeV,At>0, x € r- U (continuty of scalar multiplication (1,x') — Ax' at 1 =0, x' = x).
1.xeUu, % -xcBs(0)-UcU.

6. VxeV,x+#0,3U €y, x¢ U ({x} closed; 0 € V\ {x} open; 0 € U € V \ {x}). (Hausdorff)

Converse

Conversely, if y satisfies properties 1-6, then there exists a unique topology on V such that y is a balanced, local base
for V and V with this topology is a TVS.

Theorem:

Any two TV'S of finite dimension d (over F =R or F = C) are homeomorphic to eachother.

Proof

Let V be a TVS with dim(V') = d.
We want to show that V = F, We have

V=lin{vy,...,v4}

a basis and

d
fi(Aedn) €F - ) Awev
i=1
an isomorphism between F? and V as vector spaces. Further, f is continuous. Consider F? equipped with the product
topology and the continuity of addition and scalar multiplication.
We need only that f_1 is continuous at 0 which is equivalent to YU 3 0 open in [Fd, 3dW 3 0 open in V such that

w e F(U) (FH7H ).
April 12, 2024
Lemma

YU 3 0 open in F¥, 3W 3 0 open such that fu)aw.
That is, 0 is an interior point of f(U).

Proof

f: F¢ - V, continuous.

We may assume without loss of generality that U = B;(0).

LetS={1€ F . [|A]] =1}, a compact set.

Since f continuous, f(S) is compactin V. Since V is Hausdorff, f(S) is closed.

Take U =V \ f(S) 2 0 open (because 0 ¢ f(S) else f(1) =0 would imply ||A]| =1)

Now, there exists a balanced, open set 0 € W c U. Therefore, W € f(U).

Otherwise, x € W, x ¢ f(U), x= f(A), A ¢ U, ||A]| = 1 would give i = iy - f(A) = f(ﬁ) € f(S).

But, -~ € W < U because x € W, -

T i € [0,1] and W is balanced shows a contradiction.

12



Theorem

Any finite-dimensional subspace in a TVS is closed.

Theorem

Every locally compact TVS is finite-dimensional.

Definition: Locally Compact

V is locally compact if Vx € V, 3U 3 x open and K ¢ V such that U ¢ K.
For Hausdorff spaces, VY x € V, 3U 3 x open such that U compact.

Example

Let V be a normed space, dim(V) = +oo.
Then B;(0){x €V : ||x|| =1} is not compact.

Definition: Semi-norm

A semi-norm on a metric space V (over F =R, C) is a map

p:V —[0,+00)
such that
1. p(x+y) < p(x)+p(y)

2. p(Ax) = |A]- p(x).
Note that p(0) =0and (p(x—y) = [p(x) — p(¥)l|.

N,={x€V : p(x)=0}

is a linear subspace of V: x,y € N such that p(x+ y) < p(x) + p(y) =0, p(1x) =0.
A semi-norm on V induces a norm on the quotient space V/N,,.

HlxIn, Il =p(x) [x]ly={x+z:zeN}=x+N
Definition: Absorbing
A set AC V is called absorbing if Vx € V, 31 > 0 such that Ax € A.

Equivalently, [ J,,, 1A= V.
There is a relationhip between semi-norms on V and balanced, convex and absorbing subsets of V.

Proposition

If p is a semi-norm on a vector space V, then

A={xeV : p(x)<1}

is balanced, convex and absorbing.
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Proof

Convex: x,y€ A, p(x) <1, p(y) <1,

p(Ax+(1-21)y)<A-p(x)+(1-A)p(y) <1
Balanced: x € A, |A]| <1, p(x) <1,

p(Ax) = A - p(x) <1

Absorbing: x € V. If p(x) =0,then x€ A (A =1).

If p(x)>0,/1=ﬁgives p(Ax) = |A| - p(x =%<1_

Example
Let V=R*and F=R.
An ellipse is balanced, convex and absorbing.

A band is also balanced, convex and absorbing.
An open interval along the axis is balanced and convex, but it is not absorbing.

Proposition
Each open neighborhood of 0 in a TVS is absorbing.
Proof

Continuity of the map (1, x) — Ax at A1 =0 and x' = x.
Given x € V, U 3 0 open, 36 >0, W 3 x such that B,(0)- W € U and goxe U.

Definition: Minkowski Functional

Let A be a subset in a vector space V.
If A is absorbing, one can define the Minkowski functional

X

palx) =inf{)1 >0+

eA}=inf{/l>0 :xeA- A}
Proposition
If Ais convex, balanced and absorbing, then 4 is a semi-norm.

Proof

Absorbing ~ w4 is well defined, pa(x) € [0,+00). For a # 0,

ta(Ax) =inf{)t> 0: % € A}
x

:inf{|a|-/1>0: |Z|.‘/1€A} (A |al-A)
:|a|~inf{A>0:%e%A
=|(x|°inf{)t>0:%€A

= laf - pa(x)



since A is balanced, ﬁA = A.

Note that u4(0) = 0 since 0 € A balanced.
Given x,ye Vande>0, let s=pus(x)+eand t = us(y) +e. Then, since A is balanced,

X
s’

2 € A. By convexity,

€A €A
xty s Xt Y A
T+s f+s s Tt¥s 1€
H—I H—I
(1-0) o

Therefore, ua(x+ y) < ¢t + s which implies pa(x+ y) < pa(x) + pa(y) +2¢ for all € > 0.

Equivalence between Semi-norm and ABC Sets

p~>A={x: p(x)<1}~p,=p. i )
A bounded, convex, absorbing ~ 4 ~ A= {x : us(x) <1} where A c A differing possibly by the boundary.

Question: which TVS are normable?

That is a norm such that the topology is vien by this norm.

Definition: Bounded Sets

A subset Aina TVSis bounded if YU 3 0 open, 30 >0suchthat Ac¢t-U, YVt >9.

Theorem:

A TVS is normable if and only if there exists a bounded, convex, balanced, open neighborhood of 0.

Proof (Sketch)

Suppose V is a normed space with norm || - ||.

B={xeV: ||x|]| <1} =B,(0)

is convex, balanced, and an open neighborhood of 0.

B is bounded, since given U 3 0 open, B,(0) € U, s0 B =1 - B(0) S AB.(0) SA-U for 1 = 1.
Now, let B be a bounded, convex, balanced, open neighborhood of 0 in a TVS.

Therefore B is absorbing (as an open neighborhood of 0).

It follows that the semi-norm ug(x) may be defined.

Then up(x) =0 = x =0 since B is bounded, otherwise 0 € U = V' \ {x} open gives BS ¢- U, V¢ > § and %B c U,
Vi>6.

Thus, ||x|| = up(x) is anormon V.

One need only demonstrate that the norm topology is the same as the original topology on V.
Thatis, YU 2 0 open, de > 0 such thate-B < U.

Ve >0, 3U 30 open such that U € eB.

April 16, 2024

Recall

Given p a semi-norm,
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A={xeV : p(x)<1}

a convex, balanced absorbing set gives the Minkowski formula for a seminorm p,,.
The TVS V is normable if and only if there exist bounded, convex, balanced, open U 3 0.

Definition: Separating Family of Semi-norms

Let V be a vector space.
A family of semi-norms {p,, }.ecq is called separating if Vx € V, x # 0, dw € Q such that p,(x) 0.
Equivalently,

{xeV :VweqQ, p,(x)=0}={0}

or

() Np, = [{xeV : p(x)=0}={o}.

w€e) w€e)

For a given separating family of semi-norms, define

1
Upw = {xe Vi pu(x)< ﬁ}

and put

Y ={Unw,..oy : PEN, 01,...,0n €Q, N €N},

One can show by earlier propositions that y is a local base at at 0 for some topology .
Perhaps unsurprisingly, if {p,,} is separating, then this locally convex TVS is Hausdorff.

Theorem:

Let {p,} be a separating family of semi-norms on a vector space V. Then with local base y defined above, V becomes
a locally convex TVS, and all p,, : V — [0, +0c0) continuous.

Example

S = {{x,,}~; all sequences}
With () = [, = {50 b, d(,y) = ¥50, bl
Remark

Local base at x

.....
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Theorem:

Let V be a locally convex TVS. Then there exists a separating family of semi-norms {p,,},eq on V such that the topol-
ogy defined by {p,,} coincides with the original toplogy.

Proof (Sketch)

V is locally convex, so it has a convex, balanced, local base at 0

7= {Uw}weﬂ

where U, 3 0 are open, convex, balanced, and absorbing.
Put p, = uy, (i.e. set the Minkowski functional to be the semi-norm).
Then we need to show that these are separating.

..........

Theorem:

A TVS V is a pre-Fréchet space if and only if V has a countable, convex, balanced local base.

Proof

(=) Assume that V is a pre-Fréchet space.
Then we have an invariant metric d and

Be(x)={yeV :d(x,y)<e}.

It follows that y; = {B1/,(0) : n €N} is alocal base.

The fact that V is locally convex means that y, = {U,, : w € Q} with U, 3 0 open, convex and balanced is a convex,
balanced local base.

To every n €N, By/,(0) is an open neighborhood of 0, and there exists w, € Q, 0 € U,,, € B1/,(0). Put

ys={U,, : neN}

a countable, convex, balanced collection.
Then, for any U > 0 open, 3n such that U,,, € B1/,(0) € U. So y3 is a local base.
(=) Assume a TVS V has a countable, convex, balanced local base:

y={U, : neN}

Without loss of generality, we may assume that U,,,; S U,,. Otherwise, we may take U,, = U; N +-- N U, S U,, such that
{U, : neN}is also a local base where U,,;; € U,.

Then, since U, are open, they are absorbing and p,, = uy, gives a separating semi-norm from the Minkowski functional.
Define a metric

[o¢]

_ 1 pu(x—y)
W)= ) 3Tk e y)

where d(x,y) =0 = x =y since {p,,} are separating.
Claim: the metric topology (local base 7) is the same as the original topology (local base y). Write
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7 ={B1/22(0) : meN}

Thenforall meN,

1
Sml Upm+1 € By/2m(0)

there exists n € N such that Uy, S sz Upn1-
Also, Y n, By j,n+1(0) € U,. Then V is locally convex (y) and has an invariant metric (y). That s, V is pre-Fréchet space.

Corollary

In a pre-Fréchet space, the metric can always be defined by

Vn, Bl/2n+1(0) c Un
where {p,} are separating family of semi-norms.
A separating family of semi-norms leads to a locally convex TVS.

A countable, separating family of semi-norms leads to a pre-Fréchet space.
A finite, separating family of semi-norms leads to a normed space.

Quotient Spaces
For a vector space X and a linear subspace NS X, X/N ={[x]y : x€ X}, [x]y=x+N.

7 : X — X /N is the quotient map to the vector space X/N.
Fora TVS X, N € X a subspace, 7: X — X/N where 7 is the topology of X and 7 is the topology of X /N given by

t={n(U) : Uer}.
N is closed if and only if X/ N is Hausdorff.
Thoerem:
For X aTVS and N € X a linear subspace, X/Nisa TVS and n: X — X/ N is open and continuous.

Normed / Banach

For X a normed (Banach) space, X/ N is a normed (Banach) space where |[[x]||x/n = infen || x+ 2]].

Pre-Fréchet / Fréchet

For X a (pre-)Fréchet space, X/ N is a (pre-)Fréchet space where dy y(x,y) =infenyd(x+2,y) =inf, ., d(x+z;,y+
Zz).

Definition: Linear Operator

Amap T :V — W between vector spaces V, W is linear (or a linear operator) if
T(x+y)=Tx+Ty and T(ax)=a(Tx)

18



Notation

M(V,W) is the set of all linear operators.
M(V,V)=M(V).
V= M(V,F) (linear functionals) is the algebraic dual of V.
Note that M(V, W) is a vector space.
(T1+T2)(X) = T1x+ sz and (AT)(X) = A(TX)

If Ty, T, are linear, then T; + T is linear; likewise, AT is linear precisely when T is linear.

Definition: Continuous Linear Operator

For V, W TVS, T is a continuous linear operator if T € M(V,W) and T is continuous with respect to the topologies.

Notation

L(V, W) is the set of all continuous linear operators.
L(V,V)=L(V).
V* = L(V,F), the set of continuous linear functionals on V, is the dual space of V.

Example
Let V=R", W =R".

M(V,W)=L(V,W).
To an m X n matrix A= (a,-j);’i’ln,j:l, one associates the linear operator Ty

n
Tat(x))j e (V)i vi= Y aijx;
j=1

V' =V*. Given ¢ = (¢1,...,¢,) €R" (a row vector),

G(x)=p-x=) ¢jx;
=1

J

In this case, V* = R".

Defiition: Image or Range

For Te M(V,W), T:V > W,

imT=R(t)={Tx : xeV}

Definition: Kernel or Nullspace

kerT=N(T)={x€eV : Tx=0}

19



Remarks

R(T) is a linear subspace of W while N(T) is a linear subspace of V.

T is injective if and only if N(t) = {0}.

If T is inective, then one has aninversemap T : R(T) — V. 77" is linear.

T is invertible if and only if T is injective and surjective if and only if N(T) = {0} and R(T) = W.

1

April 18, 2024

Proposition

Let V, W be TVS.

1. alinear operator T : V — W is continuous if and only if T is continuous at some x, € V.

2. if T is a continuous linear operator, then N(T) = ker(T) is a closed, linear subspace of V.

Proof of A

(=) continuous at all points imply continuous at x;.

(&) Write f(x) = T(x+ xo—x;) — T(xg — x;) and assume T is continuous at x = x;.
Then T(x + xy — x;) is continuous at x = x;.

Proof of B

We have that ker(T) = {x € V : Tx=0} =T ({0}) where {0} is closed and so must be its preimage.

Definition: Bounded Linear Operator

Let V, W be normed spaces with norms || - ||v, || - ||w-
A linear operator T : V — W is called bounded if there exists some ¢ = 0 such that

Txllw <c-|lxllv, VxeV

Proposition:

A linear operator T : V — W (V, W normed spaces) is continuous if and only if it is bounded.

Proof

(=) We know that || Tx||w < c-||x||v, Vx.
Consider {x,}, x, = ain V. Then

lim ||x,—al|=0
n— oo
so ||Tx,— Tal|lw <c-||x,—al|lv, ||Tx,— Ta||lw =0, and Tx,, » Tain W.

(=) For every n e N, find x,, € W such that

T xpllw > n-[lxp]lv
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x IEA

Then yy = 7. since || ynl| = 72 < + it must be y, — 0.
Hence, Ty, — T0 =0 (T continuous) = Ty, = “;i”“_

But || Ty,|| =1, so Ty, + 0 a contradiction.

Remark

The following statements are equivalent

« T is continuous.
« T is bounded.
* Tx, — 0 whenever x,, — 0.

« {Tx,} is bounded whenever {x,} is bounded.

Definition: Operator Norm

For V, W normed spaces.
For T : V — W a bounded linear operator, we define

T
||T|| =sup|| xHW
xXeV ||x||V
x#0

the operator norm of T.

Remark

||T|| € [0,+00) and it is equal to the smallest ¢ = 0 such that || Tx||w < c-||x||v, Vx € V.
Indeed, if this holds for some ¢ = 0, then || T|| < c.

Conversely, from the definition || Tx||w < || T|| - ||x]||v-

Thatis, ||T|| =min{c=0 : ||Tx||w < c-||x||v, Vx}.

Remark
[|T|| = sup ||Tx||= sup ||Tx]|
XEV XEV
[lx|]=1 [lx][=1
Note that
Tx X
supu=sup T( )l = sup ||Tz||lw
w20 ||x|lv x#0 [x|lv /1w [1z]ly=1
Remark

M(V,W) and L(V, W) are linear spaces,
(T+S)(x)=Tx+TS

(AT)(x) = A(Tx)

If T, S are continuous, linear operators, then T + S and AT are continuous linear operators.
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Further Properties
« ||T||=0ifand onlyif T=0 (i.e. Tx=0, Vx€ V).

« ||T+S||=<||T||+||S||, because

(T +8)xllw = |Tx+ Ts|lw < [|Tx|lw + [|Sx|lw < IT][ - [{x|lv + [IS[] - [Ix|lv < (|| TI] +]ISI]) - [1x]|v
\—_ﬂ—_—l

[

H(T+S)x]|w
[x[Tv

Since T + S is bounded. <|IT||+1]IS|l, ete.

* |laT|| =]al-[|T]].

« if Te L(U,V) and S e L(V,W), then ST € L(U, W) and

STl < [IS]]-[1T]]

Proposition

Let V, W be normed spaces.
Then L(V, W) is a normed space with the operator norm.
If, in addition, W is Banach, then L(V, W) is also Banach.

Proof
Part A

[|-]| is a norm.

Part B

Let W be a Banach space, and let T,, € L(V, W) be such that {T,,} is a Cauchy sequence in the operator norm.
Then, Ve >0, AN eNsuchthat Vj, k= N, ||T; - Ti|| < e.
So Vx eV, {T,x} is Cauchy in W.

1 Tjx = Tix|| = [[(T; = Ti)x[| < [[Tj = Tel| - [1x]| < & | x]|

By completeness, for every x € V, T, x converges in W. Define

Tx= lim T,x
n—0oo
such that || Tx— T,x|| - 0 as n — oo.
We need to show that T is a linear operator:
T(x+y)=lim, e Tp(x+y)=lim,_ e Tpx+1lim, o T,y =Tx+ Ty.
T(Ax)=A-Tx.
We need also show that T is bounded:

UTxlw _ o HTuxllw
—— = lim

= lim W iminf] | T, |
[[x[ly  n=oo |[x[|ly  n-oo
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Since {T,} is Cauchy, it is bounded and liminf,_, || T,,|| < ¢ for some c.
We have that lim,,_,« || Tx — T,,x|| = 0 such that T,, converges pointwise.
We need that lim,,_,o || T — T, || = 0.

For given € > 0, we find N suchthat Vj, k=N, xe V:

1 Tjx = Tiex|| < &[] x]]

Then

[|Tjx—Tx|| = ||Tjx - Tpx+ Txx— Tx|| <e-||x|| + || Tex — Tx||

and sending k — 0 sends Tyx— Tx to 0.
Therefore, ||Tjx—Tx|| <e-||x||, Vj= N, Vx € V. It follows that

|| Tjx— Tx|]|

—— <¢
x|
and, taking the supremum over x, that ||T; — T|| <&, Vj= N, Vx € V.
Hence, lim,, o || T, — T|| = 0.
That is, L(V, W) is complete.
Corollary
The dual space of a normed space is a Banach space. Recall V* = L(V,F), and both R and C are complete.

Notation

Read + as a direct sum implied to be between components of a larger space.
Read lin{vy,..., v, } as the linear combinations of vy, ..., v,.

Definition: Codimension

If V is a vector space and W is a subspace, we say that W has codimension 7 in V if there exists a subspace W ¢ V

such that

and dim(W) = n.
Equivalently, dim(V /W) =n, V/W =lin{[e,],...[e,]} basis and W =lin{e,,...,e,} implies V= W+W.

Proposition:

Let V be a vector space and ¢ # V', ¢ #0. Then ker(¢) is a subspace of V of codimension 1.
¢ ¢ b

Proof
¢ # 0. Find xy € V such that ¢(xg) = 1.

Claim: V =ker(¢)+lin{xp}.
Indeed, for x € V write
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x=x—¢(x)-x+ ¢(x) -Xo
\—Y—J ;Y_I
ker(¢) €lin{x,}
SO

(x=¢(x) - x0) = p(x) = p(P(x) - x0) = p(x) = p(x) - p(xp) = 0

and
ker(¢p) Nlin{xg} = {0} which means z = 1 - x, € ker(¢). Therefore

0=¢p(Axy)=A-1

soA=0and z=0.

Proposition:

Let V be a normed space and ¢ € V'
Then ¢ is bounded if and only if ker(¢) is closed in V.

Proof

(=) ¢ continuous, as a linear operator, implies ker(¢) = gb_l({o}) is closed.
(=) assume that ker(¢) is closed. Then

V =ker(¢)+lin{xy}

for some xg € V and xq ¢ ker(¢).

Without loss of generality, we may assume ¢(x,) = 1.

Claim: infycyer(¢) |1 %0 — x| | = dist(ker(¢), x9) > 0.

Otherwise, there would exist some sequence {x,} € ker(¢) such that ||xo — x,|| = 0.
From the assumption of closure, this would mean x, € ker(¢) a contradiction.
Therefore, 3¢ > 0 such that ||xy — x|| = ¢, Vx € ker(¢). So

[|Ax0 — Ax|| z ¢+ |A]
[|Axo—u|| = c-|A|l, VYuc€ker(¢p)

Writt yeVasy= —u + Axg . Sop(y)=0+A-d(xp) = A.
—
€ker(¢)  elim{x,}
Thus, Vx €V, ||x|| = ¢+ [¢(x)] and |¢(x)| < 1 - ||x|| and ¢ is bounded.

April 23, 2024
Proposition:
A linear functional ¢ on a TVS V is continuous if and only if ker(¢) is closed in V.

Proof

(=) Difficult.
(=) ker(¢) = ¢~ ({0}).
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Recall:
V' is the set of linear functionals on V ¢:V > Flinear.

V™ is the set of continuous linear functionals on V ¢ : V — F linear and continuous.
On a normed V, continuous and bounded are equivalent.

Zorn’s Lemma

A non-empty partially ordered set (S, <) has a maximal element if every totally ordered subset has an upper bound.

* (S, <) reflexive, transitive and anti-symmetric.
* Sy € Sis totally (or linearly) ordered if Va,b € S eithera<bor b < a.
* Sy has an upper bound if 3b € S such that Vx € Sy, x < b.

* mis a maximal element of Sis Vx = m, x = m.
Theorem:

Let V be a vector space, W, € V a subspace, and a linear functional ¢y on W (i.e. ¢g € W(;).
Then there exists an extension, i.e. a linear functional, ¢ € V' such that ®lw, = Po.

Proof

Let S be the set of all pairs (W, ¢) such that

* Wy € W c Vis alinear subspace and

c peW, dlw, = do.

Say that (er(Pl) < (Wz,(Pz) if and onIy if Wy cWw, and (P2|W1 = (Pl.
Since < is reflexive, transitive and anti-symmetric, it is an order relation.
A totally ordered subset has an upper bound. Given

So = {(Ww’(pbw)}

totally ordered, the upper bound is given by (W, ¢) where

W=UWw
w

¢(x) = pu(x) ifxeW,
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such that for x € W,,, N W,,, we have ¢,,, (x) = ¢,,(x) and consequently (W,,,, ¢y, ) < (W,,, Py, )-
Then, by Zorn’s Lemma, we have that S has a maximal element (W, ).

Claim: W=V, ¢ € V', and |, = ¢o.

Otherwise, there exists (W, $) > (W, 1").

Namely, W = W+ lim{xo} = {0 + Axo : W€ W, A€F}, xp € V \ W with Wg V.

Then Wgﬁ/gv.

Define ¢ on W as
G(W +Axp) = p(W) + A+ d(x0) = (W) + A~ ¢
with ¢ an arbitrary choice. Then cf) is linear.

Conclusion

Each infinite dimensional, normed space has an unbounded linear functional.
For (V,|| - ||) a normed space, there exist {e;, e, ...} linearly independent and

WO = lin{el,eg,...}

is the set of all finite linear combinations. So

b0 (D) Axer)=) Ap-k-|lex]

where ¢, € W, and ¢, is unbounded. Take ¢o(ex) = k- ||ex||. Then

(Go()] _Klleel] _

—— ) = Sup =400
vew, ||| [lexl|
x#0

Then extend ¢, to a linear functional on V, ¢|w, = ¢g, ¢ € v, ¢ unbounded.

Preliminaries: Hahn-Banach
On normed space, given ¢, € W, bounded we have a bounded extension ¢ € V* where ||¢|| = ||¢ —0]|.
On locally convex TVS, continuous ¢, € W™ implies a continuous extension ¢ € V.

Equivalently, given p(x) a seminorm, |¢o(x)| < p(x) implies |p(x)| < p(x).

Lemma:

Let V be a vector space and p a seminorm on V.
Let W be a subspace of codimension 1,

V =W+lin{x}

Let ¢ be a real linear functional on W such that

o(x)<sp(x) Vxew

Then there exists an extension ¢ (a real linear functional on V) such that

o(x)<p(x) VxeVv
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Proof

Write V = W+lin{x,} such that

G(W +Ax) :=p(W)+A-¢

with a suitable choice c.
We know already that ¢ € V'. For u,v € W,

d(u) = ¢p(v) =¢p(u—v)
<plu-v)
= p((u+x0) - (v+x0))
<plu+x)+p(v+xy)

Therefore

—p(v+x0) —p(v) < p(u+xo) — p(u)

and dc¢ € R such that

—p(v+x0) —¢p(v) <c < p(u+xp)—p(u)

(e.g. take inf or sup). So

—p(v+x0) <p(v)+c ¢(u)+c=<p(u+x)
—p(v+x0) < p(v+x0) ¢(u+x0) < p(u+xo)
_ﬂ /1<0 _E A>0
V= A, u= /1!
p(w+2Ax) = p(w + Axg) P(w+ Axy) < p(w+Axg)
and
P(w+Axy) < p(w+Axy)) YAER, weW
Lemma

Take F = C, let W be a subspace of V and

V = W+lin{ey}

such that ¢ € w'

lp(x)[ < p(x) Vxew

Then there exists an extension ¢ € V' on, ¢|w = ¢ such that

|p(x)| < p(x) Yxev
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Proof

Given ¢ on W, define the real linear functional

v (x) = R(¢(x))

Note that

y(ix) = R(ip(x)) = =I(¢(x))

Therefore

¢(x) =y(x) - iy(ix)

So by extending ¥ on V we can construct an extension ¢ on V. We know

y(x) = [p(x)| < p(x) Vxew

therefore y/(x) < p(x) for all x € V.
Now define ¢ on V by

¢(x) := 9 (x) — i (ix)

1. ¢ is a real linear functional on V

1. ¢ is a complex linear functional on V

$(ax) = ad(x)

a=a;+iay
$(ix) = ip(x)
@(ix) — i (i’ x) = i(§(x) - iy (ix))

1. |¢p(x)| < p(x), VAEV

We know that ¢/(x) < p(x).
Forany x € V, find @ € C, |a| =1 such that 0 < a¢p(x). Then

0 < ad(x) = d(ax)
=y(ax)-iy(iax)
%_} _V_}
real imaginary

=¥(ax) < p(ax) = |a|p(x) = p(x)

Therefore 0 < ap(x) < p(x) and |p(x)| < p(x).
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Corollary

Let V be a normed space with the seminorm p and W, € V a subspace with ¢ € W(; such that

[po(x)| = p(x), xeWp

Then there exists ¢ € V' such that ¢|, = ¢ and

() < p(x), xev

Proof

Apply the two lemmas and Zorn’s lemma.

April 25, 2024
Recall:

Take Wy € V, p a seminorm, and ¢, € WO' such that

|po(x)] < p(x), xeW

Then there exists an extension ¢ € V', ¢|w, = ¢y where

|¢(x) = p(x), deV

Theorem: Hahn-Banach for Normed Spaces

Let V be a normed space, W, € V a linear subspace, and ¢, € (Wp)*.
Then there exist ¢ € (V)™ such that ¢|w, = ¢ and

@11 = 1ol
Proof:

From the previous result with

p(x) = 1x[] - [ldol]

it is obvious that |y (x)| < p(x), x € W,.
Then there is an extension ¢ € V' where

[$()| =< p(x) = IxI] - [I¢oll, x €V

It follows that ¢ € V* is bounded and

()] _
Supm < [|¢pol|

Consequently ||| < |[oll. )
We have also that | ||| = ||¢po|| because ¢ is an extension of ¢y.
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Corollary

V xo € V, V a normed space, x, =0, 3¢ € V* such that ¢(xp) = ||x|] and ||P]| = 1.
Definition:

For Fc V', we say that F separates the points of V' is

VXOE V, x0 #0, Elgbe]: : (P(X())#:O
Remark
.V separates the points of V on any vector space V.

« V™ separates the points of V on any normed space.

Theorem: Hahn-Banach for Locally Convex TVS

Let V be a locally convex TVS, W, € V a linear subspace, and ¢, € (W,)™* a continuous linear functional.
Then there exist ¢ € V* continuous linear functionals such that ¢| W, = Po-
Consequently, V* separates the points of V.

Proof

¢p : Wy — [ continuous gives

Us={xeWp: [¢po(x)] <1}

open with respect to the subspace topology in Wj.

Thatis, U = U n W, with U openin V and 0 € U.

Therefore, there exists some U convex, balanced, and open such that 0 € U c U.
Let p(x) = ug(x), the Minkowski Functional and a seminorm on V.

It follows that |¢o(x)| < p(x), x € Wy.

Equivalently, p(x) <1 = |¢po(x)| < 1, x € W.

p(x) <1 > [ o <1

l |

x€U ——= xeU ——= x€U

Therefore there exists an extension ¢ € V' such that

|$(x)| < p(x), xeV

We have

\{xe V: vp(x) < 1}19\{x€ Vo d(x)] < 1},

U0 open (Z)’l(l;,(o))

Therefore ¢ is continuous at x, = 0 and ¢ is continuous.
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Theorem:

Leto< p<1,V=LP[0,1]. Then V* = {0}.

Remark

The F-space L”[0,1] is not a locally convex TVS.

Definition: (Nowhere) Dense Subset

Let X be a topological space and A € X.

Then A is called dense in X if clos(A) = X.

A is called nowhere dense in X if int(clos(A)) = @.
One can say A is dense at xy € X if xo € int(clos(A)).

Examples

X=Rand A=Q, then Ais denseinR.
X =R" and A a proper linear subspace, then A is nowhere dense.
X=Rand A=[0,1]NnQ, then Ais dense at points in (0,1).

Lemma:

If Ais open: Ais dense if and only if X\ A is nowhere dense.
If B is closed: X \ B is dense if and only if B is nowhere dense.

B nowhere dense < int(clos(B)) = @
< int(B) =@
< X\int(B)=0@
< clos(X\B)=9
< X\Bdensein X

Proposition:

Any closed proper linear subspace W of a TVS V is nowhere dense in V.

Proof

Let clos(W) =W, Wg V.
Find xo € V, x0#0

V2 Vl = W+ lin{xo}

To show: int(W) = @.

Otherwise, v € int(W), U open, Ve U S W.

Now A € F — v + Axg continuous, A =0~ v € U.

Then there exists some § >0 such that [1| <§ = v+ Axy € U.
Forsome A #0, v+ Axo € US W, ve U S W linear.

Then Axy € W and xy € W a contradiction.
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Definition: First and Second Category (Meager)

A topological space X is called of

» first category (meager) if X is the countable union of nowhere dense subsets.

+ second category (nonmeager) otherwise.

Examples
X = Qs first category. Q = quQ{q}.

X=0"={{xx} 2, ¢ Y |xk| < +00} is Banach of second category.
Xp={{xt}rey =% : x={x1,%2,...,%,,0,0,...}} € X an n-dimensional subspace. Take

00
n=1

Then X is of first category. X,, € X a closed, proper subspace which is nowhere dense.

Theorem: Baire Category Theorem

Every complete metric space is of second category.
All Banach spaces or F-spaces (Fréchet spaces) are of second category.

Remark: Uniform Bounded Principle

For normed spaces / Banach spaces (more general; see notes for F-spaces).

Theorem: (Uniform Bounded Norm)

Let X, Y be normed spaces and let { T, },cq be a collection of bounded linear operators T, € L(X,Y).
Suppose that the set E of all x € X such that

1. sup,eq || Twx|| < +00 is of second category.
Then

2. sup,eq || Tw|| < +00.

Remark

If (2) holds, then (1) holds for all x € X.

[ Tox|| = [ITo ] - |1x]]

so sup || T,x|| <sup||T,||-||x|| and E = X.
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Proof

Define

E,:={x€ X : sup||T,x|| < n}
W€

Then E=J ., En.
If E is of second category, then there exists n, such that E,, is not nowhere dense.
We know that E,, is closed since

Ey=[){xeX :||T,x|| <n}
weQ

which are preimages with respect to T,, of closed balls B,,(0) € Y and therefore closed in X.
Then int(clos(E,)) = int(E,) # @, so there exists x; € X, € > 0 such that

BE(xO) < Eng
Consider x € X, ||x|[ < 1. Then xo + $x € B(xo) € Ep, and xo € B(xo) € Ey,-

It follows that

€
||Tw(x0+§x)|| <n Vo
Tw (%0)|| <1, Vo

and

E &
|70 (5%)|| =] 70 (20 + 5%)|| + 11Tl
4n,
IT,x| <=2 =C

holds for all x with ||x|| < 1. Therefore

T,x
IITwII=sup|| > ||=sup
w0 ||x]] x#0

X
Tyt \ sup || Tox|| <C
Hxl [T 221

April 30, 2024

Recall: Uniform Boundedness Principle

X, Y normed spaces.
{1,}, T, € L(X,Y) bounded.
Ifthe set Eofall x € X

1. sup||T,x|| < +o0 is of second category, then

2. sup||T,|| < +oo.
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Theorem: Banach-Steinhaus

Let X, Y be Banach spaces and {T,} a collection of bounded linear operators (T, € L(X,Y)).
If

1. VYxe X:sup, ||T,x|| < +o0, then

2. sup,, || Ty|| < +o0.

Proof

E = X a Banach space, which is complete and therefore second category by Baire Category Theorem.

Remark

If X is not complete, then the conclusion may fail.
Example
Let X = ¢' (N) (sequences {x,}52; such that Y lxn| < +00).
Take X = {x € {x,}7ey € X : AN,Vn =N, x,, = 0}.
x= | Jxy and Xy={{x;...,xx,00.}}

1st Category

{xn}.

Then for T, € L(X,F) = X*, T,x = n- x, for x
T, linear and bounded, since

| T, x|

(0]
nelxal<n- Y Lxl = n-]lxl]
k=1

and therefore || T, || < n. In fact || T, || = n because x = {0,...,0,\_&0,...} gives T,x =n, ||x|| = 1.

nth
Therefore, 2 fails sup,, || T, || = +00.

However, 1 holds for all x € X. For x = {x;,...,xy,0,...} take

T = . = . <+OO
sipl nX| supn | x| max n | x|

Definition: Strong Convergence

Let X and Y be normed spaces and T,,, T € L(X,Y).

1. T, is said to converge strongly on X to T if Vx € X: lim,, o || Tyx — Tx|| = 0.

2. T, is said to be strongly convergenton X if Vx € X, Ay € Y: lim,, || Tp,x— y|| =0.
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Obviously (1) = (2).
Suppose (2) holds. Then one can define

Tx:= lim T,x
n—0oo

such that || T,,x— Tx|| — 0.
One can show that T is a linear operator, but T does not need to be bounded.

Example

Xcd', X={xe{x,};2,€X : AN,¥Yn = N, x,, = 0}. Take

Snx={1.xl’z.x2)3.x3)'--)n'xn,0,0,...}

then S,, : X — X is linear, and bounded where

n n
1Sux]] =) k-lxel=n-) x| <n-|lx]|o
k=1 k=1

implies ||S,,|| = n. Define

Sx={1-x1,2-X3,...,k* Xp,...}

which is a linear operator S : X — X but is not bounded since

X=e= {0,...,&,0,...}

kth

| o )
gives Sey = k- e implies {E = k 0 sup {35 = +oo.

Yet ||S,x — Sx|| = 0, Vx € X since for

x={xy,...,xn,0,0,...}

we have that S,,x = Sx for n = N.
We conclude that S,, is strongly convergent on X; it converges to S but S is not bounded.
Note X not of second category.

Theorem:

Let X and Y be Banach spaces and T,, € L(X, Y). If T,, converges strongly on X, then

sup || T,|| < +o0
n

and there exists an operator T € L(X, Y ) such that Tx =lim,,_,c Ty, x (i.€. lim, e || Tx— Tx|| =0, Vx € X).
Moreover,

[|T|| < liminf||T,|| < sup || T,|| < +o0
n—o0o n
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Proof

For all x € X, T,,x converges to some y € Y.

Since convergent sequences are bounded in normed spaces, this implies sup,, || T, x|| < +o0.
By the Banach-Steinhaus theorem, C = sup,, || T;,|| < +00.

Now define Tx =lim;, e Tpx=y. S0 T : X — Y is a linear map

lim ||T,x—Tx||=0, Vxe X
n— oo

Then T is bounded since

[ Tpx|| < (I Tol] - [ x]] = Cl|x]]

or equivalently, taking the limit,

lim ||Tx|| < lim || - Tyx+ Tx||+||Tx|| < lim ||Tx— T,x||+C||x]||
n—oo n—0oo n—oo

implies that || Tx|| < C||x]|].
Take a = liminf,, o (|| T,||) and find {T}, } such that & = limy_,o, Ty,. Then

NTx|| < || Tx = Ty x|| + 1T, [] -] x]
\______v_______J \_—w__.d
-0 -a

implies that || Tx|| < a-||x|| and || T|| < a.

Remark

For X and Y normed spaces and T,, € L(X,Y),

Convergence in the operator norm: || T, = T||(x,y) — 0.

Strong convergence of operators: Vx € X : ||T,x— Tx||y — 0.

The former implies the latter, but not vice versa.

Strong convergence of operators is analogous to pointwise convergence.

Example

Qn:0" -7 1< p<oo.
Qn:{xx}~{0,...,0, X541, Xp42,...}.
[1Qnx|| = ||x|| implies that ||Q,|| <1 and, for

ens1={0,...,0, 1,0,...}
n+1

we have ||Q,e,+1]| =1and ||e,+1|| = 1 which implies ||Q,|| = 1.
Therefore Q,, + 0 in operator norm. But Q,, — 0 strongly.
For x € ¢7,

[} 1/p
- p N
||onx||-( N ) =0

k=n+1

because Y ro, |xx|” < +00.

36



Divergence of Fourier Series

X = Cper[—7,m] 3 f (continuous, periodic functions)
f:[-n,7n] - C continuous, f(-n)= f(x).

Define Fourier coefficients

_ 1 d —inx
fn—ﬁl[_nf(x)e dx,nez

and consider the formal Fourier series

oo .
inx
D fae
n=—00

Consider the partial sums

Fu(x)= ) fre

k=—n
Theorem

There exists an f € X = Cyer[—7, 7] such that f,,(0) does not converge (i.e. we do not even have pointwise conver-
gence).

Proof
Write
n
En(x)=Y fie™™
k=—n
n 1 T
_ z 5= elkxf(t) itx dt
k=—n -
1 fﬂ ( i ei(x t)k>f(t)dt
2m )_, =
Dn(x_t)
1 T
-3 | Dalx-nsnar
where

n

_ itx _ sin(n+1/2)t
D”(‘)‘kzz_ne = " in(1/2)

is the Dirichlet kernel. Note that D,,(t) = D,,(—1).
Defineamap L,: fe X—>Cas

LD =Fa(0) = 5 | Dul 0y a
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By contradiction, assume that F,(0) = L,(f) converges for every f € X.
We have that L,, is a linear operator (as an integral).
Then given

LA = s 1A 5z [ 1DaC)dr< 11Dl 1111

te[—m,m) -

since D,(t) is continuous on [—m, ] we have that L, is bounded and ||L,||x* < ||Dn|| 1.

Therefore, L, is strongly convergent on X and L, € L(X,C) = X /.

So, by Banach-Steinhaus sup,,en || Ly || < +00.

But [|Z,|[x+ = [|Dyl]rr and || Dy||1r — +00. (See below)

We have that D, (0) = 2n +1 and that the Dirichlet kernel oscillates as a sinusoidal. We want to find f € Cpe/[—7,7]
such that

|La ()= Duller - [l =)
That is

2 | patosai= 5 [ ipacota-supl o)

which is satisfied by

+1 ifD,(t)>0
-1 ifDy(t)<0

If we approximate g(t) by suitable continuous functions, calling that function f, then

(g =1)= |57 | Da(g= ) di| < I1Dal et llg - ol

We can show (see lecture notes) that

sin(n+1/2)t
sin(£/2)

J.

20,
where a,, — +00.

May 2, 2024

Recall:

fe Cper[_”’”] .
fie= 57 [T F(x)e™ " dx

F(x)= ) fie™ — 1(x)

k=—n
B = [ fGe= Do) e
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with

n

Dy(t) = Z e "= sin(n+1/2)t

sin(t/2)

k=—n

the Dirichlet kernel.

Fejér-Cesaro Means

1 n—1 n |k| iex
0n=ﬁZFk(x)= Z (1—7)fke
k=0

k=—n
- [ F(x— 1)sa(1) dA
with

k=—n

the Fejér kernel.
Note that [* s,(t) dt=1and s,(t) 30for =< |t| <.

Theorem
For f € Coer[—7, 7], 0,(x) =3 f(x) uniformly on [-7,m] as n — oo.

Proof (Sketch)

o)~ 1) = [ (fx=0)= FGsae)
= J|t|<5(f(x_ t)— f(x))sn(1) dt+J (f(x=1)=f(x))sn(t) dt

nz|t|z6
lon(x) = f(x)] = sup | f(x =) = f(x)| - ||snllor + 2] flloo -2+ sup [sn(2)]

|2|<6 n=|t|=6

Given g, by the uniform continuity of f, find § > 0 such that

sup sup |f(x—1) - f(x)| <e
X |t|<6
Then ||s, || =1, s,(t) =0, jfn s,(t) dtr =1 and, for fixed &,
lim sup |[s,(f)]=0
=00 1> t]26 "
It follows that

sup o, (x) = f(x)| se+c- Is1|1p Isn(2)]
X t|=6
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Taking n — o0,

limsupsup |o,(x) — f(x)| <€ Ve>0
n—oo

and

lim sup |0, (x) - f(x)[ =0
n—oo x
Operator Interpretation

One can define A, : f € Coer[—7, ] = 0,(x) € Coer[—7,m] Where o, 3 f means A, — I strongly on Cpe [ —7,7].
Since VY f € Cper[—7, 7], we have 0, = A, f — f in the norm of Coe[ 7, 7].

Theorem: Open Mapping Theorem
Let V be an F-space, W be a TVS, and let T : V — W be a continuous linear operator such that im V is of 2nd category

in W.
Then T is open, im T =W and W is an F-space.

Remark

im T is of 2nd category in W means im T is not a countable union of nowhere dense subsets in W.
Definition: Open Map

T open means T maps open sets into open sets.

Proof

Have to show: for each open neighborhood U 5 0 in V, T(U) contains an open neighborhood of 0.
Consider V, = {x €V : d(x,0) <r/2"} and r > 0 such that V; € U.
Idea: TV; € TV, € TU and TV; contains an open neighborhood of 0.

Step 1

TV, contains an open neighborhood of 0.
Note that d(x,0) < r/2"*" and d(y,0) < r/2""" implies

n+l1

d(x—y0)=d(x,y)<d(x,0)+d(0,y)<2-1/2

Take Vn 2 Vn+1 - Vn+1 SUCh that TVn g T(Vn+1 - Vn+1) = TVn+1 - TVn+1. Then

TV 1 2TV = TVy1 2 TV = TV

Obviously,

[o¢]
v={Jk Vin
k=1

because V,,,; is an open neighborhood of zero and absorbing. Hence
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o0 o0
TV =| JkTvy and TVE| JETVii
k=1 k=1

Since TV is of second category, there exists some k such that kTV,,,; is not nowhere dense.
Then int(kTV,,,1) # @ which implies int(TV,,1) # @. Thatis, TV, contains an interior point, say x,.
Then there exists an open neighrborhood U 3 0 such that xo + U € TV, ;.

U=(xg+U)=xSTVpy1— TV STV,

Step 2

TV, € TV,.

Let y, € TV;, y; — TV, contains some neighborhood of y;.

Then (yl —T_Vz) N TV, # @. Choose w; = Y1i—Y2, )2 ET_Vz, wy = Txy, x1 € Vy.

By the same argument, choose w, = y, — y3, y3 € TV, wy = Txy, X € Vs.

Continuing gives y1, ¥2, ¥3,-- -, X1, X2, X3, ..., W1, Wo, W3, ...

Where x, € V,,, y, € T_Vn Wy = Yn— Yn+1 = Tx, or, equivalently, y,+1 =y, — Tx,.

It follows that y,41 = y1 — T(x1 4+ + xp,).

Because x, € V,, (d(x,,0) <r/2"), x; + --- + x,, is a Cauchy sequence.

That is, by completeness, v=Y ., x, with d(V,0) < Y 72, d(x,0)<rand vE VS V.
Taking n — o0, limy,, e y, = y1 — Tv.

Claim: y :=1lim,_ y, = 0. Otherwise, y # 0, y € W where W is Hausdorff, there exists open neighborhoods of 0 and
y where

WoﬁWy=®

But as a continuous linear operator, T_I(WO) has an open neighborhood of 0.

So there exists some n such that V,, ¢ T_I(WO) which implies that TV, € W, € W \ W,, closed.
Then TV, € W\ W, but W \ W, which implies y ¢ TV,,.

For N2n, y, € TVy S TV,. SO y, =y, yn € TV, (N 2 n), y ¢ TV, a contradiction.

Therefore y =0, y1; =TV, v € Vy, y1 € TVy and finally TV; € TV,,.

To Show

The above demonsrates that T is open.
We still need that im T = W and W is an F-space.

Part 3

We have that

imT = T(V)

open in W. Since open neighborhoods of 0 are absorbing,

o0 o0 o0
Jkrv=w=|]1kv)=|JTV=TV
k=1 k=1 k=1

soTV=W.
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Part 4 (Sketch)
We have that T': V — W open, surjective, and continuous.
Define T: V/ker(T) » W as
T:x]- Tx
[x]=x+ker(T)

a continuous linear operator with ker(T) a closed subspace. Then

Vv —=3 V/ker(T)

\ \LT
w A
We have that V/ker(T) = F-space, d([x],[y]) = inf,cxer(1) d(x + 2, ¥).

Per the commutative diagram, T is open and continuous (a linear homeomorphism). Take
T:V/ker(T)—» W
Ci ~ dW
With dyy (Txy, Txp) = d([x1],[x2]) = inf, d(x; + 2, x,).

Then T is an isometry and, with dy,, an F-space.
The topology induced by dyy is equivalent to the original topology.

May 7, 2024

Theorem: Open Mapping Theorem

Let V.and W be F-spaces, and let T : V — W be a continuous linear operator which is surjective.
Then T is open.

Proof

im T = W is of second category since it is an F-space.

Corollary: Banach’s Theorem About the Inverse Operator

Let V, W be F-spaces, and let T : V — W be a continuous linear operator which is bijective (invertible).
Then the inverse T~' : W — V is continuous.

Remark

This result implies:
« Each (pre-)F-space of dimension 7 is topologically isomorphic to F".

Proof

For V a pre-F-space, T :F" — V a linear bijection and V complete, 7! is continuous.
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Corollary

Let V be a vector space with two topologies 7;, 7, such taht (V,7;) and (V,7,) become F-spaces. If 71 € 1, then
T1 =T2.

Proof
ForI: V — V theidentity map Ix = x, T is continuous.

(72) (t1)

ThenI"': V - V is continuous and T, C 1.
(11) (12)

Corollary
Let V, W be Banach spaces and T : V — W be a bounded linear operator which is bijective (invertible).
Then da, b > 0 such that
a-|lx|lv=[ITx|lw=b-||x|lv
Proof

Since T : V — W is bounded (continuous),

HTx[ < T[] Lev,w) - [1x]]

| —
b
and since T~' : W - V is bounded
-1 -1
Hxll = 1T Tx|| < || Tyw,vy |1 Tx]]
—————
1/a
Corollary
Let V be a vector space with two norms ||-||; and || - ||» such that both (V,||-]|1) and (V, || -||.) are Banach spaces.

Assume that there exists some M such that (1) ||x||; = M- ||x||2, Vx € V.
Then both norms are equivalent, and there exists m > 0 such that

(2) llxllz=m-||x|l;, VxeV

Proof

For I the identity operator, I: (V,||-||2) = (V,]]-1|]1),
(1) implies that I is bounded which implies 1" is bounded which finally implies (2).

Examples
Counter-Example 1
For ¢' c ¢® take I: ¢* — ¢ the identity map Ix = x.
1 1
Take V = (£',|]-[|1) where ||x||1 = Y ;2 [xa] @and W = (£7,]] - ||oo) Where || x][co = sup,5; ||xal.

V is complete while W is not complete (completion ¢y = {x € £%° : lim,,_,00 X, = 0}.
I is bounded, so
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00
|12 loo = [1%]] o0 = sup || < ) |x] = []x]]1
nx1 n=

1

However, 1" is not bounded otherwise for some constant b > 0,

1
[lxlly = bl[xlleo, VxeEC

and

(o0}
> |xnl < b-sup|x,]
n=1

nx1

If we choose

x=(1,1,...,1,0,0,0,...}
_Y—I

n times

Then n > b-1 and sending n — oo causes a contradiction.

Counter-Example 2

Let V be an infinite dimensional Banach space with norm || - ||.
Choose an unbounded linear functional ¢ € V' (¢ ¢ V*), ¢: V - F.
Define a new norm || x||« = ||x|| + |¢(x)]|. Then take the identity map

I: (‘ﬂll'll*) _’(‘all'll)

not complete complete

Obviously ||x|| < ||x||«, so I is bounded. But it is not true that || x||« < C-||x]||, Vx € V.
Otherwise we would have that |¢(x)| < C||x|| which would make ¢ bounded, a contradiction.
By previous corollary, this implies that (V, || - ||«) is not complete.

Definition: Graph of a Function

Given f: X - Y, the graph of f: G(f) ={(x, f(x)) : x€ X} S XXY.
Simetimes, f: D(f) € X —» Y where D(f) is the domain and G(f) = {(x, f(x)) : x€ D(f)} S X X Y.

Definition: Closed Graph of a Function

Let x, Y be topological spaces and f be a function from X (or D(f) € X) into Y.
Then f is of closed graph if G(f) is a closed subset in X X Y.

Examples
f(x)= i D =R\ {0}, X =Y =Ris continuous on D and has a closed graph. Contrarily

£0

1%
f(x)={(’)‘ T
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D(f) =X =Y =Ris of closed graph but not continuous. Finally

1 x>0
0 x<0

f(X)={

is neither continuous nor of closed graph.

Lemma:

Let X, Y be metric spacesand f: D(f)S X - Y.
Then f is of closed graph if and only if whenever x,, — x with x,, € D(f) and f(x,) = y, x € x, y€ y,then f(x) =y
and x € D(f).

Proof

For G(f) closed in X x Y, we have that whenever (x,, f(x,)) € G(f) converges (x,, f(x,)) — (x,y), then (x,y) €
G(/f).

Then whenever x,, € D( f) converges x, — x and f(x,) — y, then x € D(f) and y = f(x).

Proposition:

If f: X — Y is continuous, X a topological space and Y Hausdorff, then f is of closed graph.

Proof

Take U= (XX Y)\G(f), (x0,y0) € U.

Then (xo,y0) € G(f), so yo # f(xo). Since Y is Hausdorff, there exist open sets Uy () 3 f(x9) and Uy, 3 y, with
U}’o n Uf(xo) =0.

Uy, = f_l(Uf(xo)) is open in X with x, € Uy, .

Claim: Uy, X Uy, € U a neighborhood of (xo, yo) so (xo, y) is an interior point of U.

We have that (Uy, X Uy, ) N G(f) = @ with (x,y) € G(f).

Buty = f(x) €Uy, x €Uy, = f_l(Uf(xo)), and f(x) € Uy, contradicts the fact that they are disjoint.

Theorem: Closed Graph Theorem

Let X, Y be F-spaces and A: X — Y be a linear operator which is of closed graph.
Then A is continuous.

Proof
X X Y is an F-spaces equipped with a metric d((x1, y1), (x2,2)) = dx(x1,x2) + dy (y1, ).

Then {(x,Ax) : x€ X} =G(A) € XX Y is a linear subspace and closed by assumption.

(x1, Axy) + (%2, Axp) = (1 + X2, A(x1 + x2))
Alx, Ax) = (Ax, A(Ax))

Further, G(A) is an F-space (complete). Take the projection

1:G(A) > X
(x,Ax) » X
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a continuous linear operator since

(X, Axy) = (x,Ax) = x, > x

We have also that 7 is bijective, since

n((x,Ax))=x and n(x,Ax))=0 = x=0 = Ax=0
Applying the open mapping theorem and the Banach theorem for inverse operators,
RS g G(A)
x+ (x,Ax)
is also continuous. If x,, — x, then n_l(xn) - n_l(x) ((xp, Ax,) — (x, Ax)) gives Ax,, — Ax and A is continuous.

For Banach Spaces

[l = [~ o)1 = [l |+ [ Ax]|
[1xI] # [p(x)].
May 9, 2024
Example

Consider X = C'[0,1] € C[0,1] and Y = C[0,1] both with the norm || f|| = supefo £ (%)
Note that X is not complete but Y is complete. Take

r:fef

where T : X — Y is closed but not bounded.

Given f,, =sin(nt), for n sufficiently large, || f,|| = 1.

However, Tf, = f; = n-cos(nt) and || T f,|| = n. Therefore || Tf|| < C||f]| cannot hold for all f € X.
Now, given f, € C'[0,1] where f, — f € C[0,1] and, consquently, that T f,, — g € C[0,1].

Since f, = f and f, = g uniformly on [0,1]. Then

X X
[ fn(t)dt:;[ g(r)drt
0 0
unfiromly on x € [0,1]. So

) = £ 3 1) = 10) = [ g0y ar

0

and % j(f g(t) dt = g(x) so f is differentiable. It follows that f' = Tf = g.
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Example

Take X =Y =L'[0,1]and D(T) = {f € L'[0,1] : f=c+[] g(t)dr, g€ L'[0,1]} with T: f — f'
T is closed graph (T : D(T) € X — Y); T is not bounded.

Proposition:

Let X, Y be pre-F-spaces (or even TVS), and let T: D(T) € X — R(T) € Y be a linear operator which has an inverse.
Then T™': R(T) € Y — D(T) € X and T is closed graph if and only if T~ is closed graph.

Proof

G(T)={(x,Tx) : xe D(T)} S XXY.
GIT HY={(yT"y) : yeR(T)}={(Tx,x) : x€D(T)} S Y X X.

Remark
The inverse of a bijective continuous operator between two TVS is closed graph.

Proof

T : X — Y bijective, linear and continuous is of closed graph.
Then T™': Y — X is of closed graph.

Definition: Closable Operator

Let X, Y be F-spaces, X, € X a subspace.
T:Xy<S X — Yisclosed graph if G(T) is closed in X X Y.
T: X, S X — Y is closable if there exists an operator T : X; € X — Y such that G(T) = G(T) where x; 2 xo.

Remark

T is closed if and only if x,, € X, x, = x, Tx,, = y implies that x€ X and Tx = y.
T is closable if and only if x,, € Xy, x, = x, Tx;,, — y implies that y = 0.

Construction

Take X3 = {xe€ D(T) : I{x,} € Xy, x,, — x, Tx, converges}.
Tx =1lim,_, Tx, Where x,, —» x and Tx, also converges.

Example

Take X = Y = L*[0,1].
For Xo = D(T) =C'[0,1], T: f — f'is a closable (but not closed) operator.

Applications of Closed Graph Theorem

Projections and Direct Sums

Given a direct sum X = X;+ X, where every x € X is the sum x = x; + x, with x; € X; and x, € X,. One can define
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P; : x = x1 + x, € X — x; the projection of X onto X; along X,
P, : x =x; +x, € X — X the projection of X onto X, along X;

Then PP, = Py, P,P, =Py, and I = P} + P».

Py P,
X=Xx1+xo>x1=x1+0~ X

Note that R(P;) = X3, N(P;) = X5, N(P,) = X; and R(P,) = Xs.

Conversely, given P : X — X a linear operator sastisfying P> = P, we can define X; := R(P) = N(I - P) and X, :=
N(P) = R(I-P).

Then X=Xj+X,and P:x=x;+ Xp — X;.

Theorem

Let X be an F-space, X = X;+X, and P be the projection of X onto X; along X,.
Then P is continuous if and only if X;, X, are closed.

Proof

(=) For P continuous, X; = N(I - P) and X, = N(P) are both closed (as they are the preimage of {0}).
(=) By the closed graph theorem, if P is of closed graph then P is continuous.
Take x,, = x, Px,, = y. We want to show that Px = y.

Then x,, = xff) + xﬁf) - x, Px, = xff) — y. Since X is closed, y € X;. It follows that

@), (O )

X, —-y)+ x(2

and, since X, is closed, (x(l) —y)+ e X, which implies that P

Therefore y = W = px,

—y=0.

Alternative Proof (Sketch)

Consider alinearmap 7: X3 X X, = X7+ X5 = X ((x7, %) = X1 + X2).
Then X;, X, € X a complete space. It follows that X;, X,, and importantly X; X X, are F-spaces.
Then 7 is continuous, since

1+ x2 || < [loxa [[+ [zl | = 1 (e, 22) [y

or for F-spaces

X1 ,xén)) P (X1, X2)

implies that xYl) + xé") - X1 + Xp.

Since 7 is bijective, Banachs’ theorem about inverse operators states that

i X=X X o X X X,

is continuous. Then
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-1

X1+XZEX ﬂ—> XIXX29(X1,)C2)
x \Lﬂl
X

Applications Continued

-1 . .
So P=m,om  is continuous.

Fourier Series

Consider the Fourier coefficients on Ll[—n,n]—functions. Take

T:fel' v {film—co€7(Z)

where f, = 2= [ f(t)e”™"" dt for n € Z. We have that | f,| < || f||;- and

[{fn e =Slrllp|f”| <[Ifllu

Actually,

lim [fy|=0

[n|—c0

soT:feL' - Cy(z)<c¢™(z) where Cy(Z) is the set of all {f,} 52 _o such that lim| 5400 | fu] = 0.

Claim: im T is of first category in Cy. In particular, im T # C.

Otherwise, T: L' > C, is open. We state without proof that N(T) = 0 (Fourier coefficients of L'-functions are unique).
This would imply that T~ is continuous. However

N _ N
f - Z elnx

n=—N

where
TN ={.,00,1,1,..,1,1,0,0,.} = {fi"}
-N N

with ||Tf(N)|| =1, ||f(N)||L1 — +00 as N — o0o. This would mean

™ < - nree™ <t a

which is a contradiction.

Reflexive Spaces

Consider V a normed space.
V* = L(V,F), the dual space, is Banach.

W)l
[171lve =sup Ty

x+0
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(fi + f2)(x) := fi(x) + f2(x) and (Af)(x) := Af(x).
(V*)* = L(V*,F), the bidual or second dual of V.
V can be identified wiht a subset of (V*)* = V**. Define

T:XEVH eV
where ¢.(f) = f(x), fEV".
Proposition
p eV,
Proof

¢y V¥ > Famap.
Linearity:

P(fi+ o) = (it f2)(x) = fi(x) + fo(x) = (i) + Px(f2)

Px(Af) = (Af)(x) = Af(x) = Apx(f)

Boundedness:

() =1£) = Ifllvllxllv, YfeV™

so ¢, is bounded and

|px(f)]

Tren s = Il

1Ty

Taking the supremum over f € V* gives

el | = [1x]]
May 14, 2024

Recall: Reflexive Banach Spaces

For V a normed space, take V* the dual, and V** the bidual.
Wehave 1:x €V ¢, € V¥ with ¢, (f) = f(x), fe V™.

Theorem:

7 is an isometric isomorphism from V onto im7 € V**.
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Proof

7 is linear, since 7(x+y) = ¢, and

*

Grx+y(f)=f(x+y) fev
= f(x)+f(y)
= () +¢,(f) addition in V**
= (dx +¢y)(f)

Priy =Px+ ¢y = 7(x) +7(y)

Isometric means ||7(x)|| = ||x|], [|$x[] = []x]].
We know that ||¢|| < ||x||. For x # 0, define f; € (lin{x})* by fy(Ax) = A||x]||. Then

/()
=su =1
ol =520 i1

and we may extend f, by Hahn-Banach to f € V* with the same norm || f|| = 1. We have that

gl = sup etz DL 0L o= 1
f#0

7T is injective (because it is isometric).
We see, since 7(x) =0 = ||7(x)|| =0=]|x|| = x=0, the kernel is trivial.
Therefore we conclude that 7 is an isomorphism 7 : V — im(7) € V*™.

Remark

7 need not be surjective (im(7) ¢ V).
Definition: Reflexive Space

V is called reflexive if 7 is surjective (i.e. im(7) = V*¥)
Proposition:

A reflexive normed space is Banach.

Proof

Assume 7: V — V** is a surjective isometry.

V is complete, since V** = (V*)* is complete.

Take {x,} Cauchy in V, then 7(x,,) is Cauchy in V** hence 7(x,) — y.
Since 7 is surjective, y = 7(x), for some x € V. Then

[ = x[] = [T () = 7() [ = |7 () = ¥l

SO X, — X.

51



Remark:
T can be used to construct a completion of a normed space.

7:V =im(r) Cim(r) =W c v*".
Then W is complete and im(7) is dense in W.

Remark:

For reflexive space V, V = V** (isomorphically isometric).
Converse is not true. There exist examples where V = V** but 7 is not surjective.

Theorem:

Let V be a Banach space.
Then V is reflexive if and only if V* is reflexive.

v V* V** V3* V4* V5*
Proof
Informally, V = V** if and only if V* = v**.
. *k %k *
T:VoV 7(x) = ¢y ¢x(f) = f(x) fev
A 3% ~ * %
t:V v T(x) =y, vx(f)=o(f) pev
Then (=)
VZV** N V*ZV?’*
Vo v v oy
v L pt (T*)—l VL

Taking the adjoint, # = (z*) ™" = (z71)* is bijective.

(=) Assume taht  is surjective and V Banach.

For a contradiction, assume that 7 is not surjective. Then im(7) ¢ v

But im(7) is complete and closed (im(7) = V an isometry).

Then there exists some ¢, ¢ im(7). By Hahn-Banach (and the closer of the image) this means there exists some
o € (V™)* where

Yo(po) =1 Yolim(z) =0

By assumption, V* is reflexive so 7 : V* - V>* is surjective.
Then there exists some f, € V* where #(fy) = w,. But y, # 0 implies that f; # 0.
Now 0 = yo(7(x)) = wo(dy) = (2(fo))(Px) = dx(fo) = fo(x), so fo(x) =0 for any x which is a contradiction.
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Theorem:
A closed subspace of a reflexive space is reflexive.
Remark

For V reflexive, V = V** = v** = ... and v* = vV** = v°*....

For V Banach but not reflexive, Ve v C v Coee and V* C V3 C VX

Examples

P {{xadniy 12l = (X 1xal”)! < 00}, 1< p < oo

loo{{xn}flil : ||x||00 =SuPn|xn|}
Co{{xp}ne1 € €% : limx, =0}
C, is a closed subspace of ¢°°.

Example 1
Forl<p<oo,14+1=1
p o 4q
(eP)* = ¢4
These spaces are reflexive.
Example 2
(Co)* =0, (e =0%, (2 =
(Co)* =¢* and Cy < ¢°.
These spaces are not reflexive.
Theorem:
Take15p<oosuchthat%+é=1and
A (fp)*

y= {J’n}f;l = ¢y

with ¢y({xn}) = Z;il YnXn-
Then A: ¢7 = (¢7)* is an isometric isomorphism.

Hoélder’s Inequality

Coee,
*

5 bl (3 1) (5 1l )

Prooof (Sketch)

If x € ¢ and y € €7, then ¢, (x) is well defined, and |, (x)] < |||, 1y]]4-

We have also that ¢, is linear in x,, and bounded, since
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19y ()]
||9by||—sup ||x||p 5||.V||q

It follows that ¢, € (¢7)*, Vy € £7.
Ay — ¢y islinearin y, and bounded, since

gyl <Ilyll, Vye e

|q I+q/p _

L and x,y, = |yn| = |}/n

[Vl

0y ()= (Y x0y) 7 (S 50w) = 12 19114
If y =0, we simply set ¢o(x) =0. So

Ayal?P. Then |x,|” = |yn |9. Therefore

Now, given y = {y,}, put x,, =

10, eyl
||¢y||_sxlig ||xll| = ||x|| _||y||

and A is an isometry.

Note that for p = 0o and g = 1, we may define A : A, (¢°°)* but it is not surjective.
Instead, we have that A : ¢' — (C,)* as surjective.

For 1< p<oo,forge (¢F)" find y € ¢7 such that ¢ = ¢,. Take

e, =1{0,...,0,1,0,...}
n

and put y,, = ¢(e,,). Now, we want to show that y = {y,} 1 € ¢? and that ¢ = ¢y

In . alp
o] |¥nl

N 1/p /N /g y N N N N N 1
(Zm”) (Zwm) :Z|yn|":anyn:an¢><en>=¢<zxnen)s||¢||-||anen||p=||¢||<2|xn|”)
n=1 n=1 n=1 n=1 n=1 n=1 n=1 n=1

Finally, we want to show that ¢ = ¢,,.

By density, we can restrict to x = Zf;’:l

Define x and x,, = where |x,¥,| = |yn|?. Then

/p

Xpey (exceptin £%°. Take

N N N
G(x)= ) pxnen) =) xpplen) =Y Xnyn=y(x)
n=1 n=1 n=1

where x = {x1, xp,...,xn,0,0,...}.
By continuity, this caries to the closure and then the whole space so ¢(x) = ¢,(x), Vx € oP.
Therefore ¢ = ¢,

May 16, 2024

Recall

(P =07, %+ é =1,1< p < oo reflexive.

(Co)" =), (0) =207, 7:Cy— £ = (Cy)"™™

Cr={{x,}0e : limx, =x€F}c ™.

C=feCy, (C) = ¢'. Thatis, C; = Cy are isomorphic as Banach spaces but they are not isometrically isomorphic.

Co, Cy, 0", ¢%° are all non-reflexive Banach spaces.
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Proposition
Let V be a reflexive Banach space.

Then for every ¢ € V™ (¢ # 0), there exists some x € V such that

llxll=1 and ¢(x)=]|¢l|

Proof
7:V = V™ is surjective.

Applying Hahn-Banach to ¢ € V*, we find w € V** w(¢) = ||9]], ||w]| = 1.
Then there exists x € V such that v = 7(x).

¢(x) =1(x)(¢) = ||o]l
and ||x|| = [|y]| = 1.
Remark

P11 = supy =1 [¢(x)]-

For reflexive Banach spaces, ||¢|| = max| =1 [¢(x)].
Example

¢' is not reflexive.
Take ¢ € (£')*, p(x) =Y 2 x,, (1 - ﬁ) and x = {x,} € ¢'. Then

p(x)] =) [xal = ]x]]

so ||¢]| = 1. Now take x = {0"“’0&1,4’0"”}' Then

but

0(x)] =[S 2 (1= 55,)

It is impossible that ||x|| =1, ¢(x) = ||¢]|| = 1.

< 3 lxal = Hxll = 1l |- 1l

unless x=0

Example

Cy is not finite.
00 1

o€ (C) =0 o({xa}) = Y2 30+ .

< lenl-Zinif;ﬂ(s%plxnl)(zzin)

6(0)] =[x

so [[x[[ = [|e]]-
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Definition: Uniform Convexity

A normed space V is called uniformly convex if Ye >0, 36 >0 such that Vx,y e V

X+
el <1 Iyl < llx=yllze = ||552 ]| <1-0

Example

Ty

One can show directly that #” and L” (1 < p < o0) are uniformly convex.

Theorem: (Milamn)
Any uniformly convex Banach space is reflexive.
Consequence

For ¢7, LP, (1 < p < o0) are reflexive Banach spaces.
A: L9 = (LP)* surjectivity can be shown using reflexivity.

LY —— ()"

1 -

Definition: F-Topology on V
Let V be a vector space and let F ¢ V'bea separating family of linear functionals.

J= {(pw}weQ

x+0 = dw € Q such that ¢, (x) # 0.
Now define a separating family of seminorms

Po(x) = |¢o(x)]

We have a local basis v, (at x) for a toplogy

)/,C:{Ua,1 ,,,,, wye(X) T w1,.., 0N EQ, £>0}

where
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Then this induces a topology on V, so we have a topological vector space.
We call this topology the F-topology.

Definition: Weak Topology

Let V be a locally convex TVS.
Then the weak topology on V is an F-topology with F = V™.

Definition: Weak-* Topology

Let V be a locally convex TVS.
Then the weak-* topology on V* is an F topology with F = im7 where

Vo (v

Xy

with ¢ (f) = f(x), fe V™.
Then F ={¢, : xe V}.

Remark
« F = V" separating (V locally convex).

+ F=imt = V separating.

Y f e V™, f#0 this implies trivially that 3x € V, f(x) #0, ¢.(f) #0.

Remark: Open Neighborhoods (for local bases)

« F=V* fi,...fneV.

Uy fiiel¥] = {y €V 2 | fi(x) = fi(y)| <&, Vi=1,...,N}

e F=imt (2V), x1,...,xyEV, fEV

Then |¢,(f) = (8)] <e.

Remark: Notions of Convergence

Generally, in the weak/weak-* topologies, x, — x if VU 3 x open, AN such that Vn= N, x,, € U.
For F = V* (weak topology), x,, — x if and only if V f € V*, f(x,) = f(x) (weak convergence).
For 7 = imt (weak-* topology), f, = fifand only if Vx € V, f,,(x) — f(x) (weak-* convergence).
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Applications to Banach Spaces

1% v* v
norm toplogy norm topology
weak topology weak-* topology
F=v* F=im1=V
weak topology
F= V**

Then

* X, — x in norm implies x,, — x weakly.
* f, — f innorm implies f,, — f weakly

*

* f, — f innormimplies f, — f weakly*.

Proposition

Let V be a Banach space, x,,x€V f,, f€ V™.

1. if x, = x weakly, then

sup || x,|| < +00 and ||x|| <liminf||x,]||

1. if f, = f weakly*, then

sup||full <+o00 and |[|f|[ <liminf|[f,]]
Proof of B

By Banach-Steinhaus (uniform boundedness), f,,(x) = f(x), Vx implies that YV x, sup,, | f,,(x)| < +0c0.
This further implies that sup,, || f,,|| < +0o.

Then if || f,, || converges to ¢ = liminf||x,|| , [ fn, (x) < [ fu, | - []x]]-

Therefore | f(x)| <lim || f,, || - ||x]], Vx.

()]
[l

<tim |[fy, || = ¢

for every x. Therefore, || f|| < c.

Proof of A
xp, — x weakly, f(x,)— f,VfeV".

Then o, (f) = ¢x(f). b, € V* .
Therefore sup,, ||y, || < +0o where ||y, [| = [|xa ]l
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Examples

V=207,

x| =1.
We have that x,, # 0 in norm, but x,, — 0 weakly.
Vie () =03 {fi}Zy, f(xn) = 0. So

FGn) = filxn)ic = f

k=1
Therefore f(x,) = f, = 0.

Example
V=0, VF=r

1
f"Ee”:{0""’0’$’0""}€£

nth

fu(x)=x, and x = {x;} € Cp.

For x € Cy, limy_, o xx = 0 which implies lim,,_, o f,(x) = 0.

So f,, — 0 in the weak-* topology, but f,, # 0 in the weak tpology.
Take ¢ € V** = (¢1)* = ¢®.

$={1,1,1,1,...}

Then ¢(f) = ¥ 2, £ where { £} € ¢'. So £, ={0,...,0,1,0,...} gives ¢(f,) = 1 + 0.
That is, f,, + 0 in the weak topology.

Definition: Sequential Completness

V™ is sequentially complete in the weak-* topology if { f,} a sequence and f,(x) converges Y x € V, then there should

exist f € V* such that f,(x) = f(x), Vx€ V.

V is sequentially complete in the weak topology if {x,} a sequence and f(x,) converges V f € V*, then there should

exist x € V such that f(x,) = f(x), Vfe V™.

Theorem:

1. Let V be a Banach space. Then V™ is sequentially complete in the weak-* topology.

2. Let V be a reflexive Banach space. Then V is sequentially complete in the weak topology.

May 28, 2024
Definition: Annihilator

Let X be a Banach space, MS X, NC X".
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MY i={fex*: f(x)=0, Vxe M}.
IN:={xeXx: f(x)=0, VfeN}.

Proposition:
M* is a closed linear subspace of X* and 1 Nis a closed linear subspace of X.
Proposition:

LetMcS X, Nc X* be linear subspaces. Then

(M) = clos(M)
and
(J‘N)J‘ 2 clos(M)
(with equality if X is reflexive).

Proof

Mct(MY)and Nc (T N)E

If x € M, then f(x)=0,Vfe M soxet(M).

If feN,then f(x)=0,VfeNsofe(tN)*.

Since l(ML) and (LN)l are closed, clos(M) < L(Ml) and clos(N) ¢ (lN)L.

Then, by Hahn-Banach, 3f € X™ such that f|,; = 0 while f(x,) # 0 for some x, € l(ML).
Therefore, f(x) =0, Vx € M which would imply f € Mt so f(xo) =0 a contradiction.

Example: Non-Reflexive

clos(N) C (lN)L can be proper.

Take X = ¢, X* = ¢®° with N = Cy < ¢*.
Then * N = {0} while (* N)* = x* = ¢*.
Remark:

One can show that

closyeak-+ N = (J_N)J_

Closure in weak-* topology of N.

Proposition:

Let T € L(X,Y) with X, Y Banach.
Then N(T*) = R(T)* and N(T) = TR(T™).

Proof
T e L(Y*, X™).
Then f e N(T*) if and only if T* f =0if and only if (T f)(x) =0, Vx € X.

Then we may write f(Tx) =0, Vx € X and see that f(y) =0, Vy e R(T).
Thatis, f € R(T)".
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Similarly, for x € N(T) we know Tx = 0 and, by Hahan-Banach, that f(Tx) =0, Vfe Y™,
Then (T*f)(x)=0,VfeY" and g(x)=0, Vg€ R(T™).
We conclude that x € T R(T™).

Remark

N(T*) = R(T)* implies that

LN(T*) =Y (R(T)h) = clos R(T)

N(T) = R(T*) implies that

N(T)E = (FR(T*))* 2 closR(T)
Theorem: Banach’s Closed Range Theorem

For Banach spaces X,Y and T € L(X, Y), the following are equivalent

1. R(T)isclosedin Y.
2. R(T")is closed in X™.
3. R(T)="N(T).

4. R(T*)=N(T)".

Proof: 1 Equivalent to 2

See Yosida’s Functional Analysis.
Proof: 1 Equivalent to 3
Easy (see previous proposition).
Proof: 2 Equivalent to 4

Technical (not that easy).

Definitions:

For X,Y Banach, T € L(X,Y).

Definition: Normally Solvable

T is called normally solvable or said to satisfy the Fredholm alternative principle) if R(T) is closed.
Definition: Fredholm Operator

T is called a Fredholm operator if R(T) is closed and a(T) = dim N(T) < +o0 and B(T) = dim N(T™) < +oco.
a and g are called the defect numbers.
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Definition: Fredholm Index

ind(T) = a(T) - B(T) € Z

Remark:

For X, Y Banach.
If R(T) is closed, then N(T™) is finite dimensional if and only if Y /R(T) is finite dimensional.
There exists a natural isomorphism

(Y/R(T))* = N(T") = R(T)

We have that (Y/R(T))™ and Y /R(T) are either both of finite dimension or both of infinite dimension.

For every closed subspace M c Y, (Y/M)* = Mt

Y /> Y/M
f .
\lf
F
So f(v/M)* implies f = fore Y* and f € M*. Then

0=f(gg)=f(gg_)/)=0
XEM =0

Conversely for f € M* c Y*, £l =0and f([x]y) = f(x) independent of choice of x. So

[xi]=[r] = xn-neM = f(x1-x)=0= f(x)=f(x2)
Remark

If R(T) is not closed, then Y /R(T) is infinite dimensional (not trivial).

Remark

It can happen that Y/ Z is finite dimensonal for Z non-closed.
Take Z = N(¢) for ¢ and unbounded linear functional. Then

dim(Y/N(¢)) =1

R(T) closed and dim N(T™) < + o0 is equivalent to dim(Y /R(T)) < +co.
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Remark

normally
solvable
operator

Fredholm
operator

invertible
operator

Ae L(F", F") = ™",

Ax=y

A* = A" (transpose) A'f = g.

Every A€ L(F",F") is a Fredholm operator.
ind(A) = dimN(A) —dimN(A") and

rank A= m—dim N(A)

rank A’ = n - dimN(AT)

rank A = rank A"
implies that ind(A) = m — n.
Example

Take X = Y = ¢*(N) and

{xn}e1 - {0,x1,%p,...},indT=-1=—ind T".

S =
e

{xn};’;l i {erx?ﬂ'--}
A+ K, A #0, is a Fredholm operator.
fle) - jol k(s t)f(t)dtis a compact operator.

63



Note: Compact Operators

Generalizations of finite rank operator K

dimR(T) < +00

Closure of finite rank operator are subsets of compact operators.

Definition: Compact Operators

A linear operator T : X — Y (X, Y Banach) is called compact (or completely continuous) if it maps bounded sets into
relatively compact sets.

Definition: Bounded Subset

M c X is bounded if 3R >0 suchthat M € {x € X : ||x|| < R}.

Definition: Relatively Compact Set

N c Y is relatively compact (pre-compact) if the norm closure of N is compact.

Lemma:

For a metric space X and a set M, the following are equivalent

1. M is relatively compact.
2. Each sequence {x,}, x, € M has a convergent subsequence x,, — x € X.
3. Each infinite subset S € M has an accumulation point in X (i.e. LS(S) # @).

4. (Totally Bounded) Ve > 0, there exist finitely many x;,..., xy € X such that

N
M| JBe(x;)
i=1
Requiring closure and total boundedness makes a pre-compact set compact.

Remark:

Every subset of a relatively compact set is relatively compact.
A relatively compact set is bounded.

Proposition:
1. Each compact operator T : X — Y is bounded.

2. T is compact as an operator if and only if {Tx : ||x|| < 1} is relatively comapct.
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Proof of A

For B={xe X : ||x|| =1}, T(B) is bounded in Y. That is, T(B) < Bz(0) for some R > 0.
So ||Tx|| <R, Yx with ||x|| 1. Then

X
HTWHSR — ||Tx|| <R-||x||, Vx
X

Proof of B

(=) Trivial.
(=) M bounded, M < Bg(0).

T(M) < T(Bg(0))=R- T(B,(0) )

relatively compact

and the subset of a relatively compact set is also relatively compact.

Theorem:

The set of all compact operators in L(X,Y) is a closed linear subspace.
The product of a bounded operator and a compact operator is also compact.

Proof

If T is compact, then A - T is compact.

If T; and T, are compact, then T; + T5 is compact. We want to show that
{hx+Tx:xeX, ||x|| <1}

is relatively comapct. Take y,, = (T1 + T2)(x,), || xn|] < 1.

By assumption, {7 x,} has a convergent subsequence. T} x,, — y;.

Similarly, {7 x,, } has a convergent subsequence. Toxp,, = V2.
So J/nkl = Tlxnkl + sznkl =ty

June 4, 2024

Theorem:

Et T € L(X,Y) (X, Y Banach).
Then T is a Fredholm operator (i.e. R(T) closed, dim N(T) < +0o0, dimN(T™) < +00) if and only if there exists
comapct operator Kj € L(X), K, € L(Y) and S € L(Y, X) such that

ST=Ix+K, and TS=Ty+K,

Theorem:

1. If T} and T, are Fredholm, then T, T5 is also Fredholm and ind(7;T>) = ind(T;) + ind(T>).

2. If T is Fredholm and K is compact, then T + K is Fredholm and ind(7 + K) = ind(T).
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3. T is Fredholm if and only if T* is Fredholm. In this case, ind(T) = —ind(T™).

4. If T is Fredholm, then there exists € > 0 such that T + C is Fredholm whenever ||C|| < e and ind(T+C) =

Definition: Inner Product (Pre-Hilbert) Space

An inner product space is a vector space V with an inner product (-,-) : V X V — F such that

« Linearity: (A1x; + A2x2, ¥) = A1(x1, ¥) + A2(x0, y).
« Anti-linearity: (x, 1,1 + Aay2) = A41(x, y1) + A2(x, ).

(In the real case, this is bilnearity; in the complex case sesqui-linearity.)

« Conjugate Symmetry: (x,y) = (y, x).

« Positive Definiteness: (x,x) =0 and (x,x) = 0 if and only if x = 0.

Remark

(x,y) = (y,x) implies (x, x) € R.
Assuming (x, y) = (y,x), we have linearity if and only if we have anti-linearity.

Examples

chn-xz(xt) (J’t) < ».V>=Z?=1xi?i-

X=R" (xy)= Z, 1 Xi Vi

X =IL*(M)or X = C(K) € L*(K). { jMf(x)g(x) dx.
X = 0*(N)

Proposition: Cauchy-Schwarz Inequality

|G y) < x| -1l
where ||x|| = {(x, y).

Proof

(x—Ay,x—Ay)=0
(30) = A2 y) Ay x) +A(py) 2 0

(x,y)
2 2 2
||x|| —2/19‘{(x,y)+|1| lyll"=z0
|| 1P

IIXII'IIyIIZ%(x,y)

For 7| =1, (x,y) =7+ |(x,y)] so (%,y) = |(x,y)| € R. Substituting,
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5] 1111 =%, y)
Hxl -1yl = [(x y)
Proposition:

An inner product space is a normed space with

[[x|| =+/{x x)
Proof

+ Absolute Homogeneity:

[1Ax]] = V/{Ax, Ax) = VA - A(x, x) = |A] - |||

+ Triangle Inequality:

2 2
[x+yll < [lxl[+ [yl = [lx+y[I" < (x| +11¥1])

So

{(x,y)+(y,x) <2[[x]] - [yl
2%(x, y) < 2[[x][ - [y

R{xy) = (x| =< [1x]]- Iyl

Proposition: Parallelogram ldentity

2 2 2 2
[+ 11"+ e =yl1” = 2(1xl” +11yI17)

Proof

Propsotiion: Converse

Assume in a normed space, the parallelogram identity holds. Then it is an inner product space over R with

1 2 1 2
(o) = S+ vl = 3 x|

or over C with

1 2 1 2 1 | . 12
() = gllx+yII" = g llx=yl1"+ Zllx+iyl]" = Zllx =iyl
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Motivation

For the real case

2 2
[x+ylI"=1lx=yll"=2{x,y) +2(y, x) = 4{x,y)

In the complex case

.12 .12 . . ~
lx+iyll” = llx=iyll" = 4%(x, iy) = 4R(=i){x, y) = 43(x, y)

and (x,y) =R(x,y) +iJ(x,y).
Proof

Using the parallelogram identity,

s (x1+x2,y)=(x,y)+(x,y) (this step needs a lot of unpacking; see notes / books).

« (x,¥) = (y,x) over R.

 (nx,y) = n{(x,y) by induction, which extends from n e Nto n € Z.

* (qx,y)=q(x,y)forge@so (Lx,y)=n(%,y)=L(x,y) and m(£,y) = (m), % +y.

« By continuty, g, > A €R so ||g,x+ y|| = ||Ax + y||.
In the complex case,
e (ix,y)=1i(x,y)so C3 A= A; + A»i gives

(M +220)x,y) = (1x,y) +(Aaix, y) = M{x,y) + Aai{x, ) = Mx,y)
Definition: Hilbert Space

A complete (in the norm) inner product space is called a Hilbert space.

Examples
« X=C[0,1]with {f,g) = fol fg dx is an inner product space but not complete.
« X =1I°[0,1] with (f,g) = Iol fg dx is a Hilbert space.

« X = 0*(N) with (x,y) = Y x;¥i is a Hilbert space.

Remarks

Inner product spaces are uniformly convex (follows from parallelogram identity).
Hilbert spaces are reflexive Banach H = H*™.
In fact, in a Hilbert space H = H" (Reisz-Representation Theorem).
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Proposition

Let H be a Hilbert space and K € H a nonempty, closed, convex subset.
Then there exists a unique xy € K such that || xy|| < min,cg || x|| = dist(0, K).

Proof

Set d = infyex ||x|| = 0.
Then there exists a sequence {x,} € K with ||x,|| — d.
We show that {x,} is Cauchy:

2 2 2 2
% = xm |17 = 201 % [ + [ %) = 120 + x|

2
xn+xm||

2
\—_W——'J
€K by convexity

2 2 2

< ([1xal* + || *) — 4

—4d>?

2 2
=2(|xn "+ [1xm]7) — 4

Therefore, x;,, = xy € K (since H is complete and K is closed).
So || x,|| = ||xo|| which implies ||xo|| — d.

Uniqueness:
X0, X € K and ||xo|| = || 5| = d gives
Xo + X
|20 — %ol =2(d” +d") 4| | =5
<4d’—4d* =0
Corollary

Let H be a Hilbert space and K € H be a nonempty, closed, convex subset.
For each x € H, 3'xy € K such that ||x — xp|| = dist(x, K) = inf,eg || x — z]|.

Proof

Replace K by K — x. Then i, € K — x with || % || = dist(0, K — x) and xy = £, + x € K with || xy — x|| = dist(x, K).
Remark

This defines a projection pr: H — K.

Definition: Orthogonal

x and y are orthogonal (x L y) if (x,y) =0.
H, and H, (sets) are orthogonal (H; L H,) if (x,y) =0, Vx€ H;, Vy € H,.

Remarks

If Hy, H, € H linear subspaces and H; L H,, then H; N H, = {0} and H; + H, = H; + H,.
Indeed, ze HHNH, = (z,z)=0 = ||z|| =0 = z=0.
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Definition: Orthogonal Complement

The orthogonal complement of a set W € H is wt = {xeH:x1lWw}={xeH:(x,y)=0,Vye W}
Proposition:
1. whis always a closed, linear subspace.
1

2. (clos(linW))l =W

3. Wand w' are orthogonal to each other (W L Wl).

Proof
1. X, €W, x, > x, (xp,¥)=0,VyeW. Inthe limit, (x,y) =0, Vy € Wso x € wt.

2. clos(lin(W)) = clos{¥ A;y: : y: € W}. x€ W ifand only if (x,y) =0, ¥y € W, and x € (clos(lin(W))™ if and
only if (x,y) =0, Yy €lin(y,) where y, = ) A;7;.

3. Definition v'.

June 6, 2024

Recall

For K convex, closed and Hilbert.
ALl Bif(a,b)=0,Va€e A, VbeB.
wh={xeH: (x,y)=0 YyeW}={xeH: x LW}

Theorem

Let W be a closed linear subspace of a Hilbert space H.
Then H=w+Ww™.

Proof
wlwt = wnw"={o}.

Toshow: Vx e H, dx; € W, x, € wsuch that x = X1+ Xo.
Since the projection is well defined,

x1 =projy(x) EW and x=x-x

So

[x2]] = [|x = x| = dist(x, W)

To show: x, € wt.

= i —_ = i + _ = i —
2] | g;lvlvlllx z|| I;él&llxz x — zl| ;rélvlvlllxz ¥l
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soVyeW, ||x|| = ||x2—y||. Therefore

x| ® < ||x = Ay||>, VAEF, yew
2 2 2
1x2] 1% < 2] [* = 2030, Ay) + || Ay
0 < —2AR (x5, y) + A ¥l|*

IfA<0,thenas A —0

0= —2R(xp, y) + Al|y|[*
9%<x2,J’> 20

If instead A = 0,

0 < —29%(x2, y) + Al |yl
m(-vay) =0
So %(xz,y) =0, VyE w.

ThenforF =R, (x,y) =0, Yy € W. ForF=C, 0=R(x,iy) = J(xp,y) which gives (x,,y) =0, Vy e W.
We conclude that x, L W or that x, € wt.

Corollary

For a closed, linear subspace W in a Hilbert space W

whHt=w

Proof

H=wi+w> =w'+wh)*
wc (Wl)l since x € W implies x L w which implies x € (WL)L.

Similarly, z € (W5)T is given by z = x + y with x € W, y € W™ (since H=W+W™).
By uniqueness, it must be that x=zand y=0so W D (WL)L.

Theorem: Riesz Representation Theorem (for Hilbert Spaces)

Let H be a Hilbert space.
For each ¢ € H™, there exists a unique y € H such that

(P(x) = (x’.V>r xXeH

Moreover, the map

A:peH -»yeH

is antilinear, isometric and bijective.
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Proof

Given y € H, ¢, described by

isin H* and |[¢,]] = [|y]].
* ¢y (x) =(x,y)islinearin x.
* 1yl =supss |(|)|C§Cy||>| = Supxqeo% =||y|| (Cauchy-Schwartz). Take x = y(+0)
e _ [l _ ™
[1x]] lyll

Given ¢ € H* (¢ #0).
Put W = ker(¢) which is a closed, linear subspace of codimension one.

From above, we know that H = W+W™ and therefore that dim(WL) =1.Sow" = lin{z} for some z # 0.
For x € H, we decompose

x=x1+Az, x; e WALEF

Then ¢(x) = Ap(z). For y = tz, ¢, (x) = (x1,y) +{Az,y) = Mz, y) = A1(z, z).

Sot= ﬁ’i—ﬁ’z and ¢ = ¢, with y = %z.
Uniqueness of y. Suppose ¢ = ¢y, = ¢,, such that ¢, _,, =0.

Put x = y; — ¥, then (x,y1 —y») =080 y; — y» = 0.

Well-defined

Surjective (by construction)

* Injective

Isometric ||y || = ||yl|

Anti-linearity A~ : ye H ¢, € H

¢MJ’1+A2J’2 = /114))’1 + }LZ(pJ/Z

Remark

H = H" isomorphic is linear for R and anti-linear for C (in the canonical case).

Definition: Orthonormal Set

For H an inner product space, {e,},cq € H is an orthonormal set if

|0 a#p
(eareﬁ>_{1 a=p
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Theorem:

In an inner product space, there exists always a complete orthonrmal set (i.e. one which is not contained in a larger
orthonormal set). Proof through Zorn’s lemma.

Proposition:

In a Hilbert space, an orthonormal set {e,, },cq is complete if and only if lin{e, } = {Zﬁ\il ajey,  a; €EF,w; €EQ,NE l\l}
is dense in H.

Proof

(=) Suppose W = clos(lin{e, }) = H.

If {e,} is not complete, there exists {e,} U {x} an orthonormal set with x L e,,.

Then X Llin{e,}, x L clos(lin{e,}) and ultimately x L H. But then x L x means x = 0 a contradiction.
(=) For W = clos(lin{e, } ¢ H.

Then W # {0} so Ix e wt, ||x|| = 1 such that {e,} U {x} is an orthonormal set. Invoking Zorn’s lemma, there must
be some maximal orthonormal set.

Lemma

Let {e,} be an orthonormal set in a Hilber space H and a,, € [F such that

o0
Z lag, |2 < 400
n=1

for wi,w,,... € Q distinct. Then

N
dim | ) a,,e,
n=1

exist in the norm of H. Write X =Y " a,, ey, -

Proof

N
VN = Z ay,Cuw,
n=1

and

N 2 N
2 2
vn=vull®=|| > aw,eall = D law,l
n=M+1 n=M+1

is small when M, N are large. So vy is Cauchy and v — X.
Remark

2 2
||x|| =Zfl°:1|dwn| .

73



Definition:

For an orthonormal set {e,} and x € H an inner product space, we call a, = (x, e,) the Fourier coefficients of x with
respect to {e,}.

Remark

Suppose x=Y >, a, e, (*),then

o0
xe Z e e = Gon @ On
Ll) w Wy, -
= 0 wFw,Yn

We see that (*) is the Fourier series for x with respect to {e,, }.

Question:

Can every x be written as a Fourier series?
Yes. {e,} is an orthonormal basis if and only if {e, } is a complete orthonormal set.

Lemma

In an inner product space H with {ek}Z=l an orthonormal set and x € H.

1. The minimum of

n

X — Z Ci€r

k=1

over all ¢ € F is attained for ¢; = (x, ex) =: xg.

1. Bessel’s Inequality

n

2 2
> el < |1xl]

1yl

Proof

Make a substitution ¢y = xp — dy.:w

2

n n n 2 n 2 n
- Z Xiey + Z dier|| = - Z Xiek Z diei|| = - Z Xrek
k=1 k=1 k=1 k=1 k=1

orthogonal constant

2 n
2
+ ) ldil
) k=1
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For 2, put di = —x (¢ =0). Then

2

2 . 2 d 2
I ={x= ) xeer|| +) lul®2 ) |xl
k=1 k=1

k=1

For part 3, apply Cauchy-Schwartz.
Theorem:

Let H be a Hilbert space and {e,} a complete orthonormal set. Then for each x € H.

1. At most countably many x,, (x, = (x, e,)) are non-zero and

Z |x0|° < +00

w

X= waew
w

and ||x||* = Yo |x,|* (Parseval's Equality).
Proof of 1

By Bessel’s inequality, for any finite subecollection {w;,...,®,}

< 2 2
Y L, 12 < 115
k=1

Proof of 2

The sum

z= Z Xpey € H
w
is well defined. Since {e, } is complete, x can be approximated by lin{e,,,,...,e,, }. Then

n

n
Yn = Z Cw,€p, and z,= zxwi €,

i=1 i=1

give ||x—z,|| < ||x— yu|| by minimality lemma. Therefore z, — x.

Remark

H=0%(Q) over {ey}wea.
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