Analysis I
January 9, 2024

(Real) Analysis

» Calculus

— Differential

— Integral (Riemann)
» Functions and Maps

— Measure Theory

— (Lebesgue) Integration

» Topology

Completeness (as a metric space)

Compactness (Bolzano-Weierstrass theorem [real]) (Arzela-Ascoli)

Paracompactness / Metrizable / Baire Category Theorem

Algebraic / Combinatoric (continuous maps or functions)

Definition: Cardinality

For sets A, B, Card(A) = Card(B) if there exists a one-to-one correspondence g : A < B.
Counting, labelling, indexing, etc.
Card(A) < Card(B) if A C B or there exists a one-to-one mapping A — B.

Definition: Countable

If A= N, then A is countable.

Theorem

The countable union of countable sets is countable.
Proof

Let A; ={a;}7e1, i=1,2,....

ay; ayp as
apy dzy a4ps

ax1 Qk2  4g3

Index by diagonalization.



Theorem

The cartesian product of countable sets is countable.

Proof

XXY={(x;,y; : x;€X,y; €Y}
(x1,31)  (x192)  (x1,)3)
(xz,.h) (x2,¥2)  (%2,¥3)
(xk:.)’l) (X6 y2) (X% 13)

Theorem

Card (ZX) > Card(X), where 2% = {A c X} is the power set of X.

Proof

For all x € X, {x} c 2%, so Card(X) < Card(ZX).
Assume, for sake of contradiction, that Card(X) = Card (ZX).

Then, by definition, there exists a one-to-one correspondence ¢ : X « 2,
SetA={xCX:x¢¢(x)},andleta=¢p '(A) (i.e. A=d(a)).
If a€ A, then a¢ AcC ¢(a);butif a¢ A, then a € A, a contradiction.

Theorem
Card(R) = Card (ZN).
Topology of the Real Line

Completeness (as a metric space)

d(a,b)=|a-b|, VabeR.

1. x; > xif Ve>0, dn eNsuch that |x; — x| <€, Vi = n.

2. {x;}is Cauchy if Ve >0, 3n € N such that |x; — x| <¢, Vi, j 2 n.

Definition: Open Inteval

(a,b) is an open set on the real line.
There exist interior points for any subset A of real numbers.
Vx € A, x is interior if 3(a, b) such that (1) x € (a, b) and (2) (a, b) C A.

» Theorem
The union of open sets is open.
The intersection of finitely many open sets is open.
@ and R are open.



Definition: Limit Point
A limit point x € R of a subset A is a limit point in A if for every open neighborhood U of X, (U\{x})n A+ @.

Definition: Closed

Ais closed if A contains all of its limit points.

* Theorem
Alis closed if and only if A°=R\ A is open.

— Proof
Aclosed = A° open.
Otherwise, 3x € A such that for every neighborhood U of X, (U \ {x}) n A = @ which would make it a limit
point of A notin A. By assumption, A contains all its limit points so this is a contradiction.
A open = A closed.
For any x a limit point of A, assume otherwise that x € A°.
Then there exists some neighborhood U of x such that U c A° (since A® is open).
It follows that (U \ {x}) n A= @ and x is not a limit point of A, which is a contradiction.

Definition: Sequential Compactness

Ais compact if V{x;}, x; € A there exists a convergent subsequence {x; } and x;, — x € A.

* Theorem: Bolzano-Weierstrass
For ACR, Ais compact if and only if A is closed and bounded.

— Proof
A compact = A closed and bounded.
Assume that A is not bounded from abvove.
Then there exists a sequence {x;}, x; € Awhere x;,; > x; + 1 and {x;} has no convergent subsequences.
Then compactness implies closedness.
A closed and bounded = A (sequentially) compact.
Let any {x;}, x; € A.
Claim: V{x;} of reals, if there exists m € R such that |x;| < m, VY m then there is some convergent subse-
guence.

I ] ]
T T 1

Divide and conquer: dividing the interval in half necessitates that at least one half contains infinitely many
points. Repeat indefinitely.

* Theorem: Heine-Borel)
A S Ris (sequentially) compact if and only if any open cover has a finite subcover.

— Proof

Heine-Borel Property = closed and bounded.

Assume that A is unbounded, U,, = (—n,n) and {U,,} =1 an open cover for A € R has no finite subcover.
Assume A is not closed, then x € A (where A is the limit set of A) and x ¢ A, U, {(—oo,x— %) U (x+ i +oo)}.

Then {U,,} covers R\ {x} D A has no finite subcover of A.



A is bounded and closed = A is Heine-Borel
Divide and conquer: using open sets with respect to open covers.

Definition: Cantor Set

C ={x€[0,1] : the ternary expansion of x has only the digits {0,2}}.
Equivalenetly, let Co = [0,1], C; = [0,%] U [%,1], Cy = [0,%] U [é,%] U [g,g] U [g,l].
Then C, = 2., CX and ¢ = N2, C,.
nf1\"
ICal =2" ()" 0.

Definition: Perfectly Symmetric Sets

Let {&,} where &, € (0,%).
Ey=[0,1], E; =[0,&;JU[1=¢1,1], B> = [0,6162]U[E1 =182, &1 U1 =&, 1 =& + 618 ]U[1 =618, 1],
Then the cantor set is given by &, = %

2" _k ok k
Ep =<1 En, |E;&! =&y Ey, and |E,| = Y |Ey| = 2" 185 ++& .
Therefore, E = (1,2, E, and we define |E| =1im,_,c0 | E,| = lim;,_,00 (2"&1&5+++¢,) = A where 1 € [0,1).

Let
l n—1
(H log(,,>)
n—1
28, = <1
(1 + log,(f))
, then
n ].
261 "fn: 10(1) n_)/l
[1e25)
Proof

X
lim,,, 00 ((1 + %)n/x) =e", then lim o (1 + y)l/y =e, log(1 +y)1/y = log4y) 4

y y—»() :
Observe that

’_ 1 1 y <o
S (1+y)? Ay (14y)?

1
¥ 5 +—1+y—10g(1+y))

(log(1+y)>'= %—log(l+y) _ (1
y

Theorem

Cantor sets and perfect symmetric sets are closed, perfect, uncountable, and nowhere dense.

January 11, 2024

Last Week

Cardinality.
Topology of the reals.



+ Cantor (perfect symmetric sets)

Co=1[0,1]
C;=[0,1/3]u[2/3,1]
C,=[0,1/9]u[2/9,3/9]U[6/9,7/9]U[8/9,1]
"k
Cp= Ui:lncn
ky _ (1
|Cn| —o<(3§)
C= ﬂn:lCn "
Cal =2"3: =(2)" = |C| =lim, 00 |C| =0
Closed, no interior points and uncountable.

* Perfect Symmetric Sets

{fk}e(O»%)

Ey=[0,1]

E; =[0,&]u[1-¢,1]

E, = [0»§;152]U[51 —&18, 6 U[1-¢1,1 -8 + &8 ]u1-818,,1]
E, = UizlElri

| Enlé162e -0

|Ep| =2"81&5+6,

(HM)

n—1
26, =~— L <1
log(1))"
[1+00)
|Eal = ——
nl= 77—
1 1
[1+=00)
|E| =1limy,— o0 |Epn| = — =1, A€(0,1)

elog( n )

Volterra’s Function

IMAGE HERE - graph of phi(x)

| B 2xsin(§)—cos(i) xX*0
$o-1,
0 x€EE

¢(x—a) x€(aa+y)
—¢(b-x) x€(b-y,Db)
é(y) x€(a+yb-y)

c

f(x)= ) (a’b)EE

IMAGE HERE - f interval (a,b)



Propositions
1. f'(x)=0for x € E.
2. f'(x) discontinuous on E.

3. f' exists on [0,1] and is bounded.

Since |E| >0, f'(x) is not Riemann integrable and, therefore, the fundamental theorem of calculus does not apply.

Lebesgue Outer Measure

|(a,b)| =b-a.
Let ACR, then m*(A) =inf{} oo I, : A<y}

Question: m*(AUB) = m*(A) + m*(B) for ANB # @?
Properties

1. ASB = m™*(A) <m*(B).

2. m*(@)=0.

3. If I'is an interval, then m™(I) = |I].

4. If {A;} is countable, m™ (| 4;) < Y m™(A)).

* Proof of 4
V A;, 3{I,,} open intervals such that y°, |I,,| < m™ (4;) + &.

Then J;U, 12> U; A and ¥, 1] = Y (¥, |I,il|) <y, (m"(Aa)+%).
— Corollary

If Ais countable, then m™(A) = 0.

Thus, by contraposition, every interval is uncountable.
Proposition
For ACR, Ve >0, 3U open such that A U and m™ (U) < m*(A) +«.
Corollary
There exists G in the intersection of countable open sets such that m™(G) = m*(A) and G 2 A.

Caratheodory Criteria

lf VE, m*(En A) + m* (En A%) = m*(E), then Ais Lebesgue measurable.

« Remark: m*(ENA)+m*(En A°) < m™(E) < +00



Propositions

1. If Ais measurable, then A® is measurable.
2. m*(A) =0, then A is measurable.
3. If A, B are measurable, then AUB, An B, A\ B are measurable.

4. If {A;}*_| are disjoint and measurable, then m* (Ule Al-) =y m*(A).

* Proof of 3
m* (ENn(AUB))+m " (En(AUB)")=m*((ENA)U(ENB))+m" (En A°nB°)
=m* (ENA)+m* ((ENnA)NB)+m™ ((En A°) + B)
<m™(E)

Since o(An B)° = A°U B, this holds from before; similarly, A\ B= An B = A°UB.
If A, B disjoint, then

m (AUB)=m™ (ENA)+m* (En A°)
=m"*(A)+m*(B)

Theorem

If {A;} is a countable collection of disjoint and measurable sets, then

1. J; A; is measurable.
2. m*(UlAl)=Zlm*(Al)

Proof of 1

Want to show:

m* (En(QAi >+m* (En(QAi>C) <m"(E)

By assumption, since the measure of E is finite, m”* (En Uf:l Ai) < +00.
Claim: Ye >0, Ak su%h that
Therefore m* (En Uiz, 4;) 2z m* (EnU2, 4;) - .

k koo\©
m*(E)<m* (EnUAi)+s+m* (En(UA,-) )Sm*(E)+£

i=1 i=1

Proof of 2

We have shown m™ (|, A;) = Y oy m™ (A;).
Assume m* (|J; A;) < +00, then

k

Ai) < m* (GAE> B im*(A,) < m* (GA,)

1

k
) m"(4;)= m(

i=1



January 16, 2024

Office Hours Tuesday / Thursday 10 AM - 11:30 AM
A note on notation: Latin characters are to be understood as countable indecies; greek as possible uncountable.

Lebesgue Outer Measure

ACR
m*(A) =inf{Y 52, |;| : U5, I; > A, I; open intervals}

Properties
1. ACB = m™(A) < m™(B).
2. m*(@)=0.
3. m*(I) = |I| for I an interval.
4. Countable Subadditivity: {A;}i2; = m™ (o, Ai) = Y oy m(A;).
5. VACR, Ve >0, 3 open neighborhood U 2 A such that m*(U) < m*(A) +«.

6. 3Ge (o2, Uy, U, open, U, 2 A => G 2 A, such that m*(G) = m* (A).

Measurable (Caratheodory Criterion)

V ACRis Lebesgue measurable if

m*(A)=m*(EnA)+m™ (En A°)

Essentially, m* (EN A) + m* (En A°) < m*(E) < +o0.
» Propositions

1. Ameasurable = A° measurable.

2. m*(A) =0 = A measurable.

3. {4;};2, countable with A; measurable, then
() [Njo; A; are measurable.
(b) Moreover, A;nA;j =@ = m" (Ui, (A;) =Y 0y m" A;).
(c) A, B measurable = AUB, ANB, A\ B measurable.
(d) AnNB=@ = m*(AUB)=m"(A)+m™(B).

(e) {A;};" with A; measurable, then | J;-, A; is measurable and A;NA;@ = m”™ (Jio; A;) = Y 1oy m™ (4;).

— Proofofe VECR, m* (En (Uie, A1) +m™ (En (U5, 4:)°).

i=1
Claim: m* (En (Ui, A1) =Y oy m" (ENAp) for A;NA; = @.

8



Then, Ve >0, dn eN,

Al-)) = im*(EnAi) < im*(EnA,-)w

i=1 i=1

= m" (En(GAi>>+m* (En(QAi)C) <m" (Em(LnJA,-))+m* (En(UAi)C)+es m*(E) +¢

i=1
%}

= U A; measurable
i=1

Proof of Claim:
Step 1: A, B measurable and An B = @. Since A is measurable,

m*(ENn(AUB))=m* ((En(AUB))nA)+m*((En(AUB))N A°)

m*(EnA)+m™ (En A°)

For {A;}521, U, Ay = U2, Af with A, = A} and A} = A; \ Ui} Ap, Viz2.
Therefore A; N A'j =g and A; is measurable.

m” (OA,-) <m" (GA,-) < im*(A,-)

n [o¢]

m*(ﬁf‘h‘):;m*(Ai)Sm*<UAk><+°0 — zm*(Ai)Sm*(HAk>SZm*(A,-)

k=1 i=1 i=1
Sigma Algebra and Borel Sets

Definition: Sigma Algebra

Let S c 2* for some set X. Then S is said to be a o-algebra if

1. @ €S.
2. A"esif A%
3. Ui, Ai € Sif A; €8.

- Equivalently, ();o, A; € Sif A; € S.

Theorem:
The collection £ of all Lebesgue measurable sets is a g-algebra.
Definition: Borel Set

Let B be the o-algebra generated by open sets of reals (i.e. the smallet o-algebra containing all open sets of reals).
Then b € B is called a Borel set.



Remark

B is generated by {(a,+o0) : a € R}.

1. (a,+00)" = (=o00,a].

2. ﬂ;il(a—%,+oo)=[a,+oo).

3. [a,4+0) = (-00,a).

4. (—oo,b)N(a,+00) =(a,b).

5. (—oo,b]Nn[a,+o0) =[a,b].
Theorem:

Any Borel set is Lebesgue measurable.

Proof

It suffices to demonstrate that (a,+c0) is measurable Va € R.
VE C R, we want to show that m* (En (a,+00)) + m* (—00,a]) < m* (E).
Then, Ve >0, 3C = {I;} with I; open intervals such that } ; .. |I;| < m™*(E) +¢/2. Set

C[={I€C tx<a Vxel}
C'={IeC: x>aVxel}
C"={IeC:acl}={I}

Then AC=c‘uc"uc™.
VI, €C" = {1}, I = (ck, dy) for some cy, dy € R, define

¢ €
I = ck,a+ﬁ

It = (a,dy)

LetCc™ = {15} u{rl} =C" uC™". Then

—me
cuc” covers EN(—o0, k]
c¢"uc™ covers En (k,+00)

cluc”uc™ covers E

Observe that

Y €
|1k|+|12|s|1k|+2k+1

10



Therefore

m*(En (a,+00)) < Z | 1]
1ech+c™
m*(En[-c0,al)< Y 1|

rect+c™
Therefore

m*(En(a,+00))+m"(En(-00,al)< > |1+ Y |1
1ecruc™ rect|rjuc™
0
= > 1+ Y 1+ (15l +15l)

IeC” Iec’ k

+ 00

DL

IeC k=1

€ 2
Sm*(E)+§+§

<m"(E)+e¢
Lebesgue Measurable vs Borel
Theorem

The following statements are equivalent

1. Ais measurable.

2. Ye >0, 3U open, U D Asuchthat m(U\ A) <e.

3. Ve >0, 3C closed, C c Asuchthat m(A\C)<e.

4, YAER, Elﬂ;';l U,=Fe€B,U,open, U, D Asuchthat F> Aand m(F\ A) =0.

5. 3{C,}, C, closed and C,, ¢ A such that G=J;.,C, Cc Aand m(A\G) =0.

Corollary

Every measurable set is the union of a Borel set and a measure zero set.

Proof 1 Implies 2

Step 1: if m(A) < oo, then for e >0, AU open and U D A, then

m(U)<sm(A)+e &= m(U\A)=m(U)—m(A)<e

Step2: let A, = An(—n,n), neN.
Then m(A,) <2n< +o00.
For ech A,, 3U, open with U,, > A, and m(U, \ A,) < 5=

11



LetU=J,.,U,and A=J52, Ap.
Now verify that

m(U\A):m(U U, \ An>:m<U Un\An)s Y m(U,\ Ay)se
n=1 n=1 n=1 n=1
Proof 2 Implies 3
Write
A\C=ANC =C°NnA=C"\A°
Apply (2).

Proof 3 Implies 4

U,, comes from 2.

Proof 4 Implies 5

Follows from 4.

Proof 5 Implies 1

A=GU(A\G) = Ais measurable.

Example: Non-measurable Set

Definex ~yifx—y€Q, Vx,y eR.

Let A={x€(0,1) : xis a representative of each class R/ ~} ¢ (0,1) CR.

Claim: A is not Lebesgue measurable.

Let (=1,1) 5 S =, eqn(o1)(A+7) 2 (0,1), and observe that @ N (0, 1) is countable.
So(A+r)n(A+s)=a fors+r.

Then 1< m(S) <2,so m(A)=0and m(A) >0 are both contradictions.

January 18, 2024
Abstract measure theory.
Definition: Topological Space

A set X equipped with a collection of subsets 7 C 2% where T is a topology if

1. 9, X€erT
2. Union of subsets in T remains in 7.

3. Intersection of finitely many subsets in 7 remains in 7.

Any subset of 7 is called an open set of X.

12



Definition: Measure Space

For a set X with Ac2¥ a o-algebra such that

1. BEA
2. A€ ANif A€ A.
3. U A€ Aif A EA.

4. Remark: Borel Sigma Algebra

The o-algebra generated by 7 for a topological space (X, ).
The measure space (X, A, u), A C 2% a o-algebra equipped with set function u: A — [0, +00] such that

1. u(@)=0

2. p(Ui2  Ai) =Y 2, m(4;) for A; € Aand A;n A; = @ for all i # j (countable additivity).

Proposition: Monotonicity

ABEA ASB = u(A) < u(B).
Proposition: Countable Subadditivity
p(UA) =) p(A)if A e
Proposition: Monotone Convergence

Given A; C A such that A; C A;4; where A={J72, A;, then u(A;) — u(A).
Similarly, if A; > A;4+1 such that A= (72, A;, then u(A;) - u(A) if u(Ax) < +oo for some k=1,2,3,....

A i

. = 1
Given A} = { U 4= U A; and

o0 o0
1 . 1
p(A) ZAi = lim Zu(Ai)
i=1 i=1

and

> (AL = (A1) + (u(A2) = p(AL) + (1(A3) = (A2)) + -+ + (( An) = p(An1)) = p(Ap)

i=1

13



Similarly, A, \ A=Jie, (A; \ Ai—1) where p(A;) < +o0 gives
p(Ay) = p(A) = p(Ar) + ) (u(A) = p(Aio1)) = lim pu(A,)
i=2
Definition: Complete Measure Space

A measure space (X, A, u) is complete if VA € A with u(A) =0, then VB C Aand B € A.

Example

The Lebesgue measure space on the reals (R, £, m) is complete.

Theorem: Completion of a Measure Space

Given a measure space (X, A, i), then there exists (X, A, i) such that

1. ACA.
2. If Ae A, then u(A) = u(A).

3. (X,A, 1) is complete.

Proof (Construction)

LetA={AUuZ : Ae A,ADe€ A,m(D)=0,ZC D} and i(AU Z) := u(A).
Verify:

1. Ais a o-Algebra.

(@) f AUZ €A, then (AU Z)° €A.

(b) If A;U Z; € A, then | J(A; U Z;) €A.

2. T is a well-defined measure on A.

3. (X, A, 1) is complete.

* Proof of 1
Given A€ A and Z C D where u(D)=0and D € A, we know D c Z° and Z° = D° U (Z° n D). Therefore

(AUZ)=ANZ= AN (D°U(Z°ND)) = (A°NDYU (AN Z°ND)eR

Since ANnDeAand A°NnZ°NnDeD
Since | JA; e Aand | JZ; c | Dy,

Q(Aiuzi) = (GA,-)U(.

i=1

14



* Proof of 2
Given Al U Zl = A2 U Zz, Al Cc A2 U Z2 C A2 UD2 |mp||eS ,U(Al) < /J(Az)
Then, u(Az) < u(A;) = u(A;) = u(A,). So uis well defined.
Given {Al UZl'} with (Al UZZ') N (A] UZ]) =g forall i+ j,

ﬁ(U(Ai UZi)) =ﬁ((UAi> UUZi> =ﬂ(UAi> = Z,U(Ai) = Zﬁ(Ai UZ)
i1 i1 i=1 ' i=1 i=1

= i=1

So u is countably additive and therefore a measure.

Borel Measure and Radon Measure

Given a measure space (X, A, u) and an underlying topology (X, 1),

Definition: Borel Measure

1 is a Borel measure if all borel sets 7 C A.

Definition: Locally Finite Measure

w is locally finite if Vx € X, 3U c X a neighborhood such that u(U) < +oo.

Definition: Borel Regularity

w is Borel regular if YA € A, 3B a Borel set such that B2 A and u(B) = u(A).

Definition: Radon Measure

u is a Radon measure if

1. it is a Borel measure.
2. u(K) < +oo for K compact.
3. u(V)=sup{u(K) : KCV,K compact}, V open.
4. u(A)=inf{u(v) : ACV,V open}, VA€ A.
+ Example 1
Lebesgue measure.
+ Example 2

Point charge: u({x})=1and u(A) =0if x ¢ A.

Theorem:

Let (X, A, u) be a Borel regular measure space where the underlying topology (X, 7) is a metric space. Then

1. For A€ A with u(A) < +00, Ve >0, 3C S A closed such that u(A\ C) < e.

15



2. For A € A, 3{V;} open sets such that A C U;’Zl V; and u(V;) < +oo. Then Ve >0, AU open with A C U and
u(U\ A)<e.
Proof
Given u(A) < +o00, v(B) =u(Bn A) < +oo, VBe A and (X, A,v).
Let F={Be A : Ye>0,3C C B closed, with v(B\ C) < ¢}.
Note that closed sets are in F.
Claim 1: the Borel o-algebrais in F.
Claim 2:if A; € F, | JA;,[)A; € F.
Given claim 2, YU open, U* is closed. Then U, = {x € U : dist(x,U°) < ¢} is closed and, therefore, U = ;2 Uy/;.
So, given A; € F, AC; C A; closed where v(4; \ C;) < £/2"*'. We want to show that v(NA; \NGCi) <e.

Then, for x € (1 A; \[)C;i, x € A; for all i and x ¢ C;, for some i.
Therefore x € A;, x ¢ C;,, and x € A;, \ C;,. It follows that

1o lp?

Therefore

V(UAi\UCi)QV(UAi\UC,')SV(U(Ai\Ci><

so N >> 1 such that V(U(;Zl \UN, Ci < 5) with [ J, C; closed.
Restatement

For A Borel,

e>v(A\C)=p((A\C)n A)=p(A\C)
January 23, 2024
Review - Abstract Measure

Given (X, A, i) where A € 2% is a o-algebra, p:A—[0,+00]

1. u(@)=0.

2. m(UA) =Y p(A), AinAj=2.

Properties of a Measure
Monotonicity

w(A)cu(B), ABEA, ASB

16



Countable Subadditivity
p(UA) =y uA)
Monotone Convergence

A CAip, A~ A = p(A)=p(JA).
AiD Ajr, A= (A = p(A;) = () A;) if u(Ay) < oo

+ Example
A, =(n,+00) gives (A, =@

Completeness of a Measure

(X, A, u) is complete if VA€ A with u(A) =0,then VB e Aif BC A.
Theorem:

Given (X, A, i), there exists (X, A, i) such that A C A and i(A) = u(A) if A€ A.

A={AUuZ : A€ A ZCD,DE€ A with u(D) =0}

(AU Z) = p(A)
(X, A, T) is complete.
Measure Space with Topology
Given a topological space (X,7), a measure space (X, A, i)

Definition: Locally Finite

The measure u is locally finite if Vx € X, there exists an open neighborhood U of x such that U € A and u(U) < +o0o0.

Definition: Borel Measure

1 is a Borel measure if the Borel g-algebra generated by 7, B, is a subset of A.

Definition: Borel Regular

VA€ A, dB € Bsuchthat BD> Aand u(B) = u(A).

Definition: Radon Measure

1. Borel.
2. u(K) < +oo for K compact.
3. u(V)=sup{u(K) : K compact,K c V}, VYV open.

4. u(A)=inf{u(V) : Vopen, ACV}, VA€eA.
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Theorem:

If X is a metric space equipped with a Borel regular (X, A, 1), then

1. VA€ A, u(A) < +00, Ve >0, AC closed where Cc Aand u(C\ A) <e.

2. If 3{V;}, V; open and u(V;) < +o0, and A € A with Ac [ JV;, then U open such that Ac U and u(U \ A) <e.

Proof of 1

Define v(B) = u(Bn A) such that (X, A,v) is a new measure space.

Define F={B€ A : Ye>0,3C closed,C C B,v(B\C) < ¢}, all closed sets in F.
Claim 1: (| A;,[A; €EFif A; €F.

Claim 2: U is open.

U=UU;, Uy ={xeU : dist(x,U°) < 1}, therefore BC F.

IMAGE HERE - 1

If Ais Borel, then Ve >0, 3C closed with Cc Aand u(A\C) <e.

To finish, Y A c A by Borel Regularity of i, 3B € B such that B> A and u(B) = u(A).
Note also that this requires u(B\ A) = 0 since u(A) < +oo.

IMAGE HERE - 2

Then B\ Ae A,AD e Bsuchthat D> B\ Aand u(D) = u(B\ A) =0. Then

BNA°=B\AcCD
(BN A) > D°
BN (B°UA)>DNB

ADB\D
(%]

——
A\(B\D)=An(BND) =An(B°UD=(ANB°)UAND=ANDCD

Therefore B\ D C A, and u(A\ (B\ D)) =0.
B\DeB,Ve>0,3Cclosed suchthat Cc B\DcC A, u((B\D)\C) <e.
This implies that u(A\ C) = u(A\(B\ D))+ u((B\D)\C) <e.

Proof of 2

Consider V; \ A where u(V;\ A) < u(V;) < +00. '
By (1), 3C; closed with C; c V; \ A and u((Vi \ A)\ C;) < &/2""". Write

(V\A\Ci=(Vi\A)NCi =VinA°nCi = (VinCi)n A" = (Vi \ C;) | A
Note that V; \ C; is open, since C; is closed.

Define U = | J(V; \ C;) D A. Then,

u\a=([Jwi\e))\a= J(vi\c)\ 4)

Therefore (U \ A) < e5tr = €.
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Remark

X =V, V; open and u(V;) < +00.
Then VAe A, Ve>0,3U opensuchthat U D Aand u(U\ A) <e.
For A, AUD A° (= U°C A), w(U\ A%) <e. So

UNA=U\A"=A\U"=ANU

and u(A\U®) <&, U° C A with U° closed.

Corollary

For R", a measure is Radon if and only if it is locally finite and Borel regular.

* Proof
(=)
Let B(r,xp) = {x€R" : |x— x| <r}and B(r,xp) = {x €R" : |x— xo| < r, compact}.
Then u(B(r,x9)) < u(B(r,xy)) < +00. So u is locally finite.
For A € A, we may assume without loss of generality that u(A) < +oo.
Then Vi, 3U; open where U; > Aand u(A) < p(U;) < p(A) + 1 < +00.
Set G =(U; € B, then u(G) = u(A).

(=)

1. Borel regular implies Borel.
2. For K compact, Vx € K 3 U, open where u(U,) < +00.
{Ux} ek is an open cover. Therefore there is a finite subcover {UAI,}QLI where

k k
wu(K) s,u(U U/u) < Z:“(Uxi) <400
i i=1

i=1

3. YV open, B(i) = B(i,0), VnB(i), u(VNB(i)) < +00, IC; closed where C; C Vip(;) so C; is bounded and
therefore compact.

So u(C;) < u((VNB(i))\C;) < and u(V N B(i)) < p(Ci) + 1.
Then u(V) =lim; 0 u(V N B(i)) =1lim;_, . u(C;), and C; C VN B(i) C V compact.
Therefore u(V) = sup{u(K) : K compact,K C V}.

4. VA€ A, Vi, AU; open where U; > Aand p(U; \ A) < 1

This implies that u(A) < p(U;) < p(A) + 1 and therefore u(A) = inf{u(U) : U D A,U open}.

Caratheodory Construction

Definition: Outer Measure

p*(A), YAe2®

1. u* (@) =0.
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2. 1" (A)sp*(B)if ACB.

3. 1 (UA) = Y u*(Ar), VA; € 2¥ (countable subadditivity)

Define A={A€2" : u*(E)=p*(EnA)+u*(En A°),VE € 2*}.
Then u(A) = u*(A) if A€ A.
(X, A, ) is complete.

January 25, 2024

Theorem: Caratheodory Construction
Outer Measure

u* 2% 5 70,+00].

1. u*(@)=0
2. Monotonicity: u*(A) < u*(B), AC B

3. Countable Subadditivity: p* (J; A;) <= Y, 1™ (A;).

Caratheodory Criterion

A C X is measurable if VE € X,

p (E)=p"(EnA)+pu"(En A%)
Theorem

The collection A of all measurable sets is a o-algebra.
(X, A, u) is a complete measure space (cf. proof of Lebesgue completeness).

Hausdorff Measure

VASR", Vs=0, H (A) =inf{Y ,(d(E;))’ : U, E; D A, d(E;) <&} where d(E;) is the diameter of E;.
Notice that Hf‘ (A) < HfZ(A) if 6, <.

Let HY (A) = limy_o H (A), YA€ 2¥ .

Claim: H; is an outer measure.

* Verify

1. H (@) =0.
2. Hi(A)<H](B),VACBCcR".

3. Given A; cR",
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36, > 0 such that V6 < &y, H, (U, 4;) < Hf(UiA,-) +£.

Then V& < fixed, ¥ A;, 3{E]} such that U, E 5 A;, ¥ j(d(E]))* < H)(A;) + 55,

HY (UAi) < (a(ehy’
i ij
= Z(Z(d(BZ)S)

A

- (Hea+ o

i

5 €
=) H(4)+5
i

and

£

HS*(UA,-) <Y HJ(A)+es<y HY(A)+e, Ye>o0.
i i i

Then, since H; is an outer measure, it is a measure by the Caratheodory construction.

Definition: Hausdorff Measure

n

The Hausdroff Measure H;: A — [0,+00) on a o-algebra A C 2R

Not Locally Finite
Consider B(0,1) ={x : |x| < 1}.

Then Hy(B(0,1)) = oo for s < n.
That is, the Hausdorff measure is not locally finite for s < n.

Complete

The Hausdorff measure, by the Caratheodory construction, is complete.

Symmetry

1. Translation Invariance: Hy(A+ x) = Hy(A).
2. Rotation Invariance: H(RA) = H (A).

3. Scaling: H(AA) = A*H(A).

Open Balls Measurable

What about B(0,1) c R". For § >0,

and d(Ej:) <d. So

H, (EnB(0,1))+H, (EnB(0,1)°) < H; (EnB(0,1-6))+ H, (En(B(0,1)\ B(0,1-6)))+ H, (EnB(0,1)°)

Want to show that for all & > 0, this is < H, (E) +¢.
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« Lemma 1

HY (ENnB(0,1-6))+ H, (EnB(0,1)°) = H, (En(B(0,1-6) U B(0,1)))
< H, (E)

« Lemma?2

H, (En(B(0,1)\ B(0,1-6)) <e.
e Lemma 1’

If A,B cR", dist(4,B) >0, then H; (AUB) = H; (A) + H, (B).
Since {E;} covering AU B, d(E;) < ;dist(A, B) gives

1
6 < 7dist(A, B) & {Ef}U{Ef}

if and only if {Ef} covers A and {E,f} covers B. Therefore,
> (d(E)) =Y (d(ED) +) (d(Eg))’
i I k
mf{Z(d(E,-))s} = inf{Z(d(E;‘))s} +inf{Z(d(Ef))S}
i i k
and H (AU B) = H)(A) + H)(B).
Thus H; (AUB) = H, (A) + H; (B).

Let T;=En(B(0,1- 7))\ B(0,1-1).
IMAGE HERE - 1 CONCENTRIC RINGS
We want to show that H (En (B(O, 1) \B(O,%))) <e¢fori>>1. Then

JTe= B0\ {0})nE
k=1

_ _1
k!iTk—(B(O,l)\B(O,l i))ﬁE

Claim: Y, H; (T;) < +oo0. It suffices to prove this claim.

% Hs*(Tl-)=Hs*( ilj )sH;"(E)<+oo

i even

2k+1 2k+1
Y H:‘(T,-):H;“(U >5HS*(E)<+00
i odd i odd

Then Y ¥ HY(T;) <= co.
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Borel

Take a countable, dense set {g;} c R” and {B (qi, %)}

ik
Claim: YV cR" open, then V = UlB(ql-l, kil)
Then B ¢ A and the Hausdorff measure is Borel.
Borel Regular
VACA, 3B € Bsuchthat B2 Aand Hy(B) = Hy(A).
V6 =<, {E;} E; closed balls with d(E;) < 1,
: 1
D (d(ED) < B (A)+

1

TakeB:ﬂj(UiE{)eBsinceB:ﬂjUiEljDA. Then

1

Hé(B)sHj(UE{)

and in the limitas j — oo

H; (A) < H; (B) < H; (A)
Fractional or Hausdorff Dimension
Theorem:

1. Hi (A)<+00 = H, (A)=0,Yt>520.

2. H>0 = H,(A)=o00,V0<s<t
Proof
H(A) ~ ) (d(E;)’
=) (d(E)) (d(E))™"

So s< tgives =6 ",
In the other direction, when s < ¢

D (d(En) =) (d(ED) (d(E)™
<0'"") (d(E:)’
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Definition: Hausdorff Dimension

Given Ac R",
dimg(A) =sup{s : H) (A) = oo}
=sup{s : H, (A) > 0}
=inf{s : H; (A) =0}
=inf{s : H; (A) < +00}
Example 1

R" has n Hausdorff dimension.
Consider the n-cube with sides d, C(d). Then

H,(C(d)) = C(n, s)d*

So C(n,s) = C(n,s)Z"k (zi)s = C(n,s)z(”_l)k_
If s < n, this tends to infinity as k — oo.

Is s > nittends to 0.

Example 2

(2)
(3)

Cantor set has Hausdorff dimension }gi

k n n
where |C, | = 37, s0 H(C") ~ (327)5= (é) .

Example 3

log(4)
log(3) "

The Koch snowflake has dimension

January 30, 2024

Lemma:

Given a measure space (X, A, 1) and an extended real-valued function f : X — [—o00,+00], the following are equivalent

1. VaeR, {xeX : f(x)>a}eA.
2. VaeR, {xeX : f(x)=a}€eA.
3. VaeR, {xeX : f(x)<a}€EA.
4. VaeR, {xeX : f(x)<a}€eA.

5. YU CRopen, f '(U)eAand f'(+0) € A.
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Proof 1 Implies 2
{xex: f(x)za}= {rex: f(x)>a-1}
Proof 2 Implies 3

{(xeX: f(x)<a}={xeX: f(x)=a}°
Proof 3 Implies 4

{xeX: f(x)sa}= {xex: f(x)<a+i}
Proof 4 Implies 1

{(xeX: f(x)>a}={xeX: f(x)<a}°
Proof of 5

YU c R open, V = | J; I; disjoint open intervals.
Therefore ' ((a, b)) ={x€ X : f(x)>a}n{xe X : f(x)<b}.
Similarly, f~'(—o00) = N,{xeX : f(x) <-n}and ! (o0) = N, {xeX : f(x)>n}.

Proof 5 Implies 1
{(xeX: f(x)>al=f"((a,+00))Uf ' (+0) EA.
Definition: Measurable Function

For a measure space (X, A, i), an extended real-valued function f : X — [—o00,+00] is said to be measurable if one or
all of (1)-(5) hold.

Remark:

If (X, A, ) is Borel, then continuous functions are always measurable.

Remark:

The characteristic function

: 1 xeA
A%70 x¢a

is measurable if A € A.

Definition: Simple Functions

The function ¢ is simple if

k
¢(x)=Z)Li)(Ai, A[ER, A;EAN

i=1
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Proposition:

Given a measure space (X, A, 1) and measurable, real-valued f, g,

- [+ gis measruable.
{xeX: f(x)+g(x)<a}=U,qq({x€X : f(x)<r}u{xeX : g(x)<a-r}).
. f*is measurable
Vaz0,{xeX: fi(x)<a}={xex: f(x)<Va}n{xeX : f(x)>—-Ja}.
- f-gis measurable

Flx)-g(x)=1((f+8)* - -g°)

Definition: Almost Everywhere Equality
Measurable functions f and g on the space (X, A, u) are the same almost everywhere with respect to u (written u-a.e.)
if
p({reX : f(x)#g(x)})=0
Propositon:

For a complete measure space (X, A, ), if f and g are equal u-a.e., then f is measurable if and only if g is measurable.

Proof

{xex:f(x)>al=({xeX: f(x)>aln{xeX: f(x)=g(x)Hu{xeX: f(x)>a}n{xeX : f(x)+ g(x)}
=({xeX:g(x)>aln{xeXx: f(x)=g(x)})u{xEX:f(x)>a}ﬂﬁx€X : fgx)qtg(x)}l
u=0

Proppsotion:

Given {fi(x)} measurable.

1. gn(x) =sup{fi(x), fo(x),..., fu(x)} and hy(x) = inf{ f1(x), f2(x),..., fu(x)} measurable.
2. g(x)=sup{f,(x)}and h(x) = inf{f,(x)} measurable.

3. limsup,,_, ;o fu(x) = inf, sup{f,(x), fu+1(x),...} and liminf,_, ;o f,(x) = sup,, inf{ f,(x), fr+1(x),...} measur-
able.

4. f,(x) - f(x) pointwise = f measurable.

Proof of A

{xeX:gux)>al=Up {xeX : fi(x)>a}
{xeX : hy(x)<a}=Ui{x€X : fi(x)<a}
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Proof of B

{xeX:g(x)>at=U,{xe X : fu(x)>a}
{xeX:n(x)<a}=U,{xeX: fu(x)<a}

Definition: Almost Everywhere Convergence

For f,(x) measurable, f,(x) = f(x) p-a.e. in X if f,,(x) = f(x) in AC X pointwise where u(X\ A) =0.
Proposition:

On a complete measure space (X, A, u) with f,, measurable and f,,(x) — f(x) p-a.e. in X, f(x) is measurable.

Proof

fu(x) = f(x) pointwise in A and u(A°) = 0.
{xeX: f(x)>a}=({xeX: f(x)>a}nA)u({xeX : f(x)>a}nA").

Theorem:

With (X, A, 1) a measure space and f measurable, there exist simple functions ¢,, such that

1. ()] = ppar ()]
2. ¢,(x) — f(x) pointwise in X.
3. If fis bounded, then ¢, (x) =3 f(x) in X.

Proof

Consider (—o0,—n]uU(—n,n)uU[n,+00), and define N, ={x € X : f(x)<-n}and P,={x€ X : f(x)=n}.
Then(),(N,UP,) = @.

Define
k-1 k
An,k={xEX: I <f(x)5—n}
2 2 k=-1,-2,...,—n2"+1
-1
An,0={x€X : 2—n<f(x)<0}
1
A,M:{xeX : 0<f(x)<2—n}
k-1 k
An,k:{xEX: - sf(x)<—n}
2 27 [ k=23,..,n2"
and set
—n2"+1 n2"
k k-1
$n(x) =—nxn, + Z XAt Z on XA, TP,
k=0 k=1
Claim:

1. Vx€ X, ¢pn(x) = f(x).

2. if AN eNsuchthat |f(x)| < N = ¢,(x) =3 f(x)in X.
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Proof
¢ (x) = f(x)| < 35, VX € X\ (U, U Py)
Note Vx € X, 3m € N such that x ¢ N,, U P,,,. So | f(x)| < m.

Then boundedness implies 4N such that Ny U Py = @.

Therefore Vx € X, ¢, (x) - f(x)| < 57, Ynz N.

Theorem: Egoroff

Given a measure space (X, A, ), u(x) < +oo and f,, - f p-a.e. in X, then V& >0, 3A € A such that u(X \ A) < § and
fu(x) 3 f(x)in A,

Recall: Pointwise Convergence

VxeX, f,(x)—> f(x)if Ve >0, AN € N such that | f,,(x) — f(x)| <&, Vrn=N.
Bjjne={xe€X : ANeN, |f,(x) - f(x)| <& Vn= N}

In negation, Je > 0 such that VN € N, 3m = N such that | f,,(x) — f(x)| = €.
AN,S =BJC;I,E = {XEX :dm=N, |fn(x)_f(x)| ZE}

Then {x EX: fn(x) - f(x)} = ﬂg>0 UNBN,s = ﬂgi—ro UiBNi,E,»

and {x € X : fu(x) 4 f(x)}= Ug>0 ﬂNAN,s = Ugi—)() ﬂiAN,-,si where ¢; = %

February 2, 2024

Review: Measurable Function

An extended, real-valued function f : X — [—o0, +00] is measurable if one or all of the following hold

1. VaeR, {x: f(x)>a} eA.
2. YaeR, {x: f(x)=za}eA.
3. VaeR, {x: f(x)<a}eA.
4. VaeR, {x : f(x)<a}eA.

5. VVcRopen, f(U)={x: f(x)eV}and f '(-0), f ' (+00) € A.

Properties

1. For f = g u-a.e., f is measurable if and only if g is measurable.
2. For f, g measurable, f + g and f - g are measurable.

3. For {f,,} measurable,

(@) sup,<i{fx} and inf,<{f,} are measurable.
(b) sup,{f.} and inf,{f,} are measurable.

(c) limsup,,_, fn @nd liminf,_, f,, are measurable.
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(d) if f, = f p-a.e. in X, then f is measurable.

Examples

Characteristic Functions

Simple Functions

Step Functions

Theorem:

_lx
XA—OX

k
ZaiXAiv a; €R,

i=1

k

ZaiXIp

i=1

On a measure space (X, A, i), suppose f is measurable.
There exists a sequence of simple functions {¢,,} such that

1. ¢, — f pointwise.

2. ¢, 3 f for f bounded.

Proof

€A

, A€EA
¢ A

A; €A, AjﬁAk=®

I; interval

Let N, ={x: f(x)<s—-n}and A, = {x s Ll cf(x) < 2&} Then

and

So

2n
1

An0={x —2—n<f(x)<0}
1
Anlz{x O<f(x)<ﬁ}
k-1 k
An,k:{x: > —f(x)<2_n}
P, ={x: f(x)z n}

D k n2"

Gn=—npn,+ ) 27 K T D Kau* g,
k=—n2"+1 1

9n() = ()] < 5 xEX\(NUR), [\(NanPy) =2
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Egoroff Theorem

Given (X, A, u) where u(X) < +o00, if

1. fu(x) - f(x) p-a.e. in X and

2. fu, f p-a.e. finite.

Then, V& >0, 3A € A with u(A) < & such that f,,(x) 3 f(x) on A°.

Proof
Define D ={x : f,(x) = f(x)} = X.
Then Ve >0, 3m e N'such that | f,,(x) — f(x)| <&, V= m.

Say that the universal quantifier V is equivalent to grand intersection and the existential quantifier 3 is equivalent to
grand union. Then

Dy = {x: fu(x) - f(x)<e, Ynzm}

and

(U Dme = X.

e>0 m

The negation is

Dye={x:3nzm, |fu(x) - f(x)| 2 €}

Then injection is equivalent to the complement.
Set ¢; = 7 such that

D=()Dmi
iom

@=D"= UﬂDfn,l/i
i m

So ﬂmen,l/i =0,

¢ 1
Dyyyi = Amyji = {x sdAnz=m, | f(x) - f(x)] = 7}

and Ay 1/; D Ayt1,1/i D -+ Therefore

H(An,l/i) _’N(mAm,l/i) =0
m

for u(X) < +oo.
Thus, Yi, 3m; such that (A, 1/:) < 527 It follows that A= J; (Ap,1/:),

2i+1'
p(A) <> p(Ap1ji) <6
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and

xe A= (Va5 1p= NPy =(x t 1) = F0 < 7, Ynz mi}

Finally, this implies f,(x) = f(x) in A°.
Example

Take fu = X[nn+1] ON R, then f,(x) > 0inRbut ACR, u(A) < %, A“n[n,n+1]# @, Vn.
That is, V7, 3x € A® such that f,,(x) =1 but f(x) = 0.
Therefore f,(x) B f(x) onR.

Definition: Essential Bounds

On a measure space (X, A, u) with f measurable, define || f||c =inf{M : p({x : |f(x)| > M}) =0}.
This is the L®-norm.

Proposition:

f, 3 f on Awhere u(A°) =0ifand only if || f;, = f||co — O.
Proof

(=)

Ve >0, Am € Nsuch that | f,,(x) — f(x)| < £, Vx € A.
Claim: || fu(x) = f(x)||)oo <€, Vn = m.

[ /n(x) = f() oo = Inf{M : u({x : | fu(x) = f(x)| > M}) = 0}

Where {x : |fu(x)=f(x)|>n}cA°andn=mand M >¢/2 .
(=)

Recall: Urysohn’s Lemma

1
For X locally compact and Hausdorff, K Cc U for K compact and U open, 3¢ continuous such that ¢ = {0 g
Theorem: Vitali-Lusin

On measure space (X, A, 1) with X locally compact and Hausdorff and u a Radon measure.
For f measurable, u-a.e. finite and vanishing outside A where u(A) < +oo,
Ve >0, g continuous with compact support such that u({x : f(x) # g(x)}) <e.

Proof

1. 3C c A compact with u(A\ C) < e.

2. For A compact with u(A) < +00, 3U D A open neighborhood with compact closure and u(U \ A) < &.

_ 0 k n2" k-1
3' ('bn - _ann + Z—n2”+1 2_”XA11,IC + 1 on XAn,k + nXPn
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Since we may minimize u(N, U P,) <,

—n2"+1

—|k|+1

Take Cy x C A; ;. compact with pu(Cy ) = u( Ay ) —27"2 €. Write

C = U Crk
k
and inductively define C,,_; x and C,—; = | J; Cp—1,x such that C,, x C A, x N C,—; compact and

-1,.-|k[+1
/J(Cn,k)zlu(An,knCn—l)_z 2 Ikl+ £

Define, by Urysohn’s Lemma,

~ . 1 Cn,k
Lan=1g U UU s C

where C, C C,—1, C=(1Cy, Cp = J; Crik-
Then define

gn = Z zﬁnXAn,k + Z %XAM
1

Then g, = ¢, on C for all n.

Therefore g, = ¢, 3 §=fonC.

By uniform convergence, g is continuous on C.

So, again by Urysohn’s Lemma, g=¢gand {x : g+ f} =U\C.

February 8, 2024
Midterm Review

Problem 2

Given a finite measure space (X, A, u), u(X) < +00 and a function f which is u-a.e. finite.
Monotone Convergence Theorem:

1. A C Ay C -, then p(U; A;) =lim; 0 u(Ay).

2. A;D Ay D+, then p([); A;)lim;o 00 u(A;) for p(A;) < +00.

If A ={x : |f(x)|>k}and

1]
p—



then u(F) = limy_ 0 u(Ar) =0 since u(X) < +0o.
If instead we consider Ay, then

| Jai=x\F
k
Problem 3

1. Borel

Given (a,+o0), we want YE CR

m*(En(a,+00))+m*(En(-00,a]) < m*(E)

Ve >0, 3{I;; pen intervals

JnoE ) Inlsm™(E)+e/2
i i

Divide {I;} into 3 groups,

c’= {1e{1;} : Iisto the left of a}
C" ={I€{I;} : Iisto the right of a}
cC"={Ie{;} :ael}

Then, VI' € " = {I}'}, and

2
ill? = (dk,a-F ZICT)

r n _ 2
(oo
"It = (a, b)

where also

c 1
A, D (a,+0)" A, = (—oo,a+2—n)
1
B, D (a,+00) B, = (a+2—n,+oo)
1 1
Anan=(a—2—n,a+2—n)
So ‘U =1 and It + "I = | 1Y | + 55

Finally

m*(En(a,+0))+m*(En(-00,al)< Y |1+ |'K{|+ Y |11+ |‘I{|

IeC” k Iec’ k
£
<> U+ ) [+) |ikl+5
IeC’ 1eC? k
€ &
< m*(E)+§+§
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2. u(K) < +oo for K C R compact.

K is bounded, k ¢ (—M, M) for large M.
Therefore u(K) <2M < +00.

3. YU C R open, we want to show 3K,, compact such that K,, ¢ U and u(K,,) — u(U).
Let U = |, I; a union of countably many disjoint open intervals (e.g. I; = (a;, b;)).

Then m(U) =), m(1;).
Set I =[a; + bi — k= |- Then

1
n2i+1 )

It follows that

and

Kp = U U'cU compact
in1

n o
1
m(U)zm(K¢) =) |If|2) |L]-%
i=1 i=1
m(U)

Alternatively, we have the theorem that if X is a metric space and p is Borel regular on (X, A), then

(@) A€ A, u(A) < +oo, Ve >0, 3C closed with C C A such that u(A\C) <e.

(b) I{U;}, u(U;) < +00, U; open where AC | J; U;, Ve > 0 there exists V open such that V > Aand pu(V'\ A)e.

With the corollary that for  on R”,  is Radon if and only if it is locally finite and Borel regular.
4. For Ae A, m(A) =inf{m(V) : V> A, V open}

Recall Borel regularity: YV A € A, there is some Borel set B > A with m(B) = m(A).
We may assume m(A) < +o00. Then, Ve > 0, there is some collection of open intervals {I;'} containing A where

> 1| sm(A)+e
i

Sete =~ andlet U" = J; I} > Aopen. Then

m(A) < m(U") < leinl < m(A)Jr%

If B={, Up, then lim,,_,o m(U") = m(A) and m(B) = m(A).
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Problem 4

Given f : R — R, continuous outisde a measure zero set D.

Thatis, f: R\ D — R is continuous.

VVCR, (V) =(f )V (R\D)u(f ' (V)nD).

By measure completeness, we are automatically safe on f_l(V) N D.

Claim: f (V)N (R\D)=F (V).

Claim: 7' is measurable.

Claim: 7' (V) = Un (R\ D) where U C R open.

Since UN (R \ D) is open in the subspace topology, we are done.

Alternatively (similary to Probelm 8 below), for D such that m(D) =0, Vn, 3U" such that m(U") <2~
U= Ui(ai,bi) where (aj,bj) N (dk,bk) =g and a;, b; € R\D So

n

,U">Dand

;[ xe (")’
" Al + B (g, xe (@ b) cU”
Then {x : f,(x)# f(x)}cU" and m({x : f,(x)# f(x)})<27".

Homework 4 Problem 8

Assume f(x) is decreasing.

1. Discontinuities are limited to jump discontinuities.
2. Discontinuities are countable.

n

3. D ={x;};, Vnthere exists an open cover {I;' = (a;, b;)} where | J, I;' = C" 5> {x;}; and m(C") =27".

Then {x : fu(x) # f(x)} cC"}and pu({x : fo(x)# f(x)})<27".
Claim: f,(x) = f(x) on R\ G where G =7 Ure, {x : fi(x) # f(x)}.
By monotone convergence, u(g) =lim, o0 (U, {x @ fu(x) # f(x)}) = limn_,+oo( Jiiod Zik) =0.
Consider the complement, G = (02, Nico{x : fi(x) # f(x)}.

n=11 lk=n

Then Vx€G*, x € ﬂzzo{x ! fir(x) = f(x), s0 fr,(x) = f(x) Vn= ny.
Riemann Integration

Given a function f: [a, b] — R bounded and P a partiation of [ a, b] where

a=xy<x3<-+<x,=b

The Cauchy sum

C(P[a,b])= Zf(fi)(xi = Xis1), & €[x5,Xi41)

alternatively
$(Bla,b]) =) fEDKLxme1)
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Consider the upper Riemann sum

S(P[a,b]) = ZMi(xi’le)» M;= sup f(x)

[xi)xi+1]
and the lower Riemann sum
s(Rla,b]) =) mi(xi 1), mi=_inf _f(x)
i DAI+1

then define

b
S=i%fS(P,[a,b])=s=31}1)ps(P,[a,b]) = J'a f(x) dx=l(2§ILOC(P,[a,b])

Theorem:

f is Riemann integrable on [a, b] if and only if f is continuous m-a.e. (w.r.t Lebesgue measure) on [a, b].

Proof

(=) Let f be Riemann integrable on [a, b].
Define the oscillation

Osc(f) = Sgpf(x) —inff(x)
Osc.(f) = lim Osc(x—,x+)(f)

and observe that f is continuous at x if and only if Osc,(f) = 0.

Let D={x : Osc,(f) >0} and Dy = {x : Osc,(f) > %} such that Dy C Dy and D = |, Dy.
Therefore m(Dy.) —» m(D).

To show that m(D) = 0, assume otherwise that m(D) > 0.

Therefore, 3k such that m(Dy) > dj, for any k = k.

Then, for any partition P we may examine

S(R[ab])=s(B[ab]) =) (M;—m;)|1]

I;

We want to show that this is = § > 0 for any P.

February 13, 2024

Recall: Riemann Integration

f(x)=0o0n[a,b] bounded.

Partition P ={a=xy < x; < -+ <x,=b}, [x;—1, x;].

IMAGE HERE - Riemann Integration

Upper Riemann Sum: Sp = er-l:l M;(x; — x;_1) where M; =sup{f(x) : x € [x;_1,x;]}.
Lower Riemann Sum: sp = Y ., m;(x; — x;—,) where m; = inf{f(x) : x € [x;_1,x;]}.
Step Functions: ¢pg =) ; a;x; where I; = [x;_1, x;].

Set S =infp Sp =inf{} ; a;|I;| : ppa(x) = f(x)}

and s = supp sp = sup {3 ; @i | L] © ppa(x) = F(x)}.
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Definition: Riemann Integrable

The function f is Riemann integrable if S = s.

Remark:

n
Sp—sp= Z(Mi_mi)(xi_xi—l) —0as/(P)—0
i=1

Remark:

If f is continuous, then it is Riemann integrable.

Theorem:

Given f:[a,b] - R bounded, then f is Riemann integrable if and only if f is continuous m-a.e.
m(D) =0 if and only if f is Riemann integrable.

Proof

Recall that Osc;(f) = sup; f(x) —inf; f(x) and Oscy, (f) = lims_o OSC(x,~5,x,+6) (f)-
IMAGE HERE - 2 Oscillation
Write D ={x € [a,b] : fis not continuous at x}, and Di{x € [a,b] : Osc,(f) =1/k} closed (since Dg open). Then

D=UDk={xe[a,b] : Osc,(f) >0}
k

We have m(Dy) 2 m(D).
— 00
Then there exists an open cover of Dy, {I;} such that m(Dy) +e =) . |I;| = m(Dy) —¢.

Since Dy is closed and bounded, it is compact and there exists finite subcover {I,-k}i=1 c{I;}.
(=) Assume that f is Riemann integrable and, for sake of contradiction, that m(D) > 0.
Then m(Dy) = m >0, Yk = k.

Now for any partition P = {xg, x1,..., %, },

n
Sp—$p= Z(Mi —m;)(x; = xi-1)
i=1

\%

Z (M; —m;)(x; — xi-1)

(x,»,l,x,-)nDk#a

Z (xi —xi-1)

(xi—1,x;)NDy#@

v

|~

Since U(xi_l)xi)nDkq&@[xi—l,xi] D Dy,

z (xi_xi—1)=m( U [Xi—l,xi]>2m(Dk)

(x,-,xi_l)ﬁD;ﬁG (x,-_l,xi)ﬂDk#O

k
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(=) Assume m(D) =0.
Then, for any k satisfying % < m, m(Dy) =0 and {Iik}£=1 c {I;} for open intervals I;.

We have, also, Ui=1 I;, O Dy so

4

£
,;'I"k' <) 1Ll <5y
= i

and

4
[a,b]\ | ] 1;, c D}

k=1

compact.
Claim: there exists some partition P = {x;}}-, such that Sp —sp < & = %
Given Osc,(f) <2M,

SP_SP=Z(Mi_mi)(xi_xi—l)
i
D)
[Xi—1,%;]NDx=@  [x;_1,X;]NDy#@

& &
b—a)+2M-—
2—ay) L™ aM

<

Definition: Lebesgue Integration

Given a measure space (X, A, u) and simple function s =) ; a;x 4, for a; e Rand A; € A,

JEsdu: Za,-u(A,- NE)
i

Then, for extended real-valued f = 0,

Lfd,u=sup{Zaiu(AmE) :0<s(x) sf(x)}

Properties
1. Forosf<gonk, [, fdus | gdu.
2. For ACBwhere ABEA, [,fdus [, fdu.
3. Since f 20, VcE€Rsg [pcfdu=c |, fdu.
4. f=0p-ae. ifandonlyif [, fdu=0.
5. [pfdu= [y fredp.

6. For f,g20, [, f+gdu=[,fdu+ [ gdu.
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7. ForABe Awhere ANB=0, [, .fdu=[,fdu+ [, fdp.

* Proof of 4
(=) Y aixa, =s(x)=f(x) = a;>0 = p(4A;)=0.
(=)fza>0and u(A)>0 = f(x)zay, = J'Xf dp = a4y > 0 a contradiction.

* Proof of 5
SYXE = Zi XiXANE-

* Proof of 6
fo<ss;<fand0<s,<g,then0<s+s<f+g.
Monotone Convergence of Lebesgue Integration

On a measure space (X, A, u), let f,, = 0 be a sequence of measurable functions which is monotone f;(x) < fi4+1(x)
and converging f,,(x) = f(x) for any x € X. Then

i [ gwn= | = (1m ) au

Proof

Observe that f,(x) < f(x), Vx € X, so

[ podus [ furdns | rau

SO

Jim [ fdes [ ran
We want to show that

Jm [ fdez [ ran

Let s be a simple function satisfying 0 < s(x) < f(x), and define
E,={x€X : fu(x)=cs(x)}

for some c € (0,1).
Then E, C E,4+; and | J,, E,, = X. Consider

| pudu L fodu> CJEn () =y ap(AinE,)

For any i, A; N E, — A;. Therefore u(A; N E,) T u(A;). So
n—

Jlim Jan dp = Cgaiﬂ(Ai)

for0<s=) a;xa < f(x). Since this hold for any c,

Jm [ faw | g
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Corollary

Given a measurable sequence f,, = 0 with f(x) =) f.(x),

| rau- ;[an dp

and

Pn(x) =) felx) = f(x)
k=1

Definition: Fatou’s Lemma

Given a sequence of measurable functions f,, = 0,

n—+0o n—+00

f (11m1nffn dus hmlnff fndu
X
Proof

Observe that

8n(x)
hmmffn— hm (mf{fn(x) Jnr1(x), .. })

n—+00o

S0, by monotone convergence,

[ (tim, gu0) an= tim | gn) du
X n—+00 n—+00 X

and g,(x) < f,,(x) gives

| s dus [ i) du

and implies

lim Xgn(x) dp < liminf JX fu(x) dp

n—+
Space of Integrable Functions
Write

fx)=f(x)= f (x)

where

£ (x) = max{f(x),0} 20
£7(x) =min{-f(x),0} 20

Thenfor [, f* duand [, f~ du, [, f du is defined when at least one is finite.
If both are finite, then

LL(X)= [lel du= JXer dp+JXf_ du < +00
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Properties

1. Forany a,B €ER,

| (@rvp)du=| raurp| gau
if f,ge LL(x).

2. For fe Lb(x),

J oo
‘fo+ - fo_l W

.Forfsg figely(x), [ fdus [, gdu

<[ Iftan

w

N

aopfdu=[,fdp+ [y fdp.

5. f=0p-ae. ifandonlyif [, |f|du=0.

February 15, 2024

Recall

Given (X, A, u) a measure space and X topological.
My(x)={f:X—R: measurable}.
Ly(x)={feMy(x) : [,|fldu<+oo}.
A= = [x [l dp.

Ly (x)={f € My(x) : [|fll1eo(x) < +00}.

[ F oo =1 fllzge(x) = Inf{M = u({x € X : | f(x)] > M} = 0}.
C.(x) the space of continuous functions with compact support.

Remark
In L,(x) and Ly .y, [f]1=[g]ifand only if f = g p-a.e.

Topologies

—_

. fuw [ € My(x), fn— f p-ae. in X.

N

. fa— finLy (x)ifand only if JA€ A, u(A) =0, f, 3 +o0in X\ A.

w

. fn _)f in L;ll(x)v liInn—>+00 ||fn_f|| :limn—>+oo lefn_fl dlvt-

4. f, — finmeasureif Ve >0,lim, L 0o u({x € X : |fu(x)— f(x)]| =€}) =0.

Theorem:

For (X, A, u) with u(x) < +00, asssume
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1. fu— fp-ae. inX.

2. || fulloo <M <400, Vn

Then, f, = fin LL(x). Therefore

i [ v [ Jim 5,) an

Proof

Step 1: f €Ly (x) and || f|loo < M.

Givene>0,{xe X : |f(x)|>M+e}c{x: |fu(x)|>M+e}, Vn=n,.

Then, u({x : |f(x)| > M +e})=0. Therefore || f||c0 < M.

Step 2: consider [, |f, — f| dp.

Since p(X) < +o0, by Egoroff's theorem 34 € X with u(X \ A) < ;% where f,(x) 3 f(x) in A.
Then, Ve >0, 3ny € N such that | f,,(x) — f(x)] < m Vx€A Vnz=n,.

Jxlfn—fldu=J =l | \Alfn—fl dp

u( );u(A)+2Mu(X\A)

"2
£ €
=5+3
=&

2

So f, = fin Ly(x).
Step 3: observe

|| sau= | sau|=| [ - s)au

n—+00
sj o= fldp "0
X

Remark

For u(X) < +o0,
1. Lzo(x)CLL(x).
2. fu= finLy(x) = f,— fin L(x).

Theorem: Dominated Convergence

Let (X,A,u) and f,, € My(x). If g € Lb(x) such that | f,(x)| < g(x), Vn and f,, —» f p-a.e. in X, then f, — f in
1

L,(x).
u

In particular,

im_ | fydu= | fau

n—+00
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Proof

Note that | f,(x)| < g(x), Vrn means | f(x)| < g(x) and, conseugently, that f,,, f € LL(x).
Define ¢,,(x) :=2g(x) — | f.(x) — f(x)]|. Since

| () = fFOO] = [fu(2)| + 1 f(x)] = 28(x)

¢n =0.
By Fatou’s lemma,

J (liminfgbn) dusliminfj ¢ndu
X n—+00 X

n—+00
< %rﬂgof(z ch dp— JX | frn—= £l du)
=2J gdu—limsupf |fn—Fldu
X X

n—+00

Therefore

limsupJ |fn—fldu<0 = lim J |fn—fldu=0
n—+o00 JX n—-+00 Jx

and f, = fin L,(x).

Definition: Vitality Continuity

On a measure space (X, A, u), v: A — Ris said to be Vitali continuous if for any ¢ > 0, there exists § > 0 such that

v(A)<e, VAEA, u(A)<é
Write V f € Ly,(x), v¢(A) = [, | f| dp.
Lemma

If fe LL, then v is Vitali continuous.

* Proof
(£ 1f)]=n
Setf”(x)‘{ £ > n

Then f,, —» fin X and | f,,(x)| < | f(x)]|. Therefore,

[ artans [ in1=1slldus [ 15 du

By dominated convergence, for € >0, Ing such that [, | f, — | dp < 5 forall n.2 ng. Then

J 115l aus [ iA1= 16l dus g, Ynzn
A X
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In particular

J | fao| it < nouu(A)
A

Letting 6 = 2‘”370 gives

& €
-I;|j1 dﬁts z +'§ =€

if u(A) < 6.

Lemma
If (X,A, ), u(X) < +o00,and f,, = f p-a.e. in X, then f,, —» f in measure p.
Remark

Proof can be done through Egoroff’s Theorem.
Proof

Set Ape={x : [fu(x) = f(x)| z e} and A = ;2 U sy Ajes and N = J,0 A
Then N° =, AL, AS = J22] Aje and AS, = {x : |fij(x) = f(x)| <&}
Therefore, Vx € N°, f,(x) = f(x) and Vx € N, f, + f(x).

So u(N) =0 implies u(A;) =0 for any € > 0. Therefore

N(U Aj,e) — u(Ag) =0

jzn
since u(X) < +o0. Then
o0 o
U4 [ 4
jzn jzn+l1
and
(ee]
A, C U Aje
jzn

which implies u(A,e) = 0as n— +oo.

Lemma (Chebyshev’s Inequality)

~ Very Trivial @ ~
If feL,(x)and f20,thenpu({x : f>a})<i[ fdu

Proof

deMZJ fduZJ fdp=ap({x
X {x: f(x)>a} {x: f(x)za}
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Corollary
fa— fin L,(x) implies f, — f in measure.
Since Ve > 0,
1
Bl 1) = @) e < 7 [ 1= fldu—0

Definition: Vitali Equicontinuity

S sequence {v,} of Vitali continuous functions is Vitali equicontinuous if Ve > 0, 36 > 0 such that v,,(A) < ¢, Vn,
VAeA, u(A)<sé.

Theorem
On (X, A, u) with u(X) < +o00, f, = fin LL(x) if and only if v is Vitali equicontinuous and f, — f in measure p.
Proof

(=) By assumption, [, |f, — f| du— 0as n— +oo.
Therefore, 3ny € N such that IX |fn—fldu< %, Vn=ng. See thatfor all n = ny,
| st du= [ 171au] = [ N5l = 1r1big] an
A A A
<[ 1fa-rlan
X

<

N ™

and therefore [, |ful du< [, |fldu+35.

So there exists 6, > 0 such that [, | f,| dp < £+ % =eforany n2ngand u(A) < 8.
Then 36, > 0 such that [, |f,| du<e, YA€ A and u(A) <68,

Set § = min{by,...,6,,-1} >0. Then [, |fu| du<e, Vn, VA€ A, u(A) <6.

(=)

By Vitali equicontinuity, 35 > 0 giving IA(|fn| +|f]) du< £, YA€ A, u(A) <é. Then

th—ﬂdu=J Ih—ﬂdu+J \fu— fl du
X {x:1fa(x)=f(2)< 57} {xe1f)-FDz55)

2p(x)

@+ [ Uhl+11) au

2u(x)"

<

fore>0, u(A, ) —»0as n— +oo.
So dny € N where u(A, ) < d for n = ny such that

& &
JX|fn—f|dﬂ<§+§:€
Theorem: Riesz Theorem

On (X, A, u), p(X) < +00, if f,,, f € M, (x) and f,, — f in measure then there exists a subsequence {f,, } C {f,} such
that f,,, — f u-a.e.
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Proof

Take

Ane{x 2 | fu(x) = f(x)] z €}

and f,, — f in measure.
Then Ve >0, u(A,e) »0as n— +co.

Lete= % There exists n; such that H(An,§) <27, Set

Claim

1. u(A)=0.

2. fu = finX\A

Since u(X) < +00,

where

Then
+00
X\ A= U ﬂ Ar o
n=1jzn i

where quj} = {x () = f(x)] < %} ve> i

So for some 7y, x € X \ Aimplies that x €, A° | where j = max{nq, jo}.
> »

February 20, 2024

Riesz Representation Theorem
Linear Functionals

On a vector space V,amap T:V — Rsuch that T(ax+ By) =aT(x)+BT(y), Va,B €ER, YVx,y € Vis called a linear
functional.
A linear functional is positive if Tf = 0 when f = 0.
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Example

On (X, A, 1), Ly(X) =V, take Tf = [, f du. Then

T(ax+pg) = J'Xax+/3gd,u=aL{xd,u+ﬁL{gdu=(fo+,BTg

Example

On (X, A, u), X locally compact Hausdorff, u Radon.

C.(X), the space of continuous functions with compact support.

Recall: supp(f) = {x : f(x)# 0} and supp(f)‘ = {x : 3 open neighborhood U of X, f =0 in U}.
Then, Tf = [, f dp on Cc(x) € L,(X) is a linear functional.

Theorem: Riesz Representation

Let X be a locally compact Hausdorff space and T be a positive linear functional on C,(X).
Then there exists a unique, complete Radon measure p such that Tf = ij du.

Lemma 0

It X is locally compact Hausdorff, if K C U C X with K comapct, U open, then there exists some V' open with V compact
suchthat KCVcCVcCU.

Lemma 1 (Urysohn’s)

If X is locally compact Hausdorff, if K ¢ U c X with K compact, U open, then there exists some continous function f
with compact support such that

1. supp(f)cU
2.0=sf=<1

3. f=1inK

Write K< f < U.

Radon Measure

For (X, A, u), p is a Radon measure if

1. wis Borel
2. u(K) < +oo for K compact
3. u(V)=sup{u(K) : KCV, K compact} for every V open.

4. u(A) =inf{u(Vv) : ACV, V open} for every V open.
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Proof: Step 1 (Uniqueness)

Suppose i and pp suchthat Tf = [, fduy = [ f dup, ¥ f € Co(X).

We want to show that u;(K) = u,(K), YK compact so that y; = us.

So, for any K compact, there is some V open with V O K such that p, (V) < uo(K) + €.
By Urysohn’s lemma, K < f < V. So

i (K) = J dw =J Xk dp < f fdp = J fdps < pa(V) <pp(K) +e
K X X X
Assuming u; (V) < u1 (V) + € and repeating the proof mutatis mutandis shows u; = .

Proof: Step 2 (Construction)

Let T be a positive linear function on C.(X).
We want to construct a complete Radon measure p such that Tf = ij du, Y f € C.(X).

» Outer Measure
For any U open, let u*(U) = sup{Tf : f<U}.
Then forany Ac X, u*(A) =inf{u*(U) : AC U, U open}.

1. u* (@) =0.
2. t*(A)<sp*(B)if ACB.

3. p (U A) =Y, 1" (Ar), YA CX.

— Lemma: Partition of Unity
For X LCH, Uy, Uy, ..., U, open, K compact and K ¢ | J!"_, U;.
Then there exists a partition of unity h; < U; and Z?:l h;=1onK.
Since, Yx € K, AV, open, V, C U; for some i.
Then there exists a subcover {Uy, };Z, and H; = | J, V;, while V,, C U;.
Thus H; is compact and H; C H; C U;.
By Urysohn’s lemma, 3A; < g; < U;.
Write hy = g1, ha(1—81)82, he = (1—g1)(1 = 82)*** 8k, hn = (1= 81)(1— g2)**(1 — gm)gn- Then

1. h; < U;, since we have not modified the support.
2. K<Y ;hysinceVxekclJ, A clJ; A4 clU;U.

Then x € H;, for some i, implies that g;, (x) = 1.
> hi(x) =) hi(x) = gi(x) +(1- g1 (x))ga(x) + -+ + (1= g1 (x))++ (1= gip1) = g1(x) + (1 - g1 (x)) =1
i i<iy
Therefore, K c |J; A; < Y 1 hi.
— Proof of 3

Take | J; U;, U; open and consider ™ (|, U;).
Then YV f < | J; U;, there exists a finite subcover f < U;’zl Ui, {U;;} c{U:}.
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By the partition of unity, 3h; < U;; where ) h; =1 on supp(f). So

f:(;hj)f:;(hjf)

and
Tf:ZT(hjf)SZIJ*(Uij and hjf<Uij
J J

It follows that u™* (|, U;) = ¥, 1™ (U;).
For |J; Ai, A; C X, by definition there exists U; open with U; > A; and p™ (U;) < ™ (4;) + £ Thus

I (U Ai) <p” (U Ui) < ZH*(Ui) < Z (H*(Ai) + %) < ZH*(Ai) +e
i i i i i
Therefore H* is an outer measure and, by the Caratheodory construction, (X, A, 1) complete.
» Radon Measure
1. Borel.
2. u(K) < +oo for K compact.
3. u(V)=sup{u(K) : KV, K compact}.

4. u(A) =inf{u(V) : ACV, V open}.

— Proof of 2
By definition of u*, for any K compact there is some V open such that K ¢ V and u(K) < u(V).
By Urysohn’s lemma, K c | J, H; c|JH; < f <V and

wu(K) s,u(UHi) <Tf<+00, fE€C(X)

since u* (|, H;) =sup{Tg : g<J, H;} for g < f.
— Proof of 3
YK C V, K compact, V open, u(K) < u(V), by the definition of the outer measure 3f < V such that
(V)< Tf+ g
We have supp(f) = K C V, so there exists U open U 3 K such that u*(U) < " (K) +£.
By Urysohn’s lemma, 4K < g < U and
p (V) < Tf+§s Tg+§5/.t*(U)+§Su*(K)+E

Therefore, 1* (V) = sup{u* (K) : K C V, K compact}.
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— Lemma
If ABCX,dUDAUopen, AV D B V open,suchthatUnV = @.
Then u*(AUB) = u*(A) + 1™ (B).

* Proof

For VW open, W > AU B, take
W,=WnA
W,=WnB
suchthat Wi, nW, = @.
Fact: f<Wifandonlyif f = fi + f, where fi < Wj and f, < Ws.
Since Tf=Tfi+Tf gives u* (W) =p* (W) + " (W,) = u*(A) + u* (B), we have
p(A)+pu"(B) = " (AUB) = u" (A) + " (B)

— Lemma (Proof of 1)
If for any A open, p*(ENA) + u*(En A°) < u*(E), then u is Borel.

* Proof

For any openset V2 E, u*(V) < u*(E) +£.
By 3, VN Ais open and 3K comapct with K ¢ V N A such that u™(V N A) < u*(K) +£. So

WHENA) +p*(EnA) < g (VA A+ (BN A) < 5+ (K) + i (En A7)

Since Kc VN AC Aand A open, we may find K ¢ W ¢ W c A where K C W and A° ¢ W*. Therefore

S+ (KU(ENA)) s 5 +p (VA A)U(VNAY) <5+ (V) se+p"(E)

Therefore A€ A, and B C A.

Proof: Step 3 (Verify)

For any f € C.(X), write f(x) € [a, b].

Take P={a=yy<y1 <+* < Yp_1 < y¥n=b}with ¢(P)=max{y;—y;—1 : i=1,...,n}.
Then, take A; = {x € X : y;_1 < f(x) < y;} nsupp(f).

We have | J; A; = supp(f).

So for each A; there is some V; open where V; D A;, f(x)<y;+¢, Vx€V;, and

supp(f) = UAi c UVi

By partition of unity, 3k; < V; such that ) ; h; =1 in supp(f).
Therefore f=) ;(hif)and Tf =), T(h;f).

We want to show that T f < IXf du since linarity will make the reverse true by taking — f.
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Since fh; < (y; +€)h;,

T(hif) <(yi+€)Th;
<(|la|+y;+¢€)Th; —|a|Th;
< (lal +y; +&)u(V;) - |a| Th;
< yi1p(A)

sf fdu+ce
A

By summing each term, we get

ZT(hif)s Lfdwce

1

February 22, 2024

Fubini’s Theorem

Product of measure spaces.

Example 1

Given m a Lebesgue measure, m, a counting measure, yp(x,y), Vx €[0,1],

[ty amen - j[o T (1) dme(y) = 21011 (3)

[ [ m(x,y)dm(y)dm(x):[ Xion) dm(x) =1
[0,1] /[0,1] [0,1]

And Yy e[o0,1],
j[o oLy dm() - [m:y} dm(x) =0

J [ xp(x,y)dm(x)dm(y) =0
[0,1] /[0,1]

Example 2
For

0=a1<a2<...—>1

1
X1 —Qp

and gn(x) = Xlapana] X € [0) 1]-
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1. I[O,l]gn(x) dm(x)=1

2. f(x,y) =Y 2 5(8n(x) = gne1(x))gn(¥)

Vxelo1], [ F(xy) dm(y)
[01]
Vxe[aman]n> L, [[O D) 8 () dm(y) =0

Vrelana]n=1, j[ BB dn()

[ F(xy) dm(y) = gi(x)
X,y

J[O,l] (J[O’l]f(X,y) dm(}’)) dm(x) = J[Oyl]g(x) dm(x)=1

ForVne[0,1], ye[an an]

J[O'l]f(x,y) dm(x) = U(gn(x) = gn+1(x)) dm(x))gn(y) -0

[ (] ry)am) amt) o
[011\J[0,1]
Therefore, with (X, A, u) and (Y,T,v), (x X y, AXT,uxv)?

We want
jX [Yf(x,y) dv(y)dp(x) = JXny(x,y) dm(pxv) = [Y [Xf(x,w dp(x)dv(y)
Definition: Elementary Set

Take A€ A, BeT and construct R = AX B C X XY a measurable rectangle.
Define Q = Ule R; where {R;} are finitely many disjoint, measurable rectangles.
Then (uxv)(R) = u(A)v(B).

Take A X T the o-algebra generated by all measurable rectangles.

Definition: Monotone Class

A collection M of subsets is a monotone class if

1. A;€M, A; C Ajyy = |J; A;) € M.

2. AfEM, A;D Ay = [);AieM.

Proposition:

Let M be the monotone class generated by the set E of all elementary sets, then M = A XT.
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Proof

M CAXT.
Then, VP C X x Y, define Q(P)={Q : P\ Q, Q\ B PUQ € M} with

1. Qe Q(P)ifandonlyi P € Q(Q).
2. Q(P) is a monotone class.
3. If P e E, then ECc Q(P). Therefore M Cc Q(P).

4. SoVPeM,McQ(P)and VPRQe M, P\Q, Q\P PUQE M.

5. XXY€EEEM,soVPEM,P°=XxY\P€EM.

Proposition:
i E€e AXT,then Ex={y : (x,y) €E}eTand E' ={x : (x,y) €E} € A.
Proof
1. For any measurable rectangle R = AX B, Rx =B €T and R =AeA.
2. For (A;)x €T and (4;)" €A, (U, 4:)y €T and (U, a:)" €A.

3. For Awith Ay eTand A” € A, (A°)x €T and (4°)" € A.

Product Measure on Elementary Sets

Given uxv, (uxv)(R)=uxv)(AxB) = u(A)v(B).

[XxyxAxg(x,w d(uxv) = (uxv)(AX B) = u(A)v(B)

Define

$(x) = jy Tacs(xy) dv(y) = v(B)xa

w(y) = [X Tascs (% y) dp(x) = p(A)ys

SO

[ oau=| | vanavan=paw® = | | wusduav=| wiy)av

Now YP e AXT,

o= [ wenavn = |, av

¥(y) = L 1p(xy) du(x) = Lm du
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SO

() xn))= [ [ apaviu=[ odu=[ [ ypauav={ yav

Theorem:

On (X,A,u) and (Y,T,v) o-finite, the equality * holds.
Recall that a space is o-finite if X = J; X;, X; € A, p(X;) < +o00.
One may assume X; C X;1.

Proof

1. E ok!

2. P; e AXT, P; C P;;1, and the equality of the product measure holds for any i.

If P; CPiv1s Xp, S APy Pi S Piv1, Vi SWiv1, i — pand y; — .
Apply monotone convergence theorem for integration.

3. P;EAXT =M, P;d Py, [prdu<+oo,and [y, dv < +oo.
If 1, 2 and 3 hold, then M = A XT.
4. X=X, Y=UUp Yi, Ak ={ANn Xy : A€ A}, T ={BnY, : BET}.

Then take Ay X T’y = M. By 2, M —» M and 4 implies 3 holds.

Definition: Product Measure

Define

(uxv)(P) = J'Xd) du+ Lu/ dv = L LXP dvdu = L JXXP dudv
Then

J xpd(pxv)

XXY

On (XXY,AXT,uxv).

Proposition:

If f(x,y)is measurable, then Vy €Y, f,(x) is measurable and Vx € X, f,(y) is measurable.

Proof

1. xp measurable gives P € A x T which implies P, €T forall x € X and P’ € Aforany y € Y.

2. ¢u(x,y) = f(x,y) pointwise on X X Y, then (¢,,)(y) = fx(y) in Y and (¢,,),(x) — f,(x) in X for fixed x € X,
y € Y respectively.
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Therefore,

k
Zan(Pj)x

k
(Pn:Zanpj and VxeX, ((Pn)x(y)z
= j=1

J

k
Yy ey, (¢n)y(x) =Y ajxe,)
j:1

Theorem: Fubini Theorem

Let (X,A,u) and (Y,T,v) be o-finite measure spaces, and take f(x,y) measurable on (X X Y,AXT,uXv).
Assume also that f = 0.

L{(L f(x,y) dv(J’)) du(x) = JXny(X,J/) d(pxv) = L (JXf(xy) du(x)) dv(y)

Proof

There exist ¢,, simple such that ¢, — f monotonically.

Corollary

When f assumes negative values, if

[ [ 1rtenianyante < +oo
XY

then Fubini holds for f. Likewise when

[ |f(x, )| d(uxv) < +o0
XxY

February 27, 2024
Definition: Lp Space

For (X, A, 1) a complete measure space,

) ={r s [ 171 an< oo
where 1 < p < +00 and we identify [ f]=[g]if f = g u-a.e.

Definition: Banach Space

A normed, complete vector space.
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Definition: Convec Funxtions

A function ¢ is convex if ((1-=A)+A)p((1=A)x+Ay) < (1=2A)p(x) + Ap(y),

Equivalently,

[p((1=AM)x+Ay) = p(x)] _ [o(y) =p((1 =A)x+Ay)]

My —x) - (1-2)(y—x)

9(2) = 9(x) _ ()~ (=)

z—X = y—z

¢'(a)<¢'(b)

Theorem:

If ¢ is differentiable, then ¢ is convex if and only if (/)' is non decreasing.
And if ¢ is twice differentiable, ¢ is convex if and only if 4)" = 0.

Corollary

e” is convex, since

LIIx Y (1-1)e" +é’

Thenife*=aand e’ = b

a7t <(1-1)a+Ab

for 1€ (0,1).
If A =3, then Vab < 2.

Theorem: Jensen’s Inequality

For ¢ convex and (X, A, u) with u(X) =1,

of o) oern

where the range of f is in the domain of ¢.
Compare: ¢ (“2) < 1(¢(a) + ¢(b)).
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Proof

Write t = [, f dp. Then Va<t<b,

¢(1) —¢(a) _ ¢(b) - (1)
I—a - b—t

Set B = sup, 200 1hen

t—a

o= 9la)

¢(t) < p(t—a)+¢p(a)
¢(b) - p(1)
b—r =P
¢(b)—¢p(t) = p(b-1t)
¢(t) = p(b)+p(t—b)

Therefore

o(t) <p(s)+p(t—s), Vs
P(t)spof+p(t—s), VxeX

=0
f—A—

(1) < jX¢ofdu+ﬂ(r—[ fdu)
¢>(Jdeu)sJX¢ofdu
Compare: oJx T < Ix ™ ap,

Theorem: Holder Inequality

On (X, A, u) with1 < p < +o0,

fsanl=( ) (J o)

Where%+é=1,p=1 = g=00andp=00 = g=1.

Proof

1
Take [|fl, = (Jx |fI” du)?.
Forp=1,g=0co0orp=o00,gq=1,

|| ran|<irl1g du= gl | 11 au=11s10IglIeo
X X
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Wehave L +1=1and1-1=1whiled=1,s0
P q p q

7 gl (Ifl’” )( gl )
1711, Telly T, ) \TiglT,

) ( |:§:Tp>; ( |:§:Tq);

For

[ rgan < [ aritgh) a

X X

A o RV |

PRI PRSIy
lefgld“<ljx|f|pdﬂ 1 [y lgl"au

< — +—
pllglla — P [ 1f1Pdu 9 [, |gl? du

1 1
<—+—

p 4

Theorem: Minkowsky Inequality

On (X, A, u) with 1 < p < +00,

([ 1r+gr du)i <([ 17 duf v ler du)é

Proof

Ifp=1,

[ ir+gtans [ 1r1aus [ Iglan
X X X
17+ 8llie = 17110+ gl

For1<p<+oo,1<q<+oo,%+ =1,

1
q

therefore

-1
7+8lly= [ 1r+el”du= [ 17+gl”" 15 +gl du
-1 -1
< [ 1r+el It aus [ 1f+ el gl du

1

<([ 1regr du)%l ([ 17 au) ([ 1r+grr du)%l ([ 1817 du)i

=117+l U1, +lelly)
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Theorem:
LZ(x) is a Banach space with 1 < p < +o00.
Proof

It suffices to verify LZ(x) is complete, but the p = +00 case must be considered separately.
For1<p< +oo,let {f,} with f, € LZ(x) be Cauchy.

We want to show that 3 € L};(x) such that || f,, = f||, — 0 as n — +oo.

Recall: a sequence is cauchy if Ve >0, 3k € N such that || f,, — fiull, <&, Vn,m > k.

Pick fy,, suchthat || f,.., — fu, |l < 27",

Take gk = Y5, | fn,,, (X) = f, (x)] and define g(x) = Y50, | fr.,, (X) = Fu(X)].
By the Minkowski inequality,

k
1gellp =D N furs furllp <1

i=1

Therefore [, |gel” du<1, Vk.
Then, by Fatou’s Lemma

J gl” du<1
X

so g is p-a.e. finite. So

Sk(x) Z fn,ﬂ x) fn (x) _’S Z fniﬂ(x)_fni(x))
i=1

Therefore, by dominated convergence,

Sp— sin Lﬁ(x) and  f, = s+ fp,(x) = f(x)in LZ(x)

For p = +00, let

B ={x : [fi()] > | filloo}
={x ¢ | fin(x) = fu(X) > || fin = falloo}

Then B = (Ui Bk) U (U, Bm,n) and p(B) = 0. Examining the convergence on X \ B completes the proof.

Theorem:

Let (X, A, u) be a complete measure space with X Locally Compact Hausdorff and u Radon.
Then C.(X) C LZ(x), 1<p<+00.

Remark

Write || f||c = supy | f(x)|, and take Cy(X) the collection of continuous functions vanishing at infinity to be the com-

pletion.

59



Proof

Step 1: s,(x) — f, where s, = Zle @ixa, € LZ(x).
Step 2: If f is bounded, and u(supp(f)) < +00, we may use Vitali-Lusin.

February 29, 2024

Recall: Lp Space is Banach

Given (X, A, p), Ly (x) is a Banach space given || |1, = ([, |fI” d,u)l/”,

l<p=+ooand||f|le =inf{u: pu({x : [f]>p})=0}
Definition: Linear Operator

Given vector spaces V- W, a,f €R, and u, v € V, the map (or operator) T : V — W is linear if

T(au+pv)=aT(u)+BT(v)
Definition: Linear Functional

If L: V — R for linear operator L, then L is called a linear functional.

Definition: Operator Norm

For normed vector spaces, we have || T|| =sup{||Tx|| : ||x|| = 1}.

Definition: Bounded Linear Functional

A linear functional L: V — R which sastisfies |L(v)| < ||L||]|v]].
Definition: Dual Space

If V is a normed vector space, then the dual space V™ is the collection of all bounded linear functionals L: V — R.

Theorem:

(Y =19 L+1=11<p, g<+0c0.

1.1
pooq

Proof

The general proof will require Radon-Nikodym.
In this case, Yge LY = L,: 1" - R.
Take p(g) =Lg: L7 - (LP)* so Ly = [, f-gdu, Y f €L’ . Then

L= | [ £-gau|= | Ifllglan=ligllifll,

So ||Lg|| < ||g|l4- We claim that ||Lg|| = ||g]|,- Take

. -1
_sign(g)|gl’
-1
lglld
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and, since, ||gl14 = [, 1g|? duand g=p(q-1),

) |g|PLaY Jx gl au
|fl” dp= D) du= T
X Xlglls Jx 181 du

Therefore,

[ 181" du
-1
gl

Since Ly is a linear operator, Lg fi — Lgf> = Lg(fi — fo) and Lg, (f) + Lg,(f) = Lg +4,(f)-

Thatis, ||Lg|| = ||g]|4 and Lg is injective. We claim that L : L? - (LP)* is an isometric isomorphism.
Step 1 of proving isometry is that VL € (L”)*, 3v such that L (f)=[yfav,VfelLl.

Step 2, Radon-Nikodym, 3g € L? where dv = gdp. Thatis 4* = g.

z¢n=Lﬁgw= - 1lgll4

Useful Inequalities
Chebyshev’s Inequality

Suppose f € L”, then

||f||p

p{x 2 |fl>a}) <

* Proof

IUHZ=J|deuZJ |fwduzj o du
X {x:|fl>a} {x:|fl>a}

Minkowski’s Inequality

|, e

sj'uﬂmynudWy>
Y

Equivalently
([ |f s avn| du(x)> <[ (] f(x,y)lpdp(x)>l av(y)
Recall
[ 1rglansiisilligll,
for % + é =1.
Then

Hr, < AN A1
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120 ¢

|f%=§+ S orr<p<s.Sincep(§+%)=l,
1 1
Ea———
po  p(1-6)
and

[°) 1-0

p _ po, 1 p(1-0) é< P\’ sy 0 1-0
[ v an=({ a2 ) (L) () =i

Forr < p< oo,

N[ eer) adl r>%'§: £
([ =(f =) <l (Lm ) 7111171l

Homework 6 Problem 5

Jdeu:sup{JXsdp : OSsz}

SO

1
de”_ﬁsj sndusI fdu
X X X

Alternatively, Y f 20, ds,, simple 0< s, < f,0< s, < 5,41. SO

Sp = Z %XA”_;C

gives

J Snd”_)J fau
X X

by monotone convergence theorem.

Homework 6 Problem 6

F(x) = Lo £(0) dr

was shown to be Vitali continuous, so

<é€

F(x)— F(y) = ‘Lw)f(t) dr

when u((x,y)) =y—x<6.

62



Homework 6 Problem 7

Given

foran= o

and A C R, Fatou’s Lemma gives

J fdms< hrnme fndm

n—+0o

f et [ an- )

Therefore

JRfdm—Lfdm< fdm-— llmsupj fndm

n—+0o
Homework 6 Problem 8

Given

[ statrtrs 0=y ax—o

with f, g integrable and |g| < M.

Part 1

If £(x) is continuous with compact support, we would have

Ve >0,36 >0suchthat [f(x+1) - f(x)| < 55, Y|f| <& where supp(f)[ -k, k].
Then, Ve >0, 36 > 0,

|| g =) dx

< j 181/ (x+ 1) = F(x)] dax

k
SMJ |flx+1t)—f(x)| dx

< M(2k)2kM

=&

when | f] < 6.
Part 2
|If - gllw = 557, we have

|| st =) dx= [ g(o(ftx+ )= f)) ax

| s (e 1= 1) = () - ) ax
<M [ (I )= g+ 0]+ 110 = g(0)

<2M||f-gllp®)
&
<32
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Part 3
We need C,(R) c L' (R) to be dense.
We may patch our functions with Urysohn’s Lemma or, more explicitly,

Since fy, = fx[-nn] = fifu—fin L' by dominated convergence theorem. Then

f Aflsn
$pn=9n fzn -f
-n f<-n
Homework 7
1: Calculate.

2: Fatou’s Lemmato g =+ f,,.

3: Part 3 of Homework 6 Problem 8.

5: Use monotone class and monotone convergence.
7: Do the rectangles.

Problem 4

Part 1
With Riemann integration, take

b b
J f(x)sin(nx) dx = J f(x)%d(—cos(nx))

0

- L fCo - costman 4 fbf%x)cos(nx) dx

and [7£'(x)] dx < +oo.
Part 2

‘ Jf(x) sin(nx) dx - Jg(x) sin(nx)

<[ 1r-glax

Part 3
Density. We need smooth

h(x) = [gn<x—y>f<x) dy
Problem 6

Write

o0 L1 [e¢] [o¢] (o] [o¢]
J' w dx = f J e Fsin(x) drdx = J' J e sin(x) dxdt
0 o Jo o Jo

By integration by parts,

00 © .. © ]
I ([ e “sin(x) dx) dt:,[ 5 dt
0 0 o 1+t
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March 5, 2024

Definition: Signed Measure
Afunctionv: A - R, VA€ A, v(A) € R which is countably additive (i.e. if A;nA; =@ thenv([JA;) =) v(A;)).
Remarks

1. vi:A—> R, ={reR : r=0}is asigned measure and a finite measure.

2. feLy(x), (X,Ap), v(A)=[,fdu

Lemma: Signed Measure is Bounded from Above

On (X, A) with v a signed measure, 3M > 0 such that |v(A)| < M, VA€ A.

Proof

Assume, for sake of contradiction, that there is no such M.
Claim: Then 3E € A such that v(E) >1and v(A) <v(E)+1, VACE.

» Proof of Claim

Assume, again for sake of contradiction, that VE € A such that v(E) > 1, 3AC E such that v(A) > v(E) +1 > 1.
Then there exists E;,; C E; C --- C E with v(E; 1) > v(E;) + 1. This gives

o0 o0
E\ ﬂEi = UEi—l \E;
i=1 Q=1

but since v(E;_1 \ E;) = v(E;_;) —v(E;) < —1,

V<E\mEi) = ZV(Ei—I \E;)=—o00
i=1 i=1

a contradiction.
+ By the Claim

3E, € Awith v(E,) > n+ Y /= v(E;) and v(A) < v(E,) +1, VAC E,,.
. -1 -1
For A; C E;NE, C E, with A;n A; = @, we have |J;_, A; =i, (E;NE,), so
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a contradiction.

Definition: Variation

[v|(A) = sup{z Iv(E;)| : {E;} is a partition of A}
Definition: Total Variation

[[v]]=|v](X)
Lemma: Variation is a Finite Measure

Given (X, A) and v a signed measure, (X, A, |v|) is a finite measure space.

Proof
Monotonicity is given by the definition.

For finite, we claim |v|(A) <2M, YA € A.
By the definition, 3{E;} a partition of A such that

VI(A) <) IV(E)| +e

= > vE)- ) v(E)+e

v(E;)>0 v(E;)<0
:v( U E,-)—v( U Ei)+e
V(Ei)>0 V(Ei)<0
<2M+¢

For countable additivity, take {A;} C A a countably disjoint collection.
Then for all i, 3 {E}}] a partition of A; such that

[v|(A;) < Z |V(E;)| +2 e

J
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i

and where {E; tj=1,..,00 iS @ partition for ].“: A;,
JjJJ - i=1

So X2, V(A7) < v (U2, A7),
Then, given {E;} a partition of | J;_, A; such that

|V(UA,-)sZ|v(Ek)|+g
i=1 k

we have that {A; N E;} partitions A;. So
WI(A) =) ) Iv(AinE)|

i k

=Y Y Iv(AinE)|
k i

> |) v(AinE)
k i

=Y [v(E)l
k

||([jA)

Therefore ) 1o, |v|(A;) = |v] (Uje; Ar)-
Theorem: Jordan Decomposition

For any (X, A) with v a signed measure, we have two finite measures v" and v~ such thatv=v" —v".
Proof

Setvs<v'= %(|v| +v)<|vlandv = %(|v| —v)<|v|.

Lemma:

v (A) =sup{v(F) : FCc A} and v~ = —inf{v(F) : F C A}.

Proof

v(F)<v' (F)<v (A) and sup{v(F): FC A} <v (A)

Then, if {B,C} is a partition of A for positive and negative values,
|[v|(A) =v(B)-v(C)+e and v(A)=v(B)-v(C)
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therefore v (A) < v(B) + 5 <sup{v(F) : FC A} +} and v (A) < sup{v(F) : Fc A}.

Theorem: Hahn Decomposition

For any (X, A) with v a signed measure, we have X = EUF, ENF = @, and v(A) =0 for A C E while v(A) <0for ACF.
Proof

We have v (X) = sup{v(A) : Ac X}, so 34, suchthatv (x)-2""<v(4,) <v (X).

Fori=n+1, since v(Al- nUih Ak) <v' (Al- nUiZ, Ak) <v (X)),

V(Ai \ U Ak> = V(Ai) —V(Ai N U Ak)
k=n k=n

i

>v (X)-2""=v(X)

>-2""
50 v(UiZ, A1) 2 v(An) +v (Ui (4\ Uiy A) ) 2 v (00 -27"
Take E = (e Us2, Ai, and we claim that v(E) = v (X).

» Proof of Claim

—

v (X) = v(E) =v(

Ai)—v([in\E> >y (X)-27"

1

n

* Verify

V(X)) =v(E) = v(A) +v(E\ A) < v(A) +v (E\ A) = v(A) +v' (X)

such that v(A) = 0.
Then take F = E°. Forall ACF,

vI(X)2v (EUA)2v(EUA) =v(E)+v(A)=v" (X)+v(A)

such that v(A) < 0.

Remark

On (X, A, ) with f € L,(X)

V(A)=JAfdu

i) = [ 171 du
A

J

v+(A)=JAf du

v_(A)=)Af_ du

sov=v'—v and X={x: f(x)=0}u{x: f(x)<0}.
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Example: Point Charge
For xy € X,

(A) 1 |f xo eA
’V =
0 otherwise

Then v(A) # [, f duforany f € L,,(X).
Example: Cantor Function

Also called the double stairs.
A function ¢ with the graph

For ¢ € C, we have ¢(r) = hmx—’C’c ¢(x) and py((a,b)) = ¢(b) — ¢(a).
A

Furthermore, p4(C) =1 and u(C°) = 0.

The conclusion is that one necessary condition is v(A) = 0 if u(A) = 0.

March 7, 2024

Recall: Signed Measure

On (X, A) with A a o-algebra, a function v : A — R such that

V(UAZ) = ZV(Al)
for AiﬂAj =0.

Example

(X, A ), f € Ly(X),

via)= | fau
VAE€EA.

Question

Given (X,A,u)andv: A - R, is J’A | f| du=0when u(A) =0 sufficient to make v = vy when f € LL(X)?
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Recall: Signed Measure Bounded from Above

Given (X,A) and v: A - R, 3M > 0 such that |v(A)| = M, VA€ A.

Recall: Variation of Signed Measure

1

|v|(A) = sup{z |v(E;) : {E;} is a partiation of A}
Recall: Norm from Variation

[Iv]]+ v](X)
Recall: Variation is a Finite Measure
(X, A, |v|) is a finite measure space.
Recall: Jordan Decomposition

Given (X,A) and v : A — R a signed measure, then

1 -1 -
vi=s(vl+v), v =5(vI-v), and v=v'-v

where v and v~ are finite measures.

Recall: Lemma

Given (X,A) and v : A — R a signed measure, we have

v =sup{v(F) : FS A} and v =—inf{v(F) : Fc A}
Recall: Hahn Decomposition

Given (X,A) and v: A — R a signed measure, we have X = EU F with En F = @ such that v(A) > 0 for A € E and
v(A)<O0for ACF.

Proof

By the preceding lemma, ¥ n, 3A,, € A such that

viX)-2""<v(4,) =vT(4,) v (X)

where E =, U, Ai-
. +

Claim: v(E) =v' (X).

Part 1

—

k-1
vi(X) = v( Ai> = V(Anu (Aps1 \Ap)U---U (Ak\ Al-) u) >vH(x)-27""!

1=n
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since

k-1 k-1
v(Ak\ U A,~> =v(Ap) —V(Akﬂ U A,-) >vix) -2 F vt (x) 2 —27F

Part 2
For all n,
V(E)=V(UA,~>—V<U\E)2v+(X)—2_n+1
i=n i=n
and
(o 0]
v(UAi\E>
i=n
where
UAi:(UAi\ U Ai>U( U A\ U Ai>U”'
i=n i=n i=n+1 i=n+1 i=n+2
SO

v(UAi\ g Ai)=V(UAi>—V( g A,~)sv+(x)—(v+(x)—2‘k‘2)52‘k+2

i=k i=k+1 i=k+1

Therefore, VA C E, we have

vI(X)=v(E) =v(A)+v(E\ A) < v(A) +v" (X)

and v(A) = 0 while VACF

v (X)2v(AUE) =v(A) +v(E) =v(A) +v" (X)
so v(A) <0.
Example: Jordan

Given (X, A, ), f € L,(X) and v,(A) = [, f dp,

vsla)= [ 1fldi Vi = [ fran vita)= [ fau and vp=vi-v;
Example: Hahn

Given E={x : f(x)=0}and F={x : f(x)<0}, X=EUF.
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Definition: Absolute Continuity

Given (X,A,u) and v : A — R a signed measure, we say v << u (v is absolutely continuous with respect to ) if

u(A)=0 = |v|(A)=0
Lemma:

Given (X,A,u) and v : A — R a signed measure, v << u if and only if Ve > 0, 36 > 0 such that |v|(A) < ¢, VA € A,
u(A) <é.

Proof

(&) Trivial.

(=) Assume, for sake of contradiction, that there exists &y > 0 such that Vn, 3A, where |v|(A,) = ¢, while
n

p(Ay) =27

Write A= 2, U2, A; such that (|52, A; <2

_"“) and

(s

u(A) = lim ( Ai)=0

n—+0oo
i=n

but since

vl (U Ai) > |[v|(44) 2 &0

we have

o0
vI(4) = lim_|v| (U Ai> > &

1=n

a contradiction.

Theorem:

Let (X, A, u) be a complete o-finite measure space, v: A — R a signed measure and v << pu.
Then, 31f € L,,(X) such that v(A) = v (A) = [, f dp.

Proof: Uniqueness
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Proof: Step 1

Assume v and p are finite measures and define

G= {g : g =0, measurable, and J gd,usv(A)}
A

then set

M=sup{J gdu : gEG}SV(X)
X

For any n, 3g, € G such that M — - < [ g, du< M. Then for f, = max{gy,..., g},

1
M-—=< [ fndusM
n
X

Since f, — f with f,, f € G, by monotone convergence |, f du= M.
Claim: v(A) = [, fdu, VA€ A.
Otherwise, 34, € A such that IAO fdu<v(Ay) (v(4g) >0)
Therefore 3¢ > 0 such that [, (f +¢) du < v(A).

Then take £(A) =v(A) - [ ,(f +¢) dp.
We have the Hahn decompositon Ay = Ey U F,. Therefore é(A) =0, VACS Eyand é(A) <0, VAC F,y. Then

EC
L s
f+£' E,
since ngd,u=LmEOgd,u+IAﬁngdusv(AmEg(A)sv(A).
So
[ gan=| gau+| gan=| (rreyaus | sau=entm)nm
X Ey E§ Ey Ey
Then v << p implies u(Ey) > 0.
Corollary

For (X, A, 1) a o-finite measure space, v a finite measure and v << u, then Vg € Li(X), df e LL(X)

JAgdv= Lfgdu

since v(A) = [, f du. Therefore f = Z—;.
Definition: Mutual Singularity

Signed measures v, and v, are said to be mutually singular if 3X = EUF (EN F = @) such that

[v2[(F) =0

{|V1|(5)=0

Write v, L V.
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Remark

If v1 is a signed measure and u is a measure where v; L u and v << u, then v =0.

Recall: Cantor Set

Given p, a measure from the cantor set and Lebesgue measure m, we have uy L m.

Theorem:

Given (X, A,u) a o-finite measure space and v a signed measure, there are unique v = vy + v, where vy L u and
Vg << U

Proof: Uniqueness
* * * * .
Vs+Va=Vs + U, = Vs— Vs = U, — U = uniqueness
Proof: Step 1

Forv << v+u, 3f where

)= [ fawew=| rave [ rau
sotake E={x: f=z1}and F={x : f<1}.
1. v(E) 2v(E)+u(E) = u(E)=0.

2. VACSFE, v(A)< [, fdv+pu(A)ifu(A)=0 = v(A)=0.

Then v,(A) =v(ANnF)and vi(A) =v(ANE).
Duality of Lp and Lq

On (X, A, i) a o-finite measure space, given %+ é =land1<p,q<+0o,wehave L7 = (L”)* and ¢: L9 - (L")".
For Le (L”)*, we want 3g € L7 such that L(X) = [, fg dp.

k .
VLE (L), w(X) < +00, vi(A) = L(xa), v(U; Ai) = L(X xa,)s Xiz1 Xa, = o1 Xa, in L.

k
Then F‘(Ui=1Ai) - u(U2, 4).

So L(xa)=vi(A)=0if u(A) =0; ya =0 p-a.e. if u(A) =0.
Therefore for g, v (A) = jAg du, therefore Vs simple functions

J sdv=J sgdu
X X

and Vf e L (X), s, = f, L(sp) = L(f).

J sndu=f sngdu*J fgdu
X X X

Then f, =sign(g)|g|"™ x(x: 1q1=n) € Ly C Lp.
L(fn) = J fngdu= JX |g)({x: |g|sn}|q du
X
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-1
||fn||p = ||g7({x: |g|5n}||Z

|Lful
[1L]| = ”fnﬁp = ll8x1x:1g1=n g

Therefore g € L (X), gX{x: |g|<n) = &
Then for any f € Lj,(X), X 1f1zny = f-

March 12, 2024

Recall: Fundemental Theorem of Calculus

b
fl@- )= [ foar
a
for f € c', continuously differentiable.

Definition: Vitali Covering

Given E C R, a collection of intervals F = {I} such that Ve >0, Vx € E, there exists I € F such that

1. xel

2. |I|<e¢

Lemma: Vitali Covering Lemma

Given ECR, m*(E) < +00 and F a Vitali covering of E, then Ve > 0 there exists {I;} C F finite and disjoint such that

m* (E\U,I;) <e.
Proof

For {I} = F, we may assume I closed and assume that there exists some open set U D E such that m*(U) <
m*(E)+1< +0o.
Note that we may limit the size of our intervals such that VI e F, I C U.

» Step 1
1. I is arbitrary.
2. Inductively, assume {I,-}le with I; N I; = @ and select Ij,.
(@) Select Iy =sup{|I| : I€EEINI;=@,i=1,...,k}.
(b) Pick It suchthat |Ijq| =l and i N =@ fori=1,... k.
» Step 2
For U, LicU, Y 7o) |Ii| < m™(U) < +00 = [ » 0 as k - +00.

Further, AN such that ) ;2\, |T;] < £.
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« Step 3

Vxe E\UX, I, xe U2y, 51;. Where 51 is the interval T with the same center and five times the length.
Then 31, xe Iwhere INI; =@, Vi=1,...,N.
Define

ng=max{n : INIl;=0,i=1,...,n}

such that 1N I, 41 =#. Then |I| < I, and |I,,| = 51, Therefore I C 51, 41.
Note that we know ng exists by the fact that [ — 0.
Therefore E\ |JN., I; € % v, 51; and, subsequently, m* (E\ U~ Ii) <e.

Definition: Dini Derivative

Define
D' £(x) = timeup LM = /()
h—0t
D, f(x)= liming /1) = (%)
h—0* h
D' f(x) = limsup flx) - i(X— h)
h—0t
Dy f(x) = liminff(x) —f(x=h)
h—-0" h
Fact

f'(x) exists if and only if D" f(x) = D, f(x) = D' f(x) = D, f(x).
Theorem: Differentiability of Monotone Functions

If f:[a,b] - Ris nondecreasing, then it is differentiable m-a.e.

Proof

Let

B={x: D f(x)>Df(x)}u{x: D'f(x)>D,f(x)}

and

B ={x: D' f(x)<D;f(x)}n{x: D'f(x) <D, f(x)}

That is, B is the collection of points at which f is not differentiable and

D,f(x)< D' f(x)<D;f(x) <D f(x) <D, f(x)

gives B¢ the feature of including all differentiable points. Write

{x: D" f()>Dif ()} = [ {x: D'f(x) > p>q>Dif(x)}

,gJE
ppq> qQ) Epa
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Claim: m*(E,, 4) =0.
Assume, for sake of contradiction, that m*(EM =0>0.

» Step 1
Then there exists U open such that U D E,, , and m*(U) <8 +e.

Then Vx€E,,, D;f(x) <q = 3[x— h,x] such that f(x)— f(x— h) < hq for arbitarily small 5.
Therefore {[x— h, x]} = F; is a Vitali covering of E, ;.

By the Vitali Covering Lemma, EI{I,-}?=1 C F, finite and disjoint and m* (Ep,q \ Ule Ii) <Ee.
It follows that m* (Ep,q N Ule Ii) > 6 —e. Letting I; = [x; — hi, x; ],

k k
D (fl)=flxi=h))<aq) hi<q(@+e)
» Step 2

, ko9
Consider A, ; = E, o N J;—; L.

k
m* (EIMOUIL-) >0—¢
i=1

Then Vx € A, 4, since D' f(x) > p, [x,x+h] C Uleli, f(x+h)—f(x)>p-hforh; 0.
So {[x,x+ h]} = F, is a Vitali covering for A, .
Therefore there exists {I§}f=1 C F, finite and disjoint where I; =[x}, x; + hi] and

™M=

1

k
(Flxi+m) = F(x)) > P hi = p(6—2)
i=1

1l
—

» Conclusion

It follows that

-

1l
—

k k k
p(6-2e)spy hi<) (flxi+h)=f(x))=) (Fx)=flxi—hi))<q) hi<q(6+e)
i=1 i=1 i=1

1

Thatis, p > g but p(6 —2¢) < g(5 + €) which means it must be the case that § = 0 which contradicts our assump-
tion.

Definition: Function of Bounded Variation

A function f:[a,b] — R is said to be of bounded variation if for any partition of [a, b]

P:{a=x0<x1<-~<xn=b}

we define the variation of f over [a, b] as
v<f,[a,b])sup{2 |f (i) = f(xia)] = P}
i=1
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Observe that

b b
fx) = [ g(t)dt = V(f.[ab]) = [ 1g(0)] dt

Positive and Negative Variation

Define
PV(f.[ab]) = su {mel) flxie)) —P}
i=1
NV(f,[(Z,b])=SU {Z( (xl) f(xl 1)) =P}
i=1
Lemma
V(f,[(l,b]) =PV(f,[a,b])+NV(f,[a,b])
and
f(b)—-f(a)=PV(f,[aDb])-NV(f [ab])
* Proof
> 1FCx) = flximn)| = Z(f(xl f(xi_l)f+Z<f<xi>—f<xi_1>>‘
i=1
Fb)=fa) =) (f(xi) = flxim) = Z(f(xl) Flxio)” —Z(f(xl) Flxim))”
i=1
Corollary

f(x)=f(a)=PV(f.lax])-NV(f [ax])

So if f is of bounded variation, then f = g; — g, where g, g» nondecreasing.

Corollary

If f is of bounded variation, it is m-a.e. differentiable.
Example: The Cantor Function

We have ¢' =0 m-a.e., but ¢(1) — ¢(0) # IOI ¢ du.

March 14(159265358979323846264), 2024

Recall: Theorem (Monotone Functions)

If fis monotone (nondecreasing) in [a, b], then f is differentiable m-a.e.
Moreover,

b
j £'(x) dx < f(b) - f(a)

a
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Example: Cantor Function

{ I(/)'dm:O
$(1) —¢(0) =1

Recall: Bounded Variation

A function f is of bounded variation on [a, b] if

v<f,[a,b1>=sup{2|f<x,~>—f<xi_1)| :P={a=x<x <~-~<xn=b}}<+oo

i=1

Example

X 1 b
F(x) = j fdm, feLh([ab]) = V(E[a,b]) = j 1f] dm

Recall: Positive and Negative Variation

PV(f,[ab]) =SUP{Z(f(xi)—f(xi—1)+ tP={a=xp<x; < <Xy =b}}

NV(f,[a,b]) =Sup{Z(f(xi)—f(xi-1)_ tP={a=x<x <o <xn=b}}

Recall: Lemma

V(f.[a,b]=PV(f,[ab])+NV(f [a,b])
f(b) - f(a)=PV(f,[a,b])-NV(f [a,b])

Corollary

If fis of bounded variation, then f = g—h(=PV(f,[a,b])— NV(f,[a,b])) where g, h are nondecreasing.

Corollary

If f is of bounded variation, then f is differentiable m-a.e.
Recall: Differentiation of Integrals

For f € L,,([a,b]),

F(x)= fo dm

Question: F'(x) = f(x) m-a.e.?
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Lemma:
If feLh([a b]), then F(x) = J';f dm is of bounded variation and continuous.

Proof

Since |F(x;) — F(xi—1)| < J;i_l |f dm,

b
Z|F(xi)—F(xi—1)| SL | f| dm < +00

Questions: F'(x) m-a.e.? F'(x) = f(x) m-a.e.?
Lemma:

For f € Lh,([a, b]),

F(x)= [xfdm:O, Vx€[ab] = f=0, ma.e.

a

Proof
1. [ fdm=o.
2. U openset, C([a,b]), [, fdm=0.
3. Ac[a,b] measurable, [, fdm=0.

Then, for any A measurable, V6 > 0, U open set, U D> A, m(U \ A) = § such that

J'AfdeU‘;j% dm—JU\Afdm - JAfdmzo

Ve, 36 >0, |jU\Afdm| <e, m(U\A) <9,

4. f=0m-a.e.

Lemma:

Let f be bounded and measurable on [a, b]. Then

F(x)= J:f dm = F'(x) = f(x)
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Proof

Assume F(x) = F(b), x = b. Then

n(F((x+ %) —F(x)) - F'(x) m-a.e.

[ ron Ly

o
Il

1l
S
—

By dominated convergence

X f X
J F dm= lim F,dm

n—+oo J,

We calculate,

Ian dm = n([xF(x+ %) dm(x) — JXF(x) dm(x))

a a

x+,ll x
J de—J' Fdm
a+ n

1

x+i d+;
:nJ de—nJ Fdm - F(x)-F(a)

X a

by the continuity of F(x). So

X X X
J Fdm= lim Fndm=F(x)—F(a):J' fdm
a

a n—=+00 a
and, therefore, F'(x) = f(x) m-a.e.
Theorem:
If f € Ly,([a,b]) and F(x) = [ f dm, then F'(x) = f(x) m-a.e.
Proof

f=f"—f andF=F" -F.
We may assume, without loss of generality, that f = 0. Let

fn={f’ ot R = [ pam and Gu)= [ (- am

n, f>n

. I
so f = f,, G, nondecreasing, G,, > 0 m-a.e. and

F'(x) = Gp(x) + Fy(x) = Fy(x) = fu(x)
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Therefore F'(x) = f(x).
On the other hand, we know that

b b

J F <F(b)-F(a) = J fdm
So f:(F' — f) dm < 0 where F'—f >0, and therefre F'(x) = f(x) m-a.e.
Recall: Fundamental Theorem of Calculus

If FeC', then

F(x) - F(a) = fo'(r)dt

a

Example

Let F(x) = [ fdmand f € L,,([a,b]).
Given I; = (x;,y;) disjointand ) ; |I;| < 8, then

Y1) =FoI Y [ Ifldm= [ ifiam<e

Definition: Absolute Continuity

If Fon[a,b] and {I;} are disjoint intervals written I; = (x;,y;).
We say F is absolutely continuous if Ve >0, 36 > 0 such that

D |F) = F(y)l <e = ) |1| <.

Lemma:

If Fis absolutely continuous, then

1. Fis continuous.

2. Fis of bounded variation.
Proof of 2

V(f.[ab]) < V(f,[ac])+V(f [cD])

Then, 35 = =2 where x; = a+ =% such that V(f,[c,a]) < 1if b—c< & and

V(f.labD) <) V(filxix]) <n

Lemma:

Take F absolutely continuous where F' =0 m-a.e., then F = c.
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Proof

Take E C (a,c) where E={x € (a,c) : F' =0}, noting that m(E) = c— a.
Then Vn>0,Vx€E, I=[x,x+h]C(ac)h<<l,|f(x+h)-f(x)| <nh.
So {I} = F is a Vitali covering for E.

By Vitali covering lemma, 3{I;} disjoint with m (E\ |, I;) < 5.

So, given I; = (x,-,x,- + hl) and J; = (xi_l + hi+1,x,-), we have

Y (xi+h)=x)=) hi>c-a=5
> (xi=(xio1+hisy)) <6

i

Since | f(x; + h;) — f(x;)| <nh;,

Fle)=flay= ) |FCei+hi) = FCe)l+ ) |F (ki) = f(xima + i)
i i
where the latter term is small by absolute continuity.
Theorem: Fundamental Theorem of Calculus
F(x)=F(a)+ [} fdm, f € Ly,([a,b]), and F'(x) = f(x) m-a.e. if and only if F is absolutely continuous.
Proof

(=) Claim: F'is integrable.
* Proof of Claim

F=g—hso [ g dm<g(b)-g(a)and [ f dm = f(b) - f(a). Therefore

b b
j IF] dmsj (g'+h') dm < +o0
a

a

Let®(x) = [ F dm,then ® = F m-a.e., ®=F+cand, finally, F(x) - F(a) = [, F dm
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