Analysis 1
October 2, 2023

Notation

Natural Numbers: N = {1,2,3,...}

Non Negative Integers: Ng = NuU {0}
Integers: Z = {0, 1,42, +3,...}

Rationals: Q = {g, pEZL, q€E Z} =7Z xN/oo

e Equivalent representation of rationals: (p1,q1) ~ (p2,q2) iff p1ga = paqu

Sequence of Rationals: {u,}nen, u, € Q, Vn.

Properties of the Rationals

(Q, +,-) is a (ii) totally ordered (i) field satisfying the (iii) Archimedean property.
(i) Field

1. + is associative: (a +b) +c=a+ (b+c)

2. + is commutative: a+b=b+a

3. - is associative and commutative.

4. 30 € Q such that Va e Q,0+a=a+0

5. 31 € Q\ {0} such that Va € Q,1-a=a-1=a

=2

. YaeQ\{0} IbeQ,a-b=b-a=1

(ii) Totally Ordered

I aset Q4 € Q of “Positive Numbers” stable under + and - such that VA € Q either a > 0 (a € Q,), —a > 0 (also
a<0)ora=0.

e Ordering: Va,b € Q, a < b if and only if b —a > —0.

Trichotomy: Va,b € Q either a < b, a > b, or a = b.

a ifa>b

max(a,b) = {

b otherwise

la| = max(a, —a) (helps measure distance in Q).

dist(a,b) := |b - al

Triangle Inequality: |u +v| < |u| + |v]



e Observe also: ||u| — |v|| < |u £ v|. The triangle inequality may be used to prove this.

e Proof of Triangle Inequality —|u| < u < |u| and —|v| < v < |v|, therefore —|u| — |[v| < u+v < |u| + |v].
Therefore u + v < |u| + |v| and —(u + v) < |u| + |v| implies |u +v| < |u| + |v].
(iii) Archimedian Property:
Ve>0, AN, Vnz N, L <e.

Bounded Sequence of Rationals

{up }nen is bounded if Am € Q, such that |u,| < M, Vn.
{u, }nen converges to a € Q (lim,, 00 u,, = a) if Ve > 0,AN,Vn = N, |u, —al| < e.

Famous Limits
Decaying Rational
. 1 _
1. lim, 0 ~=0
e VeeQ,, dn €N, 0<%<6

e VneN dneN, n=N

— b. and c. are equivalent.

Decaying Exponential Rational

reQ, 0<r<1, lim,,er" =0.

P £ Wri 1 £ k Th n 1 Bernoulli 4
: = = = —_— < _
1+ 1+ = 1+n
e Proof: Write r 5 for some k > 0. enr Tk -
Geometric
n+1l

Features of Limits
Limits are Unique
If the limit of a sequence exists, it is unique.

Squeezing Lemma

If {a,}, {b,} are such that 0 < a,, < b,, and b, —» 0 as n — oo, then a,, — 0.

Limits Preserve Order

If a, < b, ¥Yn and a,, and b,, converge, then lim,, , a,, < lim,, , e b,-



Limit Algebraic Rules

limy, 0 @y, + limy, 0 by, = limy, 00 (ay, + by,) when a,, and b, converge.

If lim,, o0 b, # 0, then Z_: - 111222

Peculiarity of the Rationals
Q lacks completeness.
Examples

Consider u; = 1 and u,4+1 = %(un + ul)
Then u,, € Q, Vn € N.
It can further be proven, by induction, that u, > 1, Vn. (un+1 -1= %(un + UL) -1= %((un —1)%+ 1))

. 2
lim,, 00 Uy, = 2.

If u,, converged in Q to L, by algebraic limit rules, 2 = limu’ = (limu,)* = L?, yet v2 ¢ Q.

Cauchy Criterion

A sequence {uy},en of rationals is Cauchy if Ve >0, dn € N, Vp,q 2 n, |u, —y,| <e.

Visual Justification

| |
Ng' Ni 1)z {
Example 1
The sequence from before is Cauchy.
o lupmugl _ 1y 2 2
lup = ug| = |u:+'u:| < 5 lup —uy]
Example 2

n 1
Uy = Zk=OH € Q.



e This is increasing.

e [t is bounded above by 3:

1 1 1 1
1+1+§+2—.3+m+~-~+2mn51+1+-~2n_1
1-27"
<1+ 1 I
2
<3

Convergence, Cauchy and Boundedness.

Given a sequence {uy, }nen,
{u,} converges = {u,} is Cauchy = {u,} is bounded.
Note that in Q none of these implications may be reversed.

Construction of the Real Numbers

Short version: If the limit of a sequence isn’t in the set, then define the limit as the sequence itself.
Let Cgp = {Cauchy sequences of rationals.}.

Two Operations

e Termwise Addition {u,}, + {vn}n 1= {tn + Uy }nen

e Termwise Multiplication {u,}, * {Vn}n 1= {tn - Un}tnen

Closure of Cauchy Sequence

If {un}nv {Un}n € C@7 then {Un}n + {Un}n € (), and {un}n : {Un}n € C,.

Example

Infinite decimal expansion.

Fix N € Z, ay---a,, € {0,...,9}.

Then let u, = N + ) ,_, ak(lo)_k (that is the number N.ajas ... a,).

This is always increasing and bounded above by N + Y ;_, 9+ (10)" = N + 1% . 2221(10)_(’”1) <N+1.
Hence, it is Cauchy.

Increasing and Bounded Above Implies Cauchy

By contrapositive, increasing and not Cauchy implies not bounded.
By the negation of Cauchy and letting p > ¢ without loss of generality, we can force u, > u, + e.

Negation of Cauchy

de>0, VN, Ip,q = N, |u, —uy| > e

Real Numbers as Equivalence Classes of Cauchy Sequences

On Cq define the relation {z,}, ~ {yn}n if and only if lim, [(z, = y,)| = 0.



Equivalence Relation

Reflexive: x,, — x, =0
Transitive: Uses algebraic limit rules. z, — 2, =, — Yn + Yn — 2n-
Symmetric.

Definition of the Reals

R := C@/ ~
Then z € R, x = [{x,}n]-

Addition and Multiplication of Reals

® Addltlon T + Yy = [{xn + yn}n]

e Multiplication -y := [{z), - Yn}tn]-

Operations Do Not Depend on Choice of Representative

It {xn}n ~ {"L‘in}n and {yn}n ~ {y;’L}Tw then {xn}n + {yn}n ~ {J'JITL}n + {’y:m}n
If {xn}n ~ {xn}n and {yn}n ~ {yn}m then {xn}n : {yn}n ~ {xn}n : {yn}n-

The Reals are a Field

There are nine properties to check, eight of which are “obvious™

Commutativity of Addition (and Other “Obvious” Features)

[{xn}n] + [{yn}n] = [{xn + yn}n] = [{yn + xn}] = [{yn}n] + [{xn}n]

That is, the Reals inherit most field features from the Rationals.

e Zero Element Og = [{0g}»]

e One Element 1y = [{Ig},]

Multiplicative Inverses

How to define 2! for 2 € R where z # 07

e Idea If 2 = [{z,},] choose 2" = [{%}"]
Ifz €R, %0 then

1. 3{z,}, € Cq representing = with non zero entries.
2. {xi}n is Cauchy.
— Proof of 1 Pick any {z,}, representing .

* x#0,s0 NOT (lim,,_,c0 x,, = 0: deg >0, VN, An = N, |z,| > €.

* {x,} is Cauchy: Ve >0,3N, Vp,g= N, |z, —z,] <€



Therefore, 3N such that Vp,q = Ny, |z, —z,] < 2
And AN, = N, | |$N2 > €.

For ¢ = Ny, the Cauchy Criterion states that |z
Therefore, the sought sequence is {zn, + k}ken-

Tp—T
= lzpmaq| s%|xp—xq|.
|xp||$q| €0

— Proof of 2

1 1
T

P Tq

Order on the Reals

Let x # 0, 3{x,, },en be a representation of x and ¢y > 0.
Then for |z,,| > €y, Vn € N, there is a dichotomy:

e Either AN € N, z,, > ¢y, Vn = N (in which case we write z > 0)

e Or AN e N, z, < —¢p, Yn = N (in which case we write z < 0

Thus the Reals are totally ordered.
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Non-zero Reals Are Either Positive or Negative

Given z € R\ {0}, 36 € Q, such that V{z,}, representing x, AN € N such that |z,| >, Vn = N.

Moreover, one of the following (but not both) holds:

1. V{z,}, €2, 3, x,>0, Vn=N (ie. z>0)

2. V{z,}p €2, 3, 2, < -0, V=N (ie. 2 <0)

Recall that x € R\ {0} is an equivalence class of Cauchy sequences.

Total Ordering of the Reals

x > 0 produces a total ordering of R where x < y if and only if y — 2 > 0.

x ifzx>y

~ max(z,y) = :
y otherwise

|z| = max(z, —x) (which satisfies the triangle inequality)

Lemma A

Let z,y € R. If {z,,},,, {yn}n represent x,y and satisfy =, < y,, AN € N, Vn = N, then z < v.

|2y — 2N, + 2N, = 2N, | = |2N, — 24 260—%0

>

e Proof By contradiction, suppose x > y and 3{x,,},, {yn}, representing x,y such that z,, < y,, Vn = Ny.

Then, by definition, x —y >0 = 3§ >0, AN,, =, —y,, > for n = Ns.
But z,, <y, contradicts x,, — vy, > 0.
Sequences of Reals

The definition of bounded, convergent and Cauchy sequences are the same as in Q.

€@
>



Injection of Rationals

t:Q — R such that r » [{u, =71},]
This is isometric in the sense that |¢(7) — ¢(s)|r = |7 = s|g

Theorem (Completeness 1)

Let {z,}, € Cg and z = [{z,},], then {¢(x,)}, converges to x.

Proof

What to show: Ve >0, AN, Vn = N, |u(z,) —z| <e.

Let € € Q4. By the Cauchy criterion, AN,Vq¢,p = N, |z, — z,| <e.
This is equivalent to z, — € < x), < x4 + € where p is frozen.

Then by Lemma A, . — e < o(z,) <z +e€.

It follows that Vp = N, [i(x),) — 2 < e.

Corollary

Q = 1(Q) is dense in R. That is, Ve >0, Vz € R, Ar € Q, |u(r) — x| < e.

The Isometric Copy of Rationals

For brevity, the ¢+ notation will be dropped and the Q will be understood as +(Q).

Completeness of the Real Numbers

A sequence of real numbers converges in R if and only if it is Cauchy.

Proof

(=) This is clear.

(=) Take a Cauchy sequence of reals {x,,},. Then Ve >0, AN, Vp,q 2 |z, — x4 <€
Using the density of Q, Vn € N, 3r,, € Q such that |z, —r,| < %

Claim: {r,}, is Cauchy. Indeed,

|rp =1l = |1p —p + ) — g + 24 — 14|

< |rp = xp| + |xp — ag| + |24 = 7]
<1+|x -z |+1
P P 1 q

Take € > 0. {z,} cauchy implies ANy, Vp,q¢ = N, |z, — z4] < £ and ANy, Vp,q 2 NQ,% <

Q=
IA

wWlm
wlm

€
3
p,q 2 max(Ny, No) [rp =7yl < S+ 5+ 5.
Then, for Cauchy {r,},, call » = [{r,},], then lim,,_, . 7, = r by the above theorem.
Then my algebraic limit rules, x,(z, —r,) + r,, where (z, —r,) = 0 and r,, » r as n — 00. So {x,} converges.

Example

Let 21 =1, 241 = %(xn + %)
Then {z,}, € Cp, and it converges to L € R.
By algebraic limit rules, Lz(lim :Un)2 = limz? = 2.



Subsets of the Reals, Infimum and Supremum

Notation

Subset: S € R

Inclusion: z € §

Open Interval: (a,b) = {x € R|a < z < b}

Semiclosed Interval: (a,b] = {x € R|a < z < b}

Closed Interval: [a,b] = {z € R|a < x < b}

Unbounded Semiclosed Interval: (—00,a] = {x € R|x < a}
Unbounded Open: (—00,a) = {z € R|z < a}

Suprememum

S € R is bouned above (respectively below) if AM € R, Vx € S, x < M (respectively AL € R, Vx € S, L < X)
S ad mits a least upper bound, LUB, suprememum or sup M if

1. Ve e S;a = M

2. VM' e R, upper bound of S, M =< M

If sup S exists, it is unique.
If x € S and z is an upper bound for S, then x = sup S.

Example 1

sup(0,1) =sup[0,1] =1

Example 2

S={zreqQ, 2% < 2} does not have a greatest element in @, nor a least upper bound in Q.

Theorem (Completness 2)

Every subset S € R, nonempty and bouned above, has a supremum in R.

Proof

By dichotomy.
S+ @ = dzy €S and S bounded above implies dyy € R, Yz € S, = < yy (in particular g < yg).

. . +
If xg = yo, done. Otherwise, consider mg = =2*2.

1 1 l 1
T T ‘ T
To Ty Yo = U1

S

Two options exist: if mg is an upper bound for S, set y; = mg and z; = z.
Otherwise, dxq1 € S, such that mgy < x1 so set y1 = yo-

Repeat this process forever to construct two sequences x,,, ¥,-

Vn, z, €5, y, is an upper bound for S.



e 1, is increasing and bounded above by yg, so it must be Cauchy and converging to x.

e y, is decreasing and bounded below by zg, so it must be Cauchy and converging to y.

o |Tpi1 — Ynsal < % which implies |z, — y,| < %Wo —yol and z =y = 2.

Therefore, the process may be understood as g < - £ X, £ Tpa1 < Ynal S Yn <+ < Yo-
There remain two things to check: (1) z is an upper bound for S and (2) z is no larger than any other upper bound
for S.

1. Take z € S, Vn,xSynwxsZ.

2. Take upper bound for S, Z. Ty < z’, vn =S 2 <2

So z =supS.

Monotone Convergence Theorem (Completeness 3)

An increasing sequence of reals, {x,},, that is bounded above, converges to sup X = sup{z,|n € N}.
To prove that this converges, since it is monotone and bounded above it is Cauchy and therefore must be convergent.

Proof

Call z the limit, then Vn, z, < z. To see this, suppose dng, x < x,, then Vm = my, = < 2, < 2,,, =
|z — x| 2 |z, — x| >0, Ym = ng is a contradiction.

Let M be an upper bound of X. Then z,, < M, Vn =S r s M = x =supX.

Theorem (Existence of Roots)

Vz € R where 2 >0, p € {2,3, ... ,}, 3y > 0 such that ¢* = .

Proof

Left as an exercise.
Either by dichotomy or consider S = {y € R|y” < 2}, show: S # 0, bounded above and (sup S)? = z.
For uniqueness, show 4} =95 =2 & 0=y} — b = (y1 —12)(-- £ 0) = y; = 1.

Topological Properties

ScRisopenif Vx €S, da,beR, z € (a,b) CS.

x is an accumulation or limit point of S if Ve >0, dy € S, 0< |z —y| <e.
S S R is closed if it contains all its limit points.

A set may be both open closed, just open, just closed or neither.

Given S € R, the interior of S is (Jgr opencs §' =5 = g0

The closure is [z cosedos F = S s U {limit points of S}.

Example

{z} is not open, but, since the limit points of z are @, it is closed.



Propositions

1. Arbitrary unions and finite intersections of open sets are open.
2. S is open if and only the complement S° = R\ S is closed.

3. Arbitrary intersections and finite unions of closed sets are closed.

Bolzano-Weierstrass Theorem

A bounded sequence in R ad mits a convergent (Cauchy) subsequence. AM, |x,| < M, Vn

Proof by Dichotomy

Suppose Iy = [a,b] contains the sequence.
Construct a sequence of intervals by indicators: if [a, “TH’] contains infinitely terms of {x,},, choose n such that

€ [a,%b] and call I = [a,‘%b].

Otherwise, I:“TH’,b] must contain infinitely many terms. Choose n in a similar fashion as above such that
1= [22]

This process may be repeated to create a sequence of intervals such that I, 2 I11 2 Iy and I(I},) = l’;—,f.
A subsequence {uy, }i such that u,, € I; for k > 1.

Tn,q

Exercise

Extract a Cauchy criterion out of the above.

October 9, 2023
Limits
Limit Point

We say = € R is a limit point of {x,}, if a subsequence of {x,},, converges to x.
Equivalently, Ve > 0, Vng € N, dn = ng, |z, —z| <e.
That is, the sequence revisits an epsilon neighborhood of x infinitely many times.

Limit Set

The limit set of {x,}, : LS({x,},) = the set of limit points of {z,,},.

e Comments
— if lim,, oo {®,} = z, then LS({z,},) = {z}.

— The limit set can be as big as R!

10



— What Bolzano-Weierstrass says is that if {x,,} is bounded, then LS({z,}) # @.

e Examples LS({n},) = @.
LS({x,}n) is closed (good exercise).

Limit Superior

If {z,,},, € [a,b] is bouneded, V& € N, sup{x;|j = k} exists in R.
Because

@ < sup{a;lj = k+ 1) =y < supfayly 2 k) = e
by the Monotone Convergence Theorem, {yx}5 converges. Call its limit lim sup,, x,, = inf, sup{z;|j = n}.
Limit Inferior
Similarly, define lim,, inf z;,, = sup,, inf{z;[j = n}.
Limit Superior and Limit Inferior Always Exist

What to show: limsup x,,, liminf z,, € LS({z,}).
Left as an exercise.

Convergence at the Limit

A bounded sequence {x,},, converges if and only if lim inf, z,, = lim sup,, z,,.

e Proof Technique Often it is useful to structure a proof such that

L < liminf x,, < limsupz, < L
n n

Topology of the Reals Continued

Compactness

Let A € R.
A is (sequentially) compact if every sequence in A has a limit point in A.
A is (Heine-Borel) compact if every open cover of A has a finite subcover.

e Open Cover {O,}aer, with O, open, is an open cover of A if A € |, c; Oa-

e Finite Subcover Oy, ..., O,, n € N.
Heine-Borel Theorem
Let A € R.

The following are equivalent

1. A is Heine-Borel compact.

11



2. A is closed and bounded.

3. A is sequentially compact.

Proof

(1) = (2) = ) = (1)

e Heine-Borel Compact Implies Closed and Bounded Suppose A satisfies the Heine-Borel property.
Consider {(—n,n)}nen. Clearly |, (-n,n) =R 2 A.
By Heine-Borel, dng, ... ,n, such that A 2 ?zo(—nj, n;) = (=N,N), N = max(ng, ..., np). So Ais
bounded.
Ais closed if y ¢ A = y is not a limit point of A.
Take y € A°, then A SR\ {y} = U, en(—00,y — %) U (y+ %, 00).

S
Y

By the Heine-Borel property,

1 1
Ac ] (oo y—2)U(y+ 5, 00)

05 +++ 5Tlp
1 1
=(—°°,y—N)U(y+N7°°)

Which implies An [y — %,y + % = @ and y is not a limit point of A.
That is, A contains its limit points.

e Closed and Bounded Implies Sequential Compactness Suppose A is both closed and bounded.
Let {z,}, € A. Then {x,}, is bounded. By Bolzano-Weierstrass, it has a limit point  and a subsequence
{2, }r converging to x.
Since A is closed, limy o 7,, =2 € A. W

e Sequential Compactness Implies Heine-Borel Suppose A € R is sequentially compact.
Consider an open cover of A, {O,|a € I}.
First, turn it into a countable cover:

- Yael, O, ¢ (ré,ri), re.r2 €Q

Assume that {O,}, can be made countable (O, ... ,0,)

By contradiction, suppose Vn € N, A\ (U?zl Oj) + Q2.

Take z, € A\ (U?:l Oj). Since A is sequentially compact, 3{x,, }, subsequence of {z,}, converging to
x € A

Since A C U]EN O;, 3jo, x € O}, O}, is open: 36 >0, (x — 0,z +0) € Oj,.

Then AN, k2 N = =z, € (z -4,z +6) € O,,. But if k is such that n, > jy, we also have z,, ¢ O;,
which is a contradiction!

0°
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Structure of Open and Closed Sets

A is open in R if and only if it can be written as an at most countable, disjoint union of open intervals.

TODO Proof

For x € A, 3(a,b), such that z € (a,b) € A.
Let I, = Uopen interval containingz, 1cA 1- This is the maximal interval containing x in A.

Then, A € Uyea{z} € Uyen In € A
That is, A= J,cale ().

either I, = I,

Next, if z,y € A, then
or I, NI,=@

IMAGE HERE
The union (*), as a disjoint union, is at most countable because each distinct one must contain a distinct rational
and Q is countable.

Long Story Short

The topology of the reals avoids exotic sets. Closed sets, on the other hand, can be quite complicated.

TODO Cantor Set

C:= nkeNO Ij,. I, is obtained by removing the middle open third of each interval making Ij.
IMAGE HERE - CANTOR

Iy = [0,1]. One interval of length 1.

I, =[0,1/3]u[2/3,1]. Two intervals of length 2/3.

I, =[0,1/9]7uU[2/9,1/3]U[2/3,7/9]. Four intervals of (2/3)

Iy is 2" intervals of length (2/3)k.

L ST, = CcI, Yk = 1(C) =1(I;) = (2/3)F = 1(0) =0.

TODO Triadic Expansions

Goal:

1. C is perfect (i.e. every point in C' is a limit point of C).

2. C contains no open intervals.

Property 2 is easy because C' € I, which does contain interval of length greater than (1/ S)k.
1. C is uncountable.

Every = € [0,1] can be written in the form =) ,_, g—’,j, ai, € {0,1,2}.

13



That is, = 0.aqas ... in base 3. This is not always unique (e.g. 1/3 =0.100...=0.022...).

IMAGE HERE - THIRDS OF INTERVAL

Note that the Cantor set is removing all decimal expansions with leading 1s. That is, x € C' if and only if it has a
triadic expansion only made of Os and 2s.

e Proofof 1Ifz € C, z =), ;—’I; = liMymoo Y pey Z—ﬁ, then x,, € C, ¥n and z,, = 0.a;y...a,0000... where
ay,an € {07 2}
Unique representation can be maintained by forcing the behavior of the n + 1th digit.

e Proof of 3 Every point in [0,1] can also be written as x = Zzozl = %, b, € {0,1} (i.e. a binary expansion).
Then C + [0,1] gives = = g—’,; -y g—’,j, by = % for ay € {0,2} is a bijection!
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General Notation

Sequence {Zy,}ysn, (often ng € {0,1})

Definition: Partial Sum

Sn = Zz=n0 Tk (wn = Sn - Sn—l)
We say ), x, converges if lim,,_, o S,, exists.
We denote ZZO:nO = lim, 00 Sy,

e Example: Geometric Series Y ;_ =8, re (0,1)
| I

1-r 1-r

e Example: P Series ) ,_; kip’ p>0

e Example: Exponential ) |_, %

Series without Non-negative Terms

The series has non-negative terms if x,, = 0, Vn.

Obvious Algebraic Limit Rules

If anno a, and ZnZnO b, converge and o € R, then ) O(an + ab,,) converges to

nzn

o0 o0
z a, + Z b, = Z (a,, + aby,)
n=ngo n=ngo n=ngo

e Proof (Sketch) Reason on the partial sums; use algebraic limit rules on sequences.

Proposition

If Zn x, converges in R, then lim,, o x,, = 0.

e Proof z, =5, — S,_1 "S-85 =0
Since S, "= S and S, ; = S = Z;?:no Ty

14



Series with Non-negative Terms

Ifz, =0, Vn, S5, = ZZ:nO T} 18 non-decreasing.
By monotone convergence theorem, S, is either bouned, and therefore converges, or unbounded from above where

Vm >0, dng €N, V¥n=2ngy, S, 2 M
This is “diverging to +00.”

Theorem: Convergence Criteria

e Term Test If 0 < a,, < b,, Yn = ng and ) b, converges, then ) a, converges.

— Proof Suppose 0 < a, < b,, and t, = ZZ=n() by, converges and, therefore, is bounded above by
Then Vn, Zzzno ag < Zzzno b, < B.
Thus, by monotone convergence theorem, ZZ:nO ayp, converges.

e Ratio Test If a,, > 0, Yn and dng € R such that =L <7 <1, Vn = ng, then ) a, converges.

2299

. . . . . . k— o0 . . .
— Clarification The harmonic series has ratio ﬁ < 1 but since ﬁ — 1, there is no r which satisfies
the ratio test.

— Proof Suppose a,4+1 < ra, for n = nyg.
p

2
< < < vee <
Then app1p < Qg+ (p=1)7 = Amgs(p-2)7" < S QT
[hen for n = ng,

mo+(n—mg) n—mg

n mo n 1
k=ng k=ng k=mg+1 k=mg k=mg

— Rate of Convergnce The above proof shows that the ratio test implies a geometric rate of convergence.

e Root Test If Ing € N and r € (0, 1) such that a}l/n <r, then ) a, converges.

n n
/ Sr = a, <71 .

— Proof (Sketch) Same story as the ratio test: a,

e Rejection of Ratio/Root If Ing € N such that either “2tL > 1 for n = ng or arll/"

diverges to +00. !

> 1 for n = ng, then ) a,

— Proof (Sketch) In either case, a,, cannot converge to zero. Therefore the series cannot converge.

Prototype Scales
Geometric Rates

S .1 = converges if and only if o > 1 (to ¢(a))

nx1 po
2ok 1

k
ap = ;%a ~ 2ka2k~ = 5= = (F) = t, = ZZ:l 2ka2k converges if and only if 2%1 < 1if and only if a > 1.
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Log Geometric Case

Y sl m converges if and only if 8 > 1.

1 k

= k(log(k))?

2 _ 1
2k (log(2%)% ~ (log(2)%k

ay ~ 2ka2k = 5 converges if and only if 8 > 1.

Lemma:

Suppose a,, decreases to 0.
Then the sequence S,, = ZZ:1 ay, converges if and only if ¢,, = Zzzl 2ka2k converges.

e Proof
Son= Q1 + G2 + a3 4+ a4 + A5 + A6 + A7 + Ag + ***
\ | \ | \
az + ag < < ag +as
S'n=a1+a2+a3+a4+a5+a6+a7+a8+m
n 21
=a1+z Z Aok 4p
k=1 p=1
k
<a; + 2 agen+
This gives

1
5(% —a1) < Sy —ay Sty

Therefore Sy» converges, which implies that ¢, converges, and, since .5, is monotone, .S,, itself converges.

Series with General Terms

General term is signed.
Trick
Write a,, = a,. — a,, and a> = max(0, a). Then
n n n
+ f—
Sn=Zak= Zak - Zak
=n, k=n k=n,

Convergence Outcomes

00 + 00 +
Z'Iﬁ::n() ak < Zk:n() ak‘ =
Oo - .
Z f=ng Wk < OO absolute convergence lim S,, = +00 If
o F_ : — fthi N “di Timit
Zk=n0 ap = 00 lim S,, = —oc0 lots of things can happen; divergence, convergence, any limit sequence

+ - . - .
S, and S, converge, we can return to algebraic limit rules.
S to li Sy =i S,

n converges to lim, . .S, —lim, . S,

Definition: Absolute Convergence

We say ), a, converges absolutely if and only if ) |a,| converges.

16



Note

|an| = ay +ay,

Proposition: Absolute Convergence Implies Convergence
Proof

Absolute convergence == Y |a,| converges = Y a, and Y a,, converges = Y (a,, — a,,) converges.

Definition: Conditional Convergence

Y ., an converges conditionally if and only if ) a,, converges while ) |a,| diverges.

Criteria for Convergence

For absolute convergence, run root/ratio/term test on )  |a,].
Other criteria which might indicate conditional convergence.

Alternating Series Test

If a,(=1)"b,, b, = 0 decreases to zero, the series is conditionally convergent.

Dirichlet Test

If a,, = byc,, where b, decreases to zero and ¢, satisfies |co +¢; + -+ +¢,| < C, 3C € R,Vn € N, then )
converges conditionally.

(-n)"

n>1 n

e Applications )
Z cos(n)
nx1 n

e Proof Write C,, = ¢y + ¢1 + -+ + ¢, such that |C,| < C, Vn.
Then ¢, = C,, — C,,_1, and

n n n n—1 n—1

nz0 n

Z = Z be(Cl = Cp-1) = Z bpC, = Z bpCrr | = Z bkC — Z bi1Cy = bpCyp + Z(bk = by+1)C,
= k=0 k=0 k=0

k=0 = k=0

Then, since b,,C), e 0, we only need to show that the final term converges absolutely. Consider

n—1 n—1
> bk = bt |Gl = C ) (b = brar) = C(bo = by) < Clbo)
k=0 k=0

independent of n. Hence, ZZ:D bicy, converges.

Definition: Rearrangement

Take o : N - N a bijection and Z
Then define a rearranged sum S =57 ji=1 Qo (k)-

. n
g1 a, a series such that S, =), _; a.

17



Q: When does the rarranged sum converge; to where?

e Theorem: Rearrangement of Absolute Convergence If ) a, converges absolutely, then Vo, lim,_ e Sﬁla) =
lim,, 00 Sy,

e Theorem: Rearrangement of Conditional Convergence If ) a,, converges conditionally, then Vx € R, 3o such
that lim,,_e S\ = 2.

October 16, 2023

Why care about sequences and series?

Extending features of functions.
Approximations.

Limits and Continuity
Let I € R be an interval and f: [ - R, xg € [.
Definition: Limit

f has a limit at z¢ if I € R, Ve > 0,35 >0,0< |z — 20| <6 = |f(z) 4] <e¢

e Equivalently
For every sequence {x,}, in I converging to z (but distinct to ), lim, e f(z,) = £.

Definition: Continuous

[ is continuous at xg if lim,_,,, f(z) = f(xo).

| |
| |
R
Zo

e Modulus of Continuity Ve > 0,36 >0,Vz € I, |z —z9| <0 = |f(x) — f(xg)| <€
Then §(zg, €) is the modulus of continuity.

Definition: Uniform Continuity on I

f is uniformly continuous on I if Ve > 0,36 > 0,Vo,y e I, |z —y|<d = |f(z) - f(y)] <e.
Where § is §(€). That is, the modulus of continuity does not depend on the points.

18



Special Types of Uniform Continuity
Ho6lder Continuous

f is a-Holder continuous on I for o € (0,4], if ¢ > 0 such that Va,y € I, |f(x) — f(y)| < c|z — y|°
«a = 1 implies that f is “Lipschitz-continuous”

o Example
If f' exists and is bounded on [a,b] by M, then by the Mean Value Theorem:

|F(@) = F)I = 1F (Ol =yl < M|z -y, where z < £ < y.

Continuity on Compact Sets

Let K € R be a compact set and f : K — R be continuous.
Then

1. f(K) is compact. In particular, f is bounded on K.
2. f achieves its extrema on K. (e.g. IM € K such that f(M) = sup{f(x) | z € K}.

3. f is uniformly continuous on K.

Note: the proofs of these features are good practice. In particular, proofs that exploit the Heine-Borel property.

Proof 1: Compact

Let y, be a sequence in f(K).
Then, Vn,y, = f(z,) for z,, € K.
It follows that there exists a subsequence {z,, }; converging to z in K.

. . k—oo
By continuity, y,, = f(zn,) — f(z) € f(k).
Proof 2: Achieves Its Extrema

Construct M.
By the suprememum property, S = sup{f(z) | z € R}, Vn,dx,, € K such that S — % < f(z,) < S.
Since K is compact, there exists a subsequence {x,, } converging to x € K.

Since f is continuous at x, f(x,, ) 2y f(x), and also S — i < flap, =8 il f(x).

Proof 3: Uniformly Continuous

Suppose, for sake of contradiction, that Je > 0,V > 0, Jzs,ys5 € K, |zs — ys| < 6 and | f(xs) — f(ys)| = €.
Letting § = %, we may write z,,,y, € K, |z, — yn| < % and |f(z,) — f(y,)]| = e

Since K is compact, there exists a subsequence {z,,, }; which converges to = € K.

Since |z, = Yn, | < n—lk, then {y,, }x also converges to .

By continuity of f at z, limyoe f(2n,) — f(yn,) = 0. However, this contradicts the established fact that

|f(2n) = f(yn)| 2 € for e > 0.

Notation

Let I € R be an interval.

19



Sequence of Functions

fulx),z € I,n € Ny = NuU {0}

Series of Functions

Sn(2) = Y=o fi(2)

Definition: Pointwise Convergence

A sequence or series of functions converges pointwise on I if and only if Vz € I,{f,(z)}, is convergent.
Call f(x) the limit.

Q: Under what conditions do properties of a sequence (e.g. continuity, differentiability,
integrability) propogate to the limit?

Power Series

Y nz0 @n (T = x0)"
Su(x) = Yo an(z — x)"

T~
~1—

Fourier Series
N . . -
Sp =ag+ Y, _q ancos(nz) + b, sin(nz) is 27-periodic.

Approximation

For purposes of approximation, it is useful to know if, for example, the integral may be approximated by taking
integrals of the partial sums.

Deficiencies of Pointwise Convergence
Example 1

n-oo |0 fx<l
On [0,1], fn =z" — )
nl ] ful@) = {1 fx=1

fn is continuous on [0,1], Vn, but f is not.

e Dixercise
Show that there is no uniform convergence here.
Hint: negate uniform convergence and prove the negation.
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Example 2

1 ifze@Q

~ is not Riemann-integrable on [0,1].
0 otherwise

xo(z) = {

1 ifzxe{rg,...,7r
If r,, denotes a denumeration of rationals in [0, 1], define f,,(z) = { 0 "
0 otherwise

So f, converges pointwise on xq.
Yet, Vn, f, is Riemann-integrable and Iol fulx) dx =0.

Definition: Uniform Convergence

We say f, : D —» R (e.g. D an interval) converges uniformly to f on D (notation f, 3 f on D) if

| fulz) — f(z)] < e,Yz €D

Ve>0,ANeN,n=2N =
SupD'fn_f|<6

Compare with Pointwise Convergence

Compare to f,, — f pointwise on D.
Yee D, Ve>0,AN eNn=2N = |f,(z) - f(z)| <e
In this case, the behavior is primarily contingent upon the choice of x. That is N(z, €) is dependent on x.

Theorem: Weierstrass M-Test

Let f, : D — R be bounded by M,, on D.
If Y >° | M, < o0, then the series S, (z) = Y _; fx(z) converges uniformly to S(x)

Proof

Vo € D, [Su(x) = S@)| = | X fule)] TUEEIY s n@) = T2 My, where YL M, s a
uniform bound in x.

Let e >0,In,n=>2N = Y. . M <e

Then Vz € D,n 2 N, |S,(2) = S(@)| £ Y popsy M <c. B

Theorem: Continuity and Uniform Limits

Let f,,D — R be continuous on D for all n and f,, f on D (lim,,_ . supp | fn — f] = 0).
Then f is continuous on D.

Proof

Fix x € D, with x,, converging to = in D.
What To Show: f(z,) — f(z).

Scratch: f(xn) - f(x) = (f(zn) - fp(xn)) + (fp(xn) - fp(x)) + (fp(li) - f(l'))
Let € > 0 be given.
fa3f:3ANn=2N = |f(y) - f(y)l < 5, Yy e D.
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. triangle inequality %
Forpz N, |fy(y) = f(y)| < 5. Vy € D = VneN,|f(z,) - f(z)] < T+ [ fplzn = fu(2)].
With p = N, since f, is continuous at z, ANy, n 2 Ny = | f,(x,) = fy(z)] <
Hence, for n = Ny, |f(z,) — f(z)] <e. B

£
3"

Riemann-Integrability

Fix D = [a,b] and ¢ : [a,b] = R bounded by |g(z)| = M, Vz.
Definition: Subdivision
c={a=x9<z1<T9<++<TH =0

Definition: Upper and Lower Riemann Sums

St (g9,0) = Zgzl(xk — ZTp_1)Mj, is the upper sum.

S7(g,0) =) p_y(xg — TE—1)my is the lower sum.

Where My = supp,, |, 5,19 and mg = inf[y, | 4,19

This gives —M(b—a) < S (g,0) < S"(g,0) < (b—a)M.

If G[a,b] = {subdivisions of [a,b]}, then
I_(g) = SUDPges[a,b] S_(Q,O') and I+(g) = info‘EG[a,b] S+(g70)'

Definition: Riemann Integrable
g is Riemann integrable if I7(g) = I (g) and we denote J’jg(t) dt =T7(g).

Lemma

g is Riemann integrable if and only if Ve > 0,30 € &S[a, b] such that ST (g,0) = S (g,0) < €.

Properties

1. Continous functions and monotone functions are Riemann Integrable.
2. [ J’f:f(t) dt is linear.

3. If f,g are Riemann Integrable and f(z) < g(x), Vx € [a,b], then ij(t) dt < Li)g(t) dt.

Theorem:

If f,, 3 fon[a,b] and f, is Riemann Integrable for all n, then f is Riemann Integrable on [a, b] and lim,,_, & J'(f folt) dt =
Lf limy, 0 [ (1) dt = I: f(t) dt.

Proof

Vi, Vi € [a,6], fule) = ¢ € F(2) < ful) + ¢ where 6, = supyeqasy | fale) = £2)] (by hypothesis e, "% 0)

Then, for any o € 6[a,b], S~ (fn,0) —€n(b—a) < S (f,0) < ST(f,0) < ST (fn,0) + €,(b—a).

It follows that ST (f,0) = S~ (f,0) < ST (fn.0) =S~ (fn,0) + 26,(b — a).
Finishing the proof is left as an exercise.
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October 18, 2023

Fundamental Theorems of Calculus

Full proofs in 105A lecture notes.

Differentiation of the Integral

f :[a,b] = R continuous.

Vz € [a,b], can define F(X) = Lf f@t) dt.
Then F is continuously differentiable on [a, b]
F'(z) = f(z) for x € [a,b].

Integration of the Derivative

f € C'[a,b] with one-sided derivatives at a and b well defined. (e.g. flath)=f(a)

Then Vr,y,a<z<y<b, f(y)- f(z)= Li’l f(¢) dt.

I
h h>0;_h)—>0 (a).
Theorem: Differentiability of Uniform Limits

Let f, : (a,b) = R be a sequence in Cl[a, b], and assume f,,(z) - f(z) pointwise while f,(z) 3 g(z) uniformly.
Then f € C'(a,b) and f' = g.

Proof

Fix ag € (a,b).
Then Vx € (a,b), by the Fundamental Theorem of Calculus,

m@o—nmwszﬂuwu

Observe that f,(x) - f(x) and f,(ag) - f(ag) pointwise, and Lfo fht) dt - Lfo g(t) dt by the integrability

of uniform limits. Then

T

ﬂw—fwwzj'mwdqueww>

ag

which implies f € ¢! and f' =g. 1

Interesting Applications

Su(x) = Yoo fi(). , , ’
Suppose pointwise convergence, that S, (x) = Y p_, fx(x) is continuous, |f.(z)| < My and Y ;o M}, < oo.
Long story short, this implies

(ZﬁmQ:Zﬁm
k=0 k=0

Example
fla) = X2y 5
Call u,(z) = %, then |u,(x)| < T% summable and |u;,(z)| = |%§m)| < # summable.
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This implies f'(z) = — ¥, S202)

n=0 p

Repetition of this process informs us that f € .

Power Series

Sp(x) =37 ap(x - xo)k for, z( € R fixed, is 'centered at x.” Note that each term is C™(R).
Example 1

ﬁ = Zzozoa:k for |z| < 1.

Example 2

k
exp(z) := Y o 7 converges Yz € R.

e Why?
Ratio Test.
Aps1 P K x
ap  (k+1) gk k+1
So %] —
Ak | k—oo

Lemma: Radius of Convergence

Suppose a power series Y, _,a,x" converges at b € R.

n=0
1. Converges absolutely Vx, |z| < |b].

2. Ya € (0,b) converges uniformly on [—a,a].

e Proof of 1
Suppose Y, .o a,b" converges.
Then a,b" — 0.
Let x such that |z| < b, then

|an$n|:

n n
ot (5] = 201
By term test, Y . |a,z"| < 00 = Y a,2" converges absolutely.
e Proof of 2

If |[z] <a<b,

lan,z"| < M('—Zgl)n < M(%)n

Thus, by M-test for x € [—a, a], the series converges uniformly on [—a,a].

e Upshot
The set where a power series converges is an interval centered at x.
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Theorem: Radius of Convergence

Given a power series, define R to be such that % = lim sup,, |an|1/n. Then

1. Ya € (0, R), the series converges uniformly on [—a,a].

2. If || > R, the series diverges.

Proof

IMAGE HERE - RADIUS OF CONVERGENCE
Fix z. As an exercise, lim sup,, |an:1:"|1/n
nil/n

1
|| - limsup,, |a, |'/" = %.

. 1/k
= 1imyy 00 Y Where 4, = supgsn{|aga’| ¥},

Lzl

E
3 < 1.

Recall that limsup,, |a,x

Ifm <1, then ANy, n =2 Ny = y, <

el

Uk o +2R < 1 and, by the root test, the series converges.
1/k m
z 2.

By the properties of the supremum with € = (% - 1) /2 >0,

This implies V& = Ny, |apz”|
I 5> 1, Y, supgs, {laa|

L

Vn73k715 R2 Syn_eslakxkll/ksyn

Therefore Vn, 3k > n, |akxk|1/k >1. 1
Observation: Behavior at Endpoints

At the endpoints of (=R, R), a series might

Converge Absolutely

e.g Y per ”% =1, }% = limsupn(%)l/n ey

Converge Conditionally

k 1
e.g. Z;:;l %, R=1— E = hmsupn(l) . =1
Converges conditionally at x = —1.

Diverge
) k
eg Ypor,R=1
Theorem: Power Series Differentiation

Let f(x) =Y vogan(z — x0)" converge on (zg — R,z¢ + R).
Then VE >0, f € C’k(xo—R, o+ R) and f(k)(a:) =y agn(n—1)-(n—-k+ 1)(az—w0)n_k, Vr € (xg—R, 20+ R)

Exercise

Show that if a,, = a > 0, then lim sup a,b,, = alimsupb,,.

25



Proof (by Induction)

Consider the series S, (x) =Y o) ayn(z — a7 = Y o ans1(n+ 1) (x — z0)".
Then

! = limsup(a n)l/n limsup at/"n™ = limsup at/™ = 1
R of series of derivatives n_,oop " n_,oop " P an R

(z = x0)

This implies Y ;o %(ak(:c - :cg)k) converges uniformly on [xg — a,zg + a], Va € (0, R).
By the Theorem on Differentiability of Uniform Limits, f'(z) exists and Yz € (z¢ — R, 2o + R)

[ee]

F@) =) awn(z—x0)""

n=1

Repeat to get higher derivatives.

Integration

It is similarly possible to integrate term by term.
Famous Power Series
= Yo", el <1

e PSE of i centered at xg > 0

IMAGE HERE - GRAPH

1 1 1 1 1 & :c—:co - k.
T T—mowm S “_—zrozz‘_Z( ) =Z a:—mo) if |z — xg| < |zo|, 2z € (0,22¢)

o
(o] xk
e exp(x) = Zk:o o

e exp(0) =1

o exp'(a) = Yy i =Y (k 1)! = exp(x)

Law of Exponents

exp(a) exp(b) = exp(a +b),Va,b € R

Proof

Special case of the “Cauchy product of convergent series.”

If ) .0 an converges absolutely to A and ), ., b, converges to B, then ) ¢, converges to AB, where

n=0

Cp = Z apbp_r = aogby,, + a1b,_1 + -+ + a,bg
k=0
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e Heuristics

(z )(zbﬁ) S b

p=0 p,leN?

IMAGE HERE - CIRCLES FROM L TO P

{(pal) tp+l=n,pl ENO} = {(0,??,),(1,71— 1)a7(n70)}

Proof Continued

Aexp(a) =Y roo ak—lj and exp(b) = Y 2, ll’—f, thus exp(a) exp(b) = Y oogCn = ¥ oo (at0)” _ exp(a + b) \) since

n!

1 n n—k: 1
— | = — "
n Z (n—kz)' and n! n!(a+b)

Power Series Expansion of Exponential

Centered at g, we have

00 - k
exp(z) = exp(z — z) exp(zg) = exp(zp) Z (:CTO)
k=0

Observation:

exp () = exp(x)

exp is the only C* (R) solution of
exp(0) =1

e Proof If f solves the above, then for some constant ¢

% (f(z)exp(=2)) = f'(x) exp(—x) = f(z) exp(-z) = 0 = fl@)exp(=z) = c = f(0)exp(-0) = 1

this implies

f(z) = exp(z) f(z) exp(=z) = exp(x)

Exponential Features

if 2 >0,exp(z)=21>0

if # <0,exp(z) = —— >0

exp(z) >0,Vr eR = {
exp(—x)

Theorem: Exponential and e

exp(z) = (exp(1))*Vz € R and e = exp(1)
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Proof

Using law of exponents for

r€N:

exp(n) =exp(l1+ (n—-1)=e-exp(n—1) = -+ = ¢" exp(0)

= eN: L)Y _ 1+1+ +1— (1) =
x =04 : exp | = exp 7 g =exp(l)=e
LY _ 1/q
exp ( q) =e
R
p : (p) 1 1 1 ( uqy’ pla
- — (= . — = — 4+ — 4 e 4+ = = =
T =P N exp| g exp(q 7 7 e
xr € -N,Q<0: Ileft as an exercise
: exp(z) , o
Therefore, the functions « — {1 are continous on R and agree on Q. This implies that they must be equal
e

everywhere.

October 23, 2023

Exponential and Log

Covered Last Lecture

Law of Exponents
exp(x) = e” and e = exp(1) = ) 2, %

Error Estimate

e = lim, 00 S, where S, = Y /7, % (increases).

— V™ 1
€- Sn - Zk:n+1 %!

1

(+2)(n+3)(n+p+1)

Fork:n+1+p,pZO,e—Sn=Z;ZOm-
Then,
11
(n+1+p)! - (n+1)!
1 1
S .
(n+1)! (n+1)?
and

28
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k=n+1
_ i 1
=] (n+1+p)!
00 p
o £l
(n+1)! =] n+1
1 1
= = -
(n+1) 1= —
a 1 n+1
T (n+1) 7
Therefore,
1 1
0O<e-G5, < m n
Theorem: e is Irrational
Proof
Suppose e = g, q > 2, and p and ¢ coprime. Consider
1 1
O<e— Sq < a . a
0 < q! S,) < !
< q.(e - q) = a

P a 1
where ¢! (5 - ko E) e N.
This is a contradiction. Thus, e must be irrational. Il

Exponential Decay

0o ZF
exp(z) = Y 1o 57
limy 400 ek = 0,Vk eN

k+1
X
(k+1)!

(k+1)!

€z T—+00

For x > 0, exp(x) = if and only if 2" exp(—2) <

Exponential Strictly Positive Over Reals

exp(z) >0,Vz € R
x > 0 is obvious.
x <0,exp(x) =

)
exp(—x) .
lim,_, _ oo exp(x) = lim,_,_oo poy s 0.

Proposition: Exponential is a Bijection

exp: R = (0,00) is a C* (exp' = exp) bijection (diffeomorphism in the sense that exp'(z) > 0, Va € R).
By Inverse Function Theorem then, define log : (0, 00) — R such that exp(log(z)) = z.
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By MATH 1054, - (log(x)) = L (exp ' (2)) = L y= 1 1

exp'(exp~1(z) exp(log(x)) =z -

log(1) = 0 (since exp(0) = 1) which implies, by the Fundamental Theorem of Calculus, that log(z) —log(1) = [, .

Properties (left as an exercise)
o log(zy) = log(z) +log(y), =,y >0

k
e Power Series Expansion: log(1 —x) = - 1o, -, o near 0, radius of convergence: 1.

e lim,_ 0o (1 + %)n = exp(z)

Definition: Real-Analytic Functions

A function f : (a,b) — R is real-analytic on (a,b) if Yag € (a,b), Ir > 0 and a power series ) ,(x — zo)"
converging to f on (zg —r,z¢ + 7).
When such a power series exists, f(z) =Y o an(x — x0)", then

£ (o)

a, = ———=
" n!

The radius of convergence is related by % = limsup,, |an|1/ " which provides a contraint on rate of divergence.

Example 1: Polynomial

For every polynomial, p : R - R, and Vzq € R,

= p(k)(xo) t
p(SL‘) = Z—,(a:—xo) Ve eR

k=0 k

Example 2: Exponential

o

exp(x) = exp(z = w0 +70) = Y (= )

k=0
and the radius of convergence, R = 0.
Example 3: 1/x
i analytic on (0, 00)
i Y (x— 20)* and R = |zo].

——t

Remark: Analyticity Implies Smoothness

f analytic on (a,b) = f smooth (C*) on (a,b)
The converse is not true. (Example Wednesday)
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Proposition:

Suppose Y, oo an(z — 29)" converges to f(x) on (zg — R,zo + R).
Then f(x) is analytic on (zg — R,z9 + R).

| A A} \

T x
0 1 o+ R

T~
~l

That is to say, Vo1 € (zg— R, o + 1), there exists some power series expansion for f, centered at x1, with positive
radius of convergence.

Proof

Let xg = 0 for simplicity and z; € (=R, R).

[ole] o0 o0 n n

n n k n—k
Zanx = Zan(x—x1+x1) = 2an2<k)(x—x1) T
n=0 n=0 n=0 k=0

Assuming that rearangement is possible, this is

n k n—k - > n n—k k
Y an<k)(x—x1> =y (Z (k>w1 )u—wl)
n,k,n=0 k=0 \n=k )

.

b

Need to prove two things:

1. by is well-defined

2. Interchange of sums valid.

e Proof of 1
For k fixed, (Z) is a d° k (degree k) polynomial in n.
Letting

kad p+k
by = z ap+k< L )xﬁo
p=0

where p = n — k, we have

1/p
. pt+k . 1/p
limsup | |ap+| i = limsup |a,|

p—00 p—00
since x1 € (=R, R), b, < o0, Vk.
e Proof of 2

The proof requires invoking Fubini’s Theorem to allow rearrangement.
Need to check that
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S |an|(’,;‘)|<x—m1> 7|

n,k,n=k

converges.
Consider

(e 0) (0] k k o0
ZZI%I( ) 2= 21" |21 "7 = ) Jan] (Jo = 21| + | )"

n=0 k=0 n=0

]

{ )
\ ! ]
T R

T~

Make sure that |z — x1| =7 < R — |z1], then

o0
> lanlr"
n=0

where r < R which, by absolute convergence of the original power series, is finite. l

Remark: Analytic Continuation

The process of recentering a power series is also called “analytic continuation.”
The radius of convergeence of the new series might actually be larger and allow the orgiginal function.

Example

IMAGE HERE - Decaying curve.

Facts: Analytic Functions
e If f, g are analytic on (a,b), then so is f - g.
e If f, g are analytic and g does not vanish on (a,b), then § is analytic.
e If f is analytic on (zg — R,xg + R) and g is analytic on (f(xzg) — 9, f(zg) + J), then g o f is analytic on a

neighborhood of xy. (Proof in ; page number in lecture notes).

Remark: No Analytic Bump Functions

IMAGE HERE - BUMP FUNCTION —|-n-|-

Trig Functions

IMAGE HERE - UNIT CIRCLE
We want (cos(6),sin(f)) to be the point on the unit circle making an arclength 6 from (1,0).
For z in the right-half plane, cos(6) = 0.
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For z in top right quadrant,

sin(6)
6= [0 Vit (@) dy

Then, y ~ (V1 —-y%y), y € (=1,1). It follows that
\_—_Y__J
)

sir}(@) dy

0 = lim
0

e C”((-1,1))

.
= arcsin () =
1—y? FTC 1—2?

and

dy
I-y

xX
arcsin(z) = lim
0 2

Therefore, arcsin is a diffeomorphism from (—=1,1) — (lim,_,_; arcsin(z), lim,_,1 arcsin(z)).
Since ——— is integrable near +1, theese limits are finite.
/1_12 g )

Definition: Pi

m = 2lim,_,; arcsin(x)
Inverse Function Theorem

. . 1. .
sin : (—g %) — (—1,1) exists as a C" inverse of arcsin.

On (—%, %), define cos(f) = +4/1 —sin?(6). Then
1
sin'(0) = —————— = /1 — sin?(0) = cos(0).

arcsin'(sin(6))
Similarly, cos'(@) = —sin(f) ~ sin, cos are C° on (—g, %)
Extension to the Reals
s

By graphical or geometric arguments, for 0 € (0, 5),

cos(f) = —sin (0 - g)
sin(f) = — cos (9 - g)

This helps extend to R, with 27-periodicity such that

i

cos = —sgin
sin' = cos
cos(0) =
sin(0) =0

Therefore, you get all derivatives at x = 0 and the corresponding Taylor expansion looks like
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_ < (=1 _ & (-1)F gk

We find that R = oo for both, and

c(0) =1, 5(0) =0, C'(z) = =S(2), S'(x) = C(a).

Take

e(z) = (C(x) - cos(2))* + (S(x) - sin(z))*

with €(0) = 0. Then, finally,

€(z) =0 = ¢ = some constant = 0.

October 25, 2023
Definition: Real Analytic
f is real analytic on (a,b) if Yzq € (a,b),35 > 0, {a,}, such that f(z) =Y ~_ a,(z —x0)", Y& € (x9 — 6, 70 + 5).

Proposition: Analyticity Implies Smoothness

Analytic on (a,b) = C smooth on (a,b).

— n fn(xo)
D (@=wo)" ~a,— =]
n=0 ’
Note: C*(a,b) ¢ C®(a,b)
The converse is not true.
Example
<0
Let z € R and f(z) = 1 v
exp (F) x>0
IMAGE HERE - FUNCTION
r#0, feCT(R\O0).
e What about at x = 07
I I -4
m  fl@)=0= lim e~

So we can define f(0) = e, the resulting function is continuous on R.

e What about higher derivatives?
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: _ P
Claim: Yk > 0, limg_,0.250 o (e z2) =0

e Proof (Sketch)

1
_17 y:l _ -2
lim =" lim yge =0
z—-0 Y— 00
Claim by induction:

() 2 1)

— e =* | =p(l/z)e =

da*

for some polynomial py,.
If the claim is true, then

fAd ]

1) 4 —?
limpk(—>e 22 = lim pr(y)e™” =0 W
x y—+00
Then we can extend f(k) as a continious function on R such that f(k)(()) =0.

e Claim
f(x) is not analytic on any neighborhood of zg = 0.
If it were, it would equal fo:o apx” on (=6,6) for some ays. But,

(k) )
0 n
ay = / k:'( ) =0 then apr =0,YVx € (=9,0)

n=0

which is impossible, since f(z) # 0 whenever z > 0. H

Remark: Contraposition Can Disprove Analyticity

. : k
The existance of a non-zero radius of convergence for ) ap(z — x¢)" means

1 yn _ £\
}—%:hmnsup|an| =\ T <00

and
e\ n
(T°> ~ (@) < ! ()
for some constant c.
Remark: Analyticity is Not Guaranteed

The conditions

h € C*(R)

L™ 1/n
limsupn( n( )) < 00
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are not sufficient to claim h is analytic on any neighborhood of 0.
Indeed, if h is analytic then h(z) + f(x) will not be for otherwise

f(x) = =(h(z) + f(x)) = h(x)

would also be analytic, which it isn’t.
Definition: Exponential Blip Function

Let g(z) = W, where f is the “exponential glue” function.
IMAGE HERE - FUNCTION
Smooth on R; g(x) = 0.

TODO Theorem: Borel

TODO - Name for theorem?
. xg ER 00
Given any sequence {a,}, of reals and any N 3f € C7(R) such that
>

flz)=0 if |z —xzg| > A
IMAGE HERE - BUMPY MOUNTAIN CLOSE TO X0

{f(k)(fﬁo) =a, VEk

Proof

Reductions: zg =0 and A = 1.
Ansatz: f(z) =Y 0 bkxkg (% where bys and A;s need to be tuned.
IMAGE HERE - G(X) and G(X/LAMBDA K)

g(z) =0 < |z| =1 and g(;—k

Observations: if A\g . 0, then Yz # 0 the series is actuall finite!
— 00

T

=0 = E|21 = |x|2)\k)

Since g()f”—lc = 0) once N\ < |z|.
Therefore, convergent and C* on R\ {0}.

Constraints:
ap = f(0) = by
d T
a; = £(0) = o (bog()\—(])) la=0 +0+1

Generally,

If \,, are chosen, these constraints uniquely determine the b,s.

How to Choose Lambdas?

Want to enforce

-n
max sup <2

0<k=n-1 zeR

d_kb nol 2
da:k n$g}‘n
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e Example
Determine As:

< bplxn (4 [1g']]oo) < 27"

In general,

aXl < 27"

for p > 0.
So we construct by, then Ag, then by, then Aq,...

Claim: Produces Uniform Convergence
When

-n
max sup <2

0<k=n-1 ,eR

()

is satisfied, Vk € N

)

satisfies the Weierstrass M-Test. Therefore it is uniformly convergent. Because

) D )

00
>
ok
n=0 dx
ﬁmte sum, unlformly bounded

(o]

+22_"

n=k+1

Approximation by Polynomials
Goal (Weierstrass Approximation Theorem):

If f:[a,b] = R is continuous on the compact set [a,b], then there exists a sequence of polynomials p,, such that
limy, 00 SUPepqp] | f(2) = Pu(2)| = 0.

That is, polynomials are dense in (C'([a,b]), || + [[o0), where [|f]|oo := supgerqp1 [f(2)]-

How to do this?

Lagrange Interpolation

Give f € C([a,b]).
Idea: subdivide [a,b] with a = g < 21 < -+ < x,, < b where x}, = o + k (b_Ta)
IMAGE HERE - UNIFORM SUBDIVISION

CESCJ

Let pp(2) = Yoo f(@k) [T p—
Problem: the Runge phenomenon.
IMAGE HERE - SMOOTHEST FUNCTION I CAN THINK OF (use the bump again) 1/(1+25x2)
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Definition: Convolution
Take f,g : R - R, define
W) = fxga) = [ fOga -1t = [ fo-y)otw) dy =g % f(2)

Take f,g € C(R) with compact support (Co(R)). That is, they vanish outside a compact set.
IMAGE HERE - F AND G CONVOLVED

Definition: Approximation of Identity

An approximation of the identity is a sequence {g, },, all piecewise continuous, defined on R such that

gn(x) =0 YV
IR gn(z) dr =1
Vi >0, lim,, 00 I|x|>6 gn(z) dz =0

IMAGE HERE - CONVOLUTION ACCUMULATING BETWEEN -DELTA AND DELTA

Example

_ _ng(nx)
Let gn(.’lﬁ) = W
Lemma:

If {g,}, is an approximation of identity, then V f € Co(R)

gn* 3 f
on R.

October 30, 2023

Recall: Convolution

f,9 € Co(R), fxg(z) = [ f(z—y)g(y) dy.
Recall: Approximation of Identity

{9} where g, : R - R is piecewise continuous (this is overkill but sufficient).

1. Ign dx = 1.
2. g,(x)=0.

3. V8> 0,lim,— e I|x|>6 gn(z) dz = 0.
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[~ A{gn * fin
Example
Take any g(x) = 0 (piecewise continuous) with I]Rg(fz:) dr = 1.

Define g, (z) =n - g(nz).
Claim: this defined an approximation of identity.

Lemma: Convolution of Approximation of Identity Converges Uniformly

Suppose {g,}» is an approximation of identity.
Then, for any f € Co(R),

gn * [ converges uniformly to f on R
That is to say, lim, e Supger |gn * f(z) — f(x)] = 0.
Proof

Since IR gn(y) dy =1,

on ¥ f(2) - f(2) fR () (@ =) dy - f() - jR on(y) dy

- ”Rgn(y) (Flx—y) - f(2)) dy
_ SQAM

= 5gn(y)'(f<m —y) — f(x)) dy + j 0n() (F@ —3) - f(2)) dy

Jlyl= ly|>6

By assumption, f € Co(R) so f is bounded by M on R.

f is continuous on supp(f), which is compact, so f is uniformly continuous on R.
Let € > 0 be given.

By uniform continuity, 36 > 0, Va,y € R, |z —y| <d = |[f(z) - f(y)| < 5.

By the Aproximation of Identity property, AN, Vn > N, Ilylzé 9n(y) dy < 37

For n 2 N,

lgn * f(z) = f(2)] =

< [ 0 (- -1@) @

<2M <§ since |xjy—x|=|y|<6
< J g () | f(z —y) = f(x)] dy + [ gn(y) 1f(z—y) - f(@)] dy
ly|=6 ly|>6
<1

€ €
<2M-———+5 J d
it 3 |y|<69n(y) y

<e¢, VreR N

Recall: Riemann Integral Properties

If f is Riemann integrable, then

fre

< [istas
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) 5.
n=1

szls‘nl
Ufm—[fm sjf+dx+Jf_dx=J(f++f_1)dx

Theorem: Weierstrass Approximation Theorem

If [a,b] is compact, then V f € C([a,b]), there exists a sequence of polynomials p,(z) converging uniformly to f.

Step 1

Extend f into F' € Co(R).
IMAGE HERE - EXTEND FUNCTION

0 on (—moo0,a—1]JU[b+1,00)
f(x) on [a,b]

fla)(x—=(a—1)) on[a-1,a]
fO)b+1-12) on [b,b+ 1]

F(zx) =

Step 2

Note: Y{g,}, Approximation of Identity, g, * f = F(x) on R (by previous lemma),
and sup,cfo ) |90 * F(x) - F(2)] = sup,cs lgn * F(x) - F(x).

Trick: Construct g, such that g, * F' is a polynomial on [a, b].

Answer:

2 n
gn(x) = n (1 - (b—a+1)2) ifze [_(b_a + 1),b— a + 1]

0 otherwise

where a,, is chosen such that [, g,(z) dz = 1.
IMAGE HERE - NARROWING GAUSSIAN WITH PEAK AT (0,1) BETWEEN -(b-a+1) and b-a+1
If © € [a,b] and y € [a — 1,b+ 1], then

-b—-1l<s-y<-a+1 = —(b-a+1)<z—-y<b-a+1

Then

b+1
gn * F(x) = F(y) gn(z =) dy
1 —

a—

@02 \"_s2
an(l_(b_afl)2> —szo TP ap n(y)

2n b+1
= Z a:pJ' F(y)apny) dy W
p=0

a—1
Background: Fourier Series

Historical Perspective

In Strichartz.
Associated with solving the wave equation on [0, L], X [0,7]; (Bernoulli) and the heat equation (Fourier).
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Wave Equation

On [0, L], xX[0,T];, u(x,t) displacement field.
IMAGE HERE - WAVE FROM 0 to L PEAK OF FIRST OSCILLATION AT U(X,T)

0w 0w
ﬁ(t’rﬂf) = C@(%t)

where c is a fixed coefficient.
Plus Initial Conditions and Boundary Conditions

Initial Condition : u|,_y(z) = f(x)

ou
§|t=0(x) =0
Boundary Conditions :  u(0,t) = u(L,t) =0
. L. s kmx
Observation: if f(x) = sm(T),
IMAGE HERE - THREE SINUSOIDAL WAVES OVERLAPPING
Ansatz: u(z,t) = sin (]”Tm)g(t)
Plug into the PDE:

ot? L
%y B k272 9 . [kmx (1)
Cax2 e ¢“sin| ——|g
Setting
sin lm_x ”(t) = __k27r2 ¢ sin lmr_x () Ogr " —kZWQ e
L g - L2 L g g g - L2 g

Which gives a general solution

ket . [ kmet
g(t):ACOS( T )+Bsm< i3 )

Initial conditions imply that ¢(0) = 1 and ¢'(0) = 0 which gives

o(t) = cos(’”ft) .

Thus

( t)_" k?’l’_l‘ 9 kﬂ'_w
u(x,t) = sin T COos T

Solves the PDE!
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Wave Equation Superposition

Consider instead

Then

Next Question:

What if f is more general?
= existence of Fourier series?
In what sense do they converge?

Definition: Fourier Series

Context: f :[—m,7) —» R Riemann-Integrable or
f R - R 2m-periodic. (f(z + 27) = f(z), V.
The Fourier series of f:

S, (x) —70 i [f]cos(kx) + by[ f]sin(kx)

where ay, = % I:r f(x)cos(kx) dx and by, = % J':r f(x)sin(kx) dx.
Alternatively,

n

Sp(x) = Z ckeikx

k=—n

where ¢, = % I:r f(:v)e_ikx dzx.
As an exercise: relate ¢is to ais and bis and prove that these are equivalent.

Question:

In what sense does S,,(x) converge to f(x)? That is

e For what topology?

— Uniform Convergence: sup,e[—r ) |Sn(z) = f()] — 0

— L? Convergence: I:T 1S, (z) = f(z)|* dz — 0
n—oo
e What are the (smoothness) requirements on f?

— Observation: if f(z) = Ziv:_N fkem is a trigonometric polynomial, then, for n = N, S, (z) = f(x).
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Lemma: The Kronecker Delta

Fix NeN '
IS o o™ = Yo v cxe™ then fi, = i, VE.
Note
fﬂ eik:xe—imx de = fﬂ ei(k—m)x dr = 2 A _ ifk=m
- - [mez(k_m)w]_ﬂ =0 otherwise
Why —ima?
(if,9) =i(f,9)

<f> Zg) = _Z<f>g>

and

| s ao

November 1, 2023

Fourier Series

For f Riemann-integrable on (—7,7) , define

n

Sp(x) = Z ckeik:lc

k=—n

with

1 T —ikx
Ck 1= 5= €n flx)e dx
Then f:[-7m,7) - R.
Recall
1 T ikr —ilz 0 ifk+1
— J eIy = 1 = 0y (the Kronecker delta)
2r J_, 1 ifk=1

Definition: Norm

[|-]] : E = Ryg is a “norm” on E if

LIfll=0 = f=0
2 A1l = Al 1], VAER, f € B

3 +gll < 1S+ [lgl]
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Definition: Normed Space

(E, || -1]) is a normed space.

eg. (R,[-])or(Q]-1)
Definition: Complete Space

(E, || - |]) is complete if every cauchy sequence in E converges in E.

In what sense does a Fourier series converge?

Depends on regularity of f and the topology used.

Note

On C([-m,7]), can put 2 norms.

b ||f||00 = SUDPge[—n,n] |f(x)|

d(f,9) =11f = glleo: “fn converges uniformly to 7 < lim, 0 || frn = f|loo = 0.
(C([=m,7]), | - [loo) is complete.

o 1flls:= (J7, Fa) da)"?

“fn converges to f in L* o limy, o0 [ fn = fll2 = 0.

(C([=m,7]), || - ||2) is not complete.
Example
1 if <7/2
Take f(x) = 1 ol =/
0 if |z|>7/2

IMAGE HERE - BOX FUNCTION FROM -pi/2 to pi/2

Then

1
km

sin(k(7/2))

I 1T 1 T 1 1 [ Cike2) ik(r)2)
k=5 _ﬂ/ze dx_Qw[ } —[e —e ]

27 | Zik© 27 —ik

g — — . _ _(=n*

ocp=0andfor k =2p+1: copyq1 = )’

IMAGE HERE - BOX FUNCTION WITH SUNUSOIDALS APPROXIMATING
However, the approximation will over and undershoot at the boundaries. This is the “Gibbs Phenomenon”, and
the discrepency is roughly 12%.

For k < 0:

1 & —ikx 1 4 ikx P —
=g | s@e = o | f@)e do ==
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In the end,

Sop+1(z) = Z

( i(2p+1)x + e—z‘(2p+1)z)
=1

71'(2p+ 1)

2003((2vp+1)ac)

Theorem: Uniform Convergence of Continuously Differentiable Continuous Functions

1. If f is C°, 27 -periodic, then S, 3 f on [—m, 7).

Moreover, ||S, = f][o = £ for some ¢ > 0.

L

1. If f € C', 2r-periodic, same conclusion with |[S, — || oo for some ¢ > 0.

ﬁy

Proof of Part 1

Write
N ik - 1 (7 iky k)
Su0) = Y e = Y o [ e ay e -5 [ f(y)[ ik y}dy
k=—n k=—n ™ k=—n
Dn(x_y)
Where D, (t) =Y __, ™™ is the “Dirichlet kernel.”
That is S,, is a convolution of f(y) with some kernel.
i(k+1) T (n+1)t ¢
+1)t ilt i(n+ __—in
D, (t) = Z =) ¢ =Dut)+e e
k=—n l=—n+1

Therefore

. . it)[2 ( i(n+(1/2 —i(n+(1/2
i(n+1)t _ —int oL (6( +1/2)t _ =iln+(1/ ))t) i sin((n +1/2)t)

g1 (02— =) T sin(t2)

Dy (t) =
IMAGE HERE - DN(T) OSCILLATING WITH MANY ZEROS THEN PEAKING TO 2N+1 at X=0

-
So

J' D, () dt = 2r

Then

Su(0) = (@) = = | 1D =) dy = f2)

S f(x — Dy (2) ds — o J F(2)D, (%) dz

z:):y27'r

o [ =2 - @)D s
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and

1 (f(x y) — f(z))
Sln(y/2)

call g, (y)= %

Sn(z) - f(x) =

sin((n + (1/2)y) dy

If g, (y) was differentiable (in fact c! , then integrating by parts
g g

cos((n + (1/2)y)

Sua) = £0) = 5= [ aatw)sin((n+ 1200 dy = 5 [ ) A A dy
Then
18,(2) = F@) = sup |ob(y)] — =
yE[-m,m] ‘ +(1/2)
e Claim

If fe C’2, 2m-periodic, then sup,e(_x ] |g;(y)| < 00. Then the first part of the theorem is proved.

— Proof of Claim

feC® = g, € C? away from y = 0. (9u(y) = differentiation rules).
At y =0, write

r—

o —y) - f() = j P de

T

Changing variables such that t =z + u(z —y — z) = x — uy for u € [0,1] gives dt = —y du

= -y E f'(x = uy) du

Therefore

5) = (50 ) [ -y au

smooth near y=0

Calling the smooth piece h(y),

1
00(y) = h(y) fo £ = yu) du

is differentiable at 0 if and only if 4 (.[0 'z = yu) du) J'g (2 = yu)(—u) du exists. W

Proof of Part 2 (Sketch)

Su(e) = F0) = 5= [ galudsino+ (1/2) dy

If f is only C’l, then g is c! away from 0, so it is unclear near y = 0. So, for some § to be chosen later
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Su(z) = F(X) = = [ 0o () sin((n + (1/2))y) dy +om g0 () sin((n + (1/2))y) dy
27 J1-56) 27 ) —r N[0, ,

[N

20 i
<Z2(]1 o+ 1]]oo) integrate by parts

Study [ (study of I:j is similar)

o (7 oy (eos((n+ (1/2))
[ atwsintnr 120 = [ty (F T g

_ J’r d (gx(y)—cos((n+(1/2))y))_J':g;(y)cos((nﬂl/?))y) dy

5 dy n+(1/2) n+(1/2)
_ cos((n + (1/2))m) cos((n + (1/2))d) ™y, ccos((n+)1/2))y)
= =g, (m) T g () PR — [ ) A
Problem:
) = L D)) = (D eosty DU =) = S@) e
: (sin(y/2))? Y
So

[ aetwysintn s 120 o] £ s 5

Combining all estimates, for § > 0

1
1S (x) — f(2)| < C16 + CQn_cS
Since we are free to choose 4, we may optimize over §.
Balancing out the terms is done by choosing § = §(n) such that
n—0o0 1 2 1
o ~ % — nd ~1 = §~ ﬁ
which gives
1 & 1 Ci+c
Sp(x) = f(2)| = C1d+ Cy— = —= + Cy—— <
8(2) = (@) = Cud + Cos = O < =

e Comment on the Sketch
Morally, we want |g.(y)| < 5 for some constant c.
Numerator:

|—f'(@ = y)sin(y/2) = (1/2) cos(y/2)(f(z = y) = F(@))] = [[F' oo (y/2) + (-+)y = Cy

Since [sin(y/2)| < (y/2),

|sin(2) — sin(0)| = | cos(&)||z — 0]
= 1|z|
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Denominator

(sin(y/2))? = (S—i)? -y

So,

|9z ()| = st %1

5 <
y
(%)
Theorem: Continuous, Periodic Functions Converge in L2
If f is continuous, 27-periodic, then lim, e ||S, — f|]2 = 0.

That is, lim, e [ _|S, = f(z)|? dz = 0.
IMAGE HERE - PERIODIZE f(x)=x THEN APPROXIMATE WITH FOURIER

November 6, 2023

Recall: Fourier Series

fi[-m,m]>RorC

Fourier Coeflicient:

cr(f) = % J_ f(:r)eikx dr, k €Z

n

s(e)= Y o™ = o € Dula - ) f(y) dy

k=—-n

Dirichlet Kernel:

sin((n +1/2)y)
sin((1/2)y)

Dy(y) :=

Theorem: L2 Convergence of Sn to N

If fis C’O, 2m-periodic, then

T [ lsute) = @I do =0

Recall: Kronecker Delta

For m,n € Z,

i T eimme—imx de = 6§ _ 0 m#+n
2 - - mn T 1 m=n

That is {eim}nez is an orthnormal system for the inner product
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ExgE-C
1 (" —_—
(f.9) = 5 [ f@)ge) do
where £ = {f : R - C, 2m-periodic, continuous}.

Example

For f € ¢, fixing n € Ny, consider the map

(C2n+1 SR

1 T = ikx
(deneos) o g [ 1@ = Y ™ o

-7

k=-n

an{eik$| -n<ksn} )

e Claim:
F,, is minimal if and only if A\, = ¢,(f), V—-n <k <n.

— Proof: '
Take any Ay, Aptt, - -5 A and set t,(z) =y )\kem. Then
| 1@ = @) e = [ 176 = 5a@) + sue) = tal@)P o

Then, since

2 _ 2 2 _
21+ 297 = (21 + 22) (71 + 22) = |21]” + |22]” + 2 R(2122)

[ 15 =t s
= [ 1@ =@ et [ sal) = ta@ w2298 [ (@) = s (50l = 1) da

What to Show: Integral on real part is zero.

A= [ U@ = 5ule) Y (-2 do

k=-n

= Z (ck — A J_w (f(x) - sn(x))e_ikx dr

k=-n

27 (cp—cy)=0
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Since

T —'k:p J' x —ikx
sp(x)e " dx = 27y,
J o= XS

- p=—n

It follows that

1 2
% @) = o) dx——j £@) = sal@) ot 5 [ ltn() = s ()
Fa o An)
1
>3- [ 1) = s o
ZFn(C—nv---acn)
Moreover:
1 T 2 2 1 zpac —ilz
5= | | (@) =su@)’] Ide=o Z (A —cprl—cl) da
i v p,l——n . ,
{n7sn)  (tn=sn) 5y
Yp=—n(Ap—cp)etP®
1 & 9
= % Z |)\p—Cp
p=—"n
Conclusion:

* VY(Ap, o s M # (cony o s en)y Fn(D oy oo ) > Fr(cony ooy cp)
x Fo(c_py...,cpn) =Fy(c_p, ... cpn)
* Lemma
For all trigonometric polynomials of degree at most n, of the form ) ;'__ Ape™ = t,(x),
1
3 | 1@ =) do s 5 [ 1) =) o

and

1

P |t ()] dx—k_z_nw
Apply this to (A, ..., A,) =(0,...,0):
o [ 1@ =g [T 1@ - s @B ars Ytk

k=—n

As a consequence, for all n,

D el = 5z [ 1) o

which implies that ) ;__ lex]? converges absolutely and, in particular, ¢ — 0 as k — o00.
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Riemann-Lebesgue Lemma

The above proves that if f € £ (more generally, if f is Riemann-integrable), then

7T .
lim J f(x)eim dx =0
k—o00 -

Moreover, sending n — 0o, we get

lim Z jerl? < 5= If(:v)l de
k=-n

Importantly, there is equality whenever lim,,_, o % Hﬂ |f(z) = s,(2)|? dz = 0.
When does that happen?

Theorem:
If f € ¢, then
lim — [ 2dr =0
Jm oo [ 1) = 5@ da =
Proof

For n = 0, define o, = ﬁ Y reo Sk (the “Cesano sum”).
Then

o, € Span(e_im, e ,eim).

In particular,
1 4 ?
3 | 1@ =)l do s 5 [ 1) = o)l do s (ﬁir”i] f - an|)

What to show: o, 3 f on [-7,7].
Recall that

sn ()

o= | =) ay

n+1

o) = — Y sy()
k=0

o | Kalo =it ay

Where

K,(y)

1 n
2
1

n+1 Sln(y/2)

Z sin((k +1/2)y)

o1



Using 2sin((k + 1/2)y) sin(y/2) = cos(ky) — cos((k + 1)y).

1
n+l (Sm(y/Q))2 2

Z cos(ky) — cos((k + 1)y)

Y

1-cos((n+1)y)
2

\—
v

sin2((241))

. n 2
1 (sn((5)v)
S+ 1| sin(y/2)
This is the Féjer kernel.

IMAGE HERE - FEJER KERNEL
Claims:

> [T K. (y)dy=1
2. K,(y) 20 on [—7, 7] (obvious)

3. V6>0,K,30

e Proof of 1

1 (™ 1 1 &
gf_ﬁKn(y)dy=%n+1z

e Proof of 3 If |y| = 9,

1 ,|sin((n+1)y/2)|2‘
n+l  Jsin(y/2)?

| K (y)| =

Recall |sin(z)| = 2—

1 1

S Ry

n+1(jyl/n)
11

RRIOEE

Which goes unfiormly to 0 on [—m, 7]\ [=6,d] as n — oo.

What to show: K, * f 3 f on [-m,7].

The proof scheme is dentical to: if f € C.(R) and K,, is an approximation of identity, then K, * f = f on
R.

Left as an exercise.

Corollary: Parseval’s Equality
Vi €&,

o [ 1@ = Y ol

k——n
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Remark:

This should hold for a larger class of function.

e Piecewise Continuous

e 2 functions

Example

Take f(x) = x on [—m, 7], 2mr-periodized

Y

2

o 1 s
Then Zk=1 F = E

a4

Application to Solving the Heat Equation

On [0, L], X Ry, u(x,t) is the “heat distribution”
IMAGE HERE - ONE DIMENSIONAL ROD HEAT EQUATION YADA YADA

Problem

PDE

Boundary Conditions

Initial Conditions

IMAGE HERE - POSITION TIME PLANE

e Step 1: Separation of Variables
Seek an ansatz of the form

Where

du _
ot

ou_0%u_ 0 (o
ot 9z2 Oz \ox
Ou 0 [ ou)_,
ot  ox\ ox)
ou  0u
a = @ on [O,L] X [O,T]

u(0,t) = u(L,t) =0

u(x,0) = f(x) f continuous, f(0) = f(L) =0

u(z,t) = g(x)h(t)

o*u ! "
@ — g(aj)h (t) =g (t)h(t)

h(t)  g(z)
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Left Solving:

g'(z) = cg(z) ¢(0)=0=g(L)

K(t) = ch(t) ~ h(t) = h(0)e”

Then
g (z)—cg(z) =0 ~c=0. g(z)=a+bz
c>0. g(x)= aeVe + pe V"
c<0. g(z)=acos(vV=cz) + bsin(v—cz)
and

c=0: g¢g=0
g(0)=0=g(L) = {¢>0: g¢g=0
c<0: a=0. g(x)="0bsin(v/—cx)

g(L) =0 = sin(v/—ck) =0

= LV-c=kr
km?
= C=—(T ),k’ENO

kmx

o) =sin 72

hi(a) = hkm)exp(— (’%r)?t)

For all £ € Ny,

ug(z,t) = gp(x)hy(t)

solves the heat equation with boundary conditions.
Initial conditions gx(x), fix hy(0) = 1.
Ansatz for a solution:

()= Y an () = u(w,0) = Y asin( ) = 1(2)
k=0 k=0

Thus, the left hand side is the solution.

o4

(no solution)

(no solution)
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Topology of Metric Spaces

Definition: Topological Space

A pair (X, 7) is a topological space if
e X is a set.

e 7 C P(x) and satisfies

1. 2, Xer

2. 1 is stable under arbitrary unions and finite intersections.

e Elements of 7 are called “open sets”.
IMAGE HERE - ADD COMPLETE BANACH HILBERT

Metric Spaces

Definition: Vector Space

(E,+,-) is a vector space (over R) if
There are two operations + : EX E —» Eand - : RX E —» E ((\,z) = A\z) such that

r+y=y+uz
(z+y)+z=xz+ (y+2)

(E,+) is a a commutative group
d0e Esuchthat t+0=0+z =2«

VereFE, -z € FE, suchthat x + (—2) = (-z)+2=0

Mz+y)=A-z+ -y VMER, z,y € E
and{(A-p) -z =X (- x) VNueR zelE
A+p)-z=Xz+p-z VNpueER z€F

95

Vr,y€e E
Vz,y,2€ FE
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Example 1

(R7+7')
Example 2
R" iz = (x1,...,2,)
$+y:(x1+y17"'7$n+yn)
Aox=(Arq,...,A\xy,)
Example 3

Functions from R - R

“f+g'(@) = f(2) + g(x)
A f(@) = Af(2)

Sequences Ny — R
C(R); C’k(R), Yk; C°(R); C"(R) (real-analytic functions.

Definition: Normed Vector Space

A norm on a vector space F is a map || - || : E = R such that

1. ||z|| 20, Yz € E, with equality if and only if z = 0.
2. || x| = |Ml||z|], VN €ER, Vx € E.

3. e +yll < |lz|| + llyll, Vx,y € E (triangle inequality).

(E,|| - |]) is a normed vector space.
Example 1
On R" :||z||eo = max |a;|
1<isn
n 1/
1< p<oollall, = (Z mv’)
i=1
Example 2
On C([a,0]) :||flleo = sup |f(z)]
z€[a,b]

b 1/p
.03 compact (1711, = [ 171 de

Definition: Inner Product Space

An inner product on R-vector space F is a map (+,+) : E X E — R such that
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1. It is bilinear: (Af + pg,h) = X(f, h) + u{g,h), forall\,u € R, f,g,h € E
2. It is symmetric: (f,g) =(g,f), Vf,g€E

3. Tt is positive definite: (f, f) = 0, with equality if and only if f = 0.

The pair (E,(-,-)) is called an inner product space (or a pre-hilber space).

Example 1

On R" Z(x,y) =Tyt T TRy

z=(x1,...,2,)
e Proof

1. Satisfied by properties of R.
2. Satisfied by mutliplicative commutativity.

3. (myx) =31, 27 = 0 if and only if 2; = 0, Vi.

Example 2
On R": A(aij)zjzl symmetric positive definite matrix.
Then (x,y) 4 := (x, Ay) is an inner product.

Notice (z,z) = ||z||3.

Example 3
On C([a,b]), {£.9) = [, F(D)g(t) dt.
Fact: Every Inner Product Gives Rise to a Norm

If the inner product is (-,-), then the norm is ||z|| = (:r,x)l/Q.

But not every norm comes from an inner product.

Proposition:

Let (E,(-,-) an inner product space.

Denote ||z|| := (JU,:L")l/2 for z € E.

Then

1. Vo,y € E, [{(z,y)| < ||z]llly|| (Cauchy-Schwarz)
2. Yo,y € E, ||z +y|>+ ||z = yl|* = 2(||z||* + ||y||*) (Parallelogram Identity)

3. Va,y € B, [z +yll < [|z[[ +[lyll = || - || is a norm.

e Proof of 1
VteR, (z+ty,z+ty) =0
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0<(z+ty,x+ty) = (z,2) + 26{z,y) + t (y, y)

Therefore the discriminant is less than 0 and

(2(z,y))* - 4z, 2){y,y) < 0

implies that (z,y)* < [|z|[*||yl|".

e Proof of 2
2 2
Nz +yllI” + [z —yll" =z +y,z+y) +(z-y,z—y)
2 2 2 2
= [lz]1” +2(z, y) + [lylI” + [|=||” = 2(z, y) + Iyl
2 2
=2(1l[1” + yll)
e Proof of 3
2 2
1= zl1” +2(2,y) + [lyl]
CS ) 2
< [ll1” +2[l=[ [yl + [yl
2
< (Hll + 1yl
v
— [lz+yll < [l=]] + [lyl]
Proposition:
Let (E, || - ||) be a normed space such that || - || satisfies the parallelogram law, then

1 2 2
(z,y) := 7(lz +ylI” = [z = y[]")

“polarization identity”

is an inner product on E.

Definition: Metric Space

A pair (X,d) is a metric space if

e X is a set.

e d: X XX — R such that

1. d(z,y) 20, Y,y € X with equality if z = y.
2. d(z,y) = d(y,z), Yz,y € X.

3. d(x,y) <d(x,z)+d(z,y), Vr,y,z € X.

d is a “distance function.”
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Example 1

On R, d(z,y) = [z - y|.

Example 2

On (E,|| - 1]), d(x,y) = ||z — y|]| is a disatnce function.

Note that d(z + z,y + 2) = ||z + 2 —y — z|| = ||z — y|| (translation-invaraniance).
llz =yll =llz —z+2z—-yll < [lz - 2| + ||z = yll.

Therefore, every normed space gives rise to a metric space.

Proposition:

Not every metric space is a normed space.
If Eis a vector space, might be interested in non-transatio-invariant distances.
For example, on R, d(z,y) = |tan™" (z) — tan~ ' (y)|.

NN

—>

Proposition:

Also, FE might not be a vector space.
For example S 1, manifolds, graphs, etc.

Definition: Open Ball

Let (z,d) be a metric space.
x € X,0 >0 define Bs(x) := {y € x,d(x,y) < ¢} (and “open ball”).
We say A € X is open if and only if Va € A, 36 > 0, Bs(z) € A.

Definition: Open Neighborhood

An open neighborhood of x € X is any open set A containing x.

Proposition:

Let (X,d) be a metric space.

1. Open balls in X are open sets.
2. Arbitrary unions and finite intersections of open sets are open.

3. @,X are open.

Proof of 1

Take Bs(z), v € X, § > 0.
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Take y € Bs(z), then d(c,y) < §. Set € =
Consider B.(y): if z € B.(y), d(z,y) < %ﬂc’y), then

d—d(z,y)
2

d(z,z) <d(z,y) +d(y, z) < d(-f+)+5

d-d(z,y)
2

<0

Hence B.(y) € Bs(x).

Proof of 2

Arbitrary Union:

Suppose A,, a € I are all open.
z €U, An, Jag, z € A,,.

30 > 0, B(;(.’L') CApc UaAa
Finite Intersection:

Suppose A; + A,, are open.

ve()4;, Vi, 35, >0
j=1

Take 6 min(dy,...,d,), then

Bs ¢ ﬁ Aj
j=1

Definitions that Generalize on a Metric Space

Limits of sequences: x,, converges to x if lim,,_, o d(2,, ) = 0.
Cauchy sequences.
Boundedness

Definition: Limit Points of Sets

a € x is a limit point of A € X if Ve >0, db € A\ a, d(a,b) < e.
Equivalenetly, every open neighborhood of a has a point in A \ a.

Definition: Closed Set in Metric Space

A is closed if and only if it contains all its limit points.

Proposition:

On a metric space (x,d),

1. A S X is closed if and only if A is open (4% = X \ A).

2. Finite unions and countable intersections of closed sets are closed.
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Proof of 1

Suppose A is open. Want to show that A% is closed.
If x ¢ AC, then x € A, then 36 > 0 such that Bs(z) € A (i.e. Bs(z) N A = o
Therefore x is not a a limit point of A,

Suppose A not open.
Then 3z € A such that Vé > 0, Bs(z) n A° # 2.
Therefore = # A and 2 is a limit point of AC, so A% is not closed.

Proof of 2 (Finite Union)

Take Fi,..., F,, closed sets and consider

is closed.

Definition: Completeness

A metric space (X, d) is complete if and only if every cauchy sequence converges to a point in X.
If (X, d) comes from a normed vector space (X, || - ||), it is called Banach.
If (X,d) comes from an inner product space, it is called Hilber.

Examples

These are complete.
(R, [-])

R 11+ 112)

(C(La, b, 1f = gll)

Counter Examples

This is not complete.

(C(La,bD), 11f = gll2) where |1 = glla = ([;(f(£) = g(£))* dt)
Consider z" on [0/, 1].

n 1/2
(Jol" =0y dz) ™ = .

1/2

Theorem:

Vn €N, (R",||-]|2) is complete.

Let x, be a cauchy sequence in R", Ty = (Tp1,--, Tpp)
Note for 1 < j <n, |z, — 24| < ||z, — 24 |2
Therefore V1 < j < n, {x,;}, is Cauchy in R.

November 13, 2023

Induced Topology

Let (X,d) be a metric space, and M € X.
Can restrict the distance function to M X M, then (M, d|yrxar) 18 @ metric space.
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UcMisopenif VaeU,36>0, {x € M |d(a,x) <} = Bs(a) CU.
Note: ifa e M € X,

BM(a)={z e M|d(a,z) <6} =By nM
B; (a) = {z € X | d(a,z) < 5}

X

Open sets for both topologies may differ!
Note: M is always open for (M, d|yrxar)-
eg. X =Rand M =[0,1].

Proposition:

In the setting above, A C M is open in (M,d) if and only if 34; € X open in (X, d) such that A = A; n M.

e Proof
(=) Suppose A open in (M,d), Va € A, 35, > 0, Bé\f(A) Cc A.

A= B (a) =] (Br(a)n M) = (U Bﬁi(A))mM

a€A a€A a€A
\_—_—v__.—_l
Ax

() Suppose A = Ay N M, A; open in (X,d). Let a € A;.
a€A;:35>0, By (a) € A.

Then
B (a)=Bf(a)nM cANnM=A W
—
<Ay
Proposition:

A closed subspace M of a complete metric space (X, d) is also complete.

e Proof
Take a Cauchy sequence in M, {z}}, then it is also Cauchy in X.
Therefore it converges to z € X.
Since M contains its limit points, x € M.
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Theorem:

Let f:(M,dy) — (N,dy), where (M,d,,) and (N,d,) are metric spaces. The following are equivalent.

1. Vxe M, Ve>0,36 >0

dm(2,y) <6 = dy(f(2), f(y)) <€

(in short: Ye > 0,35 >0, f (B(J;V[(x)) C Bév(f(:v)))
2. Vx € M and {z,}, convergin to x € M, f(x,) converges to f(z) in N.

3. YO open in N, f_l(O) is open in M.

Definition: Continuity

When (1), (2) or (3) is satisfied, we say “f is continuous on M”.

Proof that 1 Implies 2

Let x € M, {x,}, converges to x.

What to show: lim,, e dy(f(2,), f(x)) = 0.

Let ¢ > 0, by (1), 36 > 0, £ (B§'(z)) € BN (f(z)) (%)

Since z, = x, Ang,n = ng = dy;(x,,z) < (i.e. z, € Bé\/l(x))
Then, by (), f(z,) € BY (£(2)) (ie. dn(f(zn), f(2)) <€ Yn = n)

Proof that 2 Implies 3

Assume (2) and let 3O open in N such that f~'(O) is not open:

_ 1 1
Jy € £71(0), Y0 = — > 0,3z, dyr(wn,y) < 7 and f(a,) ¢ O

Then x,, converges to y, but f(x, ) cannot converge to f(y).
Completion of proof left as an exercise.

Proof that 3 Implies 1

Let x € M and € > 0. Bév(f(x)) is open.
By (3), 1 (Bgv(f(x))) is open and contains x.

Then 36 > 0, By' (z) € £~ (BN (f(2))), which implies

£(B5 () € BY (£(2))
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f(x)

Definition: Path Connected

Let (X,d) be a metric space.
We say X is path-connected if Va,b € X,
Iy :[0,1] » X

continuous with v(0) = a and (1) = b.

Definition: Connected

We say X is connected if the only subsets of X that are both open and closed are @ and X.
Alternatively, X = Ay U Ay, A1 #+ @, Ay + @, A1 N Ay # @, Ay, Ay open.

Proposition: Path-connectedness Implies Connectedness

Let (X,d) be a metric space. If (X, d) is path-connected, then it is connected.

Remarks

If (X,d) =(R,|-]), AcSRis connected if and only if its path-connected if and only if it is an interval.
In general, connectedness does not imply path connectedness.

e Counterexample
In RZ, the topologist’s sine wave

A= {(0,0)} U {(x,sin%) |z eR\ {o}}

IMAGE HERE - TOPOLOGISTS SINE WAVE

Proof
Suppose X is path-connected but not connected. That is

X = A1 U Ay, Ay, Ay open and nonempty, A; N Ay = @.
Pick a € Ay, b € Ay and consider v : [0,1] - X continuous with v(0) = a and (1) = b.
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a € Ay, which is open, so 35 > 0, Bs(a) € A;.
Then ~~ '(Bs(a)) is open and contains 0, therefore it contains [0, €) for some € > 0.
Let I = sup{e > 0 | v([0,¢€)) C A1}.
Then ~([0,1)] C A;.
If I < 1, v(I) € A; open. Then 38" > 0, By(v(1)) € A;, and ~ ' (Bg(7(1))) is open in [0,1], of the form
(I—€,l+¢).
This contradicts the supremum property of [, so [ = 1.
But then (1) € A; and (1) = v(1) = b € Ay, which is a contradiction.

Definition: Compact

Let (X, d) be a metric space.

1. We say that A € X is compact if every sequence in A has a limit point in A.

2. We say A € X satisfies Heine-Borel property if every open cover of A has a finite subcover, still covering A.

Definition: Dense

We say A is dense in X if Vo € X,Ve>0,da € A,d(z,a) <e.

Definition: Separable

We say B is separable if B has a countable dense subset.
i.e. 3{x,}, € B such that every point in B is a limit point of {z,},,.

Example 1

(R, |- |), with dense subset Q.

Example 2

(C([a,b]), ] * |loo), with dense subset polynomials with rational coefficients.
Proof left as an exercise.

Theorem:

Suppose (X, d) is a compact metric space. Then it is separable.

Distance Between Sets.

Given a finite collection {z1,...,x,}, write d(z, {z1,...,2,}) = min <<, d(x, x;).

Proof

Pick 2, € X.

Look at Ry :=sup{d(z,z1) | x € X}.

Claim: R; < 00. Otherwise, construct a sequence with no convergent subsequence.

Then, pick x5 such that d(xzq,z9) > %Rl.

Look at Ry :=sup{d(z,{x1,22}) | x € X} < o0.

Pick x3 such that d(xs, {z1,22}) > %RQ.

Repeat: if xy,...,x; are constructed, look at Ry, := sup{d(z,{z1,...,2;} | € X} < 00 and set xj,; such that
d(iL’, {.%'1, .. ,.iU]c}) > %Rk

Claim: Ry - 0, otherwise {x,}, has no convergent subsequences.

65



But then, Vz € X, d(z,{x1,...,2;}) < R;. Hence limy_, o, d(x,{z1,..., 21} = 0.
Then for € > 0, 3k such that d(x,{z1,...,71}) < €.
ie. Akye{1,... k},d(z,z1,) <e.

Theorem:

A subsets A of a metric space (X, d) is compact if and only if it satisfies the Heine-Borel property.

Proof

(=) (Note: true even if A is not separable)

Take a seqeuence {x,}, in A and argue by contradiction.

Case 1: {z,}, has a limit point b ¢ A.

Then Uy, = {z € X | d(=,b) > 1}.

IMAGE HERE - COVERS AROUND B WITH X AND A

U, Uk = X \ {b} covers A, but no finite subcover covers A since b is a limit point of A.
Case 2: {z,}, has no imit points at all.

Vi = X \ {zg, T41, ...} is open and |J,, Vj covers A, but no finite subcover covers A. W
(=) Sketch

To do: assume compactness show that it leads to Heine-Borel.

Take an arbitrary cover.

Separability implies one can extract a countable subcover of O covering A.

November 15, 2023

Definition: Contraction

f+M—> N, (M,dy), (N,dy) two metric spaces.
f is a contraction if 3C € [0, 1) such that

Va,ye M dn(f(x), f(y)) < Cdy(z,y)

Example:

flx) = %cos(x), fiR->R

U@-1w = 1@ lle—yl < 5le—y

-
MeanV alueT heorem .
l % sm({)l

for £ between z and y.

Theorem: Contraction Mapping Theorem

Suppose (M, d) is a complete metric space and f : M — M a contraction. Then
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dlzx e M, f(x) ==z

(i.e. f has a unique fixed point).

Proof

o FExistence.

Pick any xq € M. Consider the sequence xp,1 = f(x}).
Claim 1: {z,}, is Cauchy (then, by completeness, it converges to some = € M)
Claim 2: If Caim 1 is true, by continuity of f at =z,

flz)="f (131_)11010 mk)icontinuity Q xlgirgo f(zg) = l}l_)nolo Tpe1 = T
Tr+1

What to show: {z,}, is Cauchy.
Ye>0,AN,Vp 2 N,k 20,d(xpep,xp) < €

— Scratch Work

d(l'p+k7 :Up) = d(xp+k> :L'p+k—1) + d($p+k—17 $p+k—2) +oee t d(xp+17 xp)
k-1

= Z d(l'p+q+1a $p+q))
- %—J
0 Cad(ayer,atp

k+1

q
= d($p+1,$p) : Z C
_Y_J _
=0
cPd(x1,20) \q_v—a

Pt
“1-c

d($p+2>l'p+1) = d(f($p+1)7 f(mp) = Cd($p+17$p)

d(zg,z1) = d(f(21), f(20)) = Cd(z1,70)
d(]?g,.fvg) < Cd(.’l?g,ml) < CCd(JIl,CC[))

Ultimately,
d(z1,20)
(%) d(@pa, ) s = Z7-C"
e Proof of Cauchy
; : d(z1,20) ~P _
Let € > 0, since lim,o =725 C" =0,
d(z1,70) p
HN,VPZN,WC <e€

Then, for p = N and k£ = 0,

() d(z1,x0)

d(xpsp, Ty < T—C C’<e¢ N
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e Uniqueness

If z,y satisfy f(z) =x and f(y) =y

d(z,y) = d(f(z), f(y)) = Cd(z,y)

If d(z,y) # 0, then 1 < C' is a contradiction.

Application to ODEs

A system of 1st order Ordinary Differential Equations takes the form

{Z—f = f(t, (1)) (x)
2(0) = xg

.T:[O,b]t—)Rn
f:iRXR" - R"

Rn

Under what conditions on f does (*) have unique solution z(¢) on some interval [0, €]?

Example

Co — sin(a(t)

IMAGE HERE - PENDULUM WITH GRAVITY VECTOR, LENGTH AND SIN(T) PERIOD
Meta-Principle:

k
An ODE of order k in R™: i—kx(t) = f(t,2(t), 2 (¢),... ,xk_l(t)) can be rephrased as a lst-order system in R™
upon introducing variables

w1 = %)

ro(t) = (1)

OB =10

The ODE becomes
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:L‘(t) xl(t)

d| mi) | 72(1)
S Lf( (), - (2))
vt FU())

Theorem: Local Existence Theorem of ODEs

Take zo € R". Suppose 36 > 0 such that f is continuous on R X Bs(a)-

Where Bs(zg) = {x € R" | ||z — z¢]||2 < 6}

And f is Lipschitz with respect to x : | f(t,z) — f(t,y)| < Clz —y|, Vt € R, Va,y € Bs(xg).
Notation: |z| = ||z]]2.

Then 3 > 0 and 3!z € C'([0, €]; R™) solution to (*).

Proof

If = solves (%),

E ~ a(t) — g = Ef(u,x(u)) dw = z(t) = 2o + Jotf(u,z(u)) dw

Ta(t)

This is a fixed point problem.
Goal:

1. find (F,d) a complete metric space
2. such that T(F) € E and T is a contraction.
3. Then, by the Contraction Mapping Theorem, dlz € E.

4. Finally, show that z is actually c'.

e Part A
Bs(zg) is closed in (R", || - ||2) which is complete = (Bs(zo), || - ||2) is complete.
Then Ve > 0, C([0, €], Bs(wg)), with norm ||z(t)[|eo = supsepo ] [|2(%)]]2, is complete.
Set

E =C([0,¢€], Bs(xg))

e Part B
When is T(F) € E?
Suppose xz € E, i.e. ||x(t) — xol|2 < 0, YVt € [0, €].

f F(u, 2(w)) du
0

t
sf £, 2(u))|| du < tM < eM Vit e[0,e]
2 0 ——
Note

[(t) = zoll2 = ‘

Note: since f is continuous on R X Bs(xzg = f bounded by M.
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Upon making eM < §, then supsepq ] [|T2(t) — xgl]2 <6
— T(E)S Eifes L.

Is T continuous on E7?

1T2(t) - Ty()]]s = Hfo (Flusa(u)) = Fu,y(u))) du

< jo 1 oty () = FCt, ()| du

<L |2 (u)-y(w)]]2

—
Lsupye[o,e] lz(uw)-y(u)ll2

llz-yllE

<tLllz —yllp < eLl|lz - yl|p

Therefore ||Tx — Ty||g < eL||z — y|| g is a contraction if €L < 1, i.e. € < %

e Part C
By CMT, Az € E(e) as long as € < % and € < %
e Part D

x(t) € C([0,t], Bs(xg)), but also notice

x(t) = To + L flu,z(u)) du

differentiable with derivative f(¢,z(t))

which is continuous.
Therefore z is C*, 2'(t) = f(¢,2(t)), and z(0) = zo + Ig = xg.

Remark: Lipschitz Requirement for Uniquness

f being locally Lipschitz is necessary for uniquness purposes.

Example

dr _ 2/3
E =3
2(0)=0

This ODE has two distinct solutions:

x(t) =0
o(t) =t ~» L =3¢ =3

Remark:

The time of existence is not sharply controlled (could be infinite, finite, very small)
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Example

Lipschitz
d ,JE 1 d d (1 1 1
L _ = ar _ _— —= (= _ — _ = ——13
dt — x Y2 d 1 dt (w) z(t) + g ¢ (L‘(t)
z(0) = g

Lifetime: t* = é
IMAGE HERE - FROM X0 EXPLODING AT 1/X0; FASTER FOR 2X0

Theorem: Implicit Function Theorem / Inverse Function Theorem
Example

F:R? SR, F(z,y) =22+ 47
Question: Can the set F'(x,y) = 1 be described by equations “x(y)” or “y(x)” ?
IMAGE HERE - CIRCLE AS TWO EQUATIONS WITH VERTICAL LINE TEST

i
NI

Implicit Function Theorem gives situations where it is possible.

Setting

F:RP x ]RZ — R? continuously differentiable.
Fix (a,b) € R” x R? and set F(a,b) = c.
If the ¢ X ¢ matrix

rof ok 9Fiq
dy1  Oy2 0yq
oF
—(a,b) =
5y (:0)
oF, oF,
L 8y1 8yq .

is invertible, then 3 neighborhood of a and a function y :  — R such that Yz € Q,

F(z,y(z)) =c
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Moreover:

OF OF oy gy _[OF L OF
%+a_y.%_() = % _[a—y(x,y(x))} %(xay(w))

Parallel: solve f(z) = 0 by Newton’s iteration.
Tp41 = the zero of the line (f(z,) + (v - xn)f,(xn) =0)=m, - (f’(xn))_lf(xn)
Left iterating

o(x) =z = (f'(2))" f(2)

Claim: ¢ is a contraction near fixed points z* whenever f'(z*) # 0.

e Proof (Sketch)
Uses CMT.
Freeze x; approximately solve for y the equation F(x,y) —c = 0.

Tterate go(y) =y = % (a,b)(F(z,y) - c).

November 20, 2023

Continuity on Compact Domains

Context:

(M,d,,), (N,d,) two metric spaces.
f M — N continuous.

M compact.

Proposition:

In the context above, we can deduce:

1. f isuniformly continuous in the sense that

Ve>0,30 >0,Va,y € M dy(z,y) <6 = dp(f(2), f(y)) < e

2. f(M) is compact.

e Corollary:
If (M,dy;) is a compact metric space and f(M) — (R, |- |) continuous, then f is bounded and achieves its
extrema.

dzy+ € M such that f(x,) =sup{|f(z)| | x € M} and f(z_) = inf{|f(z)| | z € M}

e Proof of 1
Alternative proof in lecture notes.
By contradiction, suppose

Fe>0,V 6 >0, 2,y € M,dy(z,y) <06 and dy(f(x), f(y)) =€
—~ N/ ’

1/n Tn Yn drr(Tn,yn)<l/n

xy, lives in M compact, therefore a subsequence x,, converges to x in M.
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1
dar(Tn, s Yn, ) < " drt (Yng s ) < dpr(Yny> Ty ) + dpg (T, )
1
< dpy(zp,,2)+— —0

S0 yp, converges to x.
Since f is continuous at z, f(z,,) = f(x) and f(y,,) = f(z) as k = oo.
Hence dn(f(2n,, Yn, ) 2 dyn(f(x), f(y)) =0 (cf. homework problem).

This contradicts the assumption.

e Proof of 2
What to show: YO open covers of f(M), there exists a finite subcover 0' c O still covering f(M).
Take O = {O, | « € I} covering f(M).
Set V., = f '(0,) open by the continuity assumption.
Claim: V ={V, | a € I} covers M: let x € M, f(z) € f(M), then f(z) € O, for some a € I.
By Heine-Borel Compactness,

i ,..., V, }
~ —~
F101) fH(0n)

subcollection of V covering M.
Claim: (Oq,...,0,) covers f(M): Picky € f(M),y = f(x) forz € M
M covered by

Vi,...,V, = 3],1,‘ S V} = f(l‘) S O]
H—I
y
Arzéla- Ascoli
Q: What are the compacts sets of (C([a,b]), || ||e0)?

Context:

[a,b] C R a compact interval.

C([a,b]) continuous functions on [a, b].
1110 = SUDyega sy 1/ ()] s a norm.
(C([a,b],1] * |loo) is complete.

Definition: Uniform Boundedness / Uniform Equicontinuity

For F c C([a,b]), we say

1. F is uniformly bounded if AM = 0,Vz € [a,b],Vf € F,|f(z)| = M

2. F is uniformly equicontinuous (UEC) if Ve > 0,35 > 0,

Vz,y € [a,b], |z -yl <6 = |f(z) - fy)l<e, VfeEF

e Example 1
Any finite F = {f1,..., fn} is uniformly bounded and uniformly equicontinuous.
M = max{My,..., M,}
d(€) = min{d1(€),...,d,(€e)}
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e Example 2
Sets satisfying a uniform Lipschitz/Holder criterion, i.e. 3L > 0, € (0, 1],

e\l

|ﬂm—f@nsLm—m%mwepumfef(adz(i)m)

e Example 3
Sets satisfying a uniform bound on first derivatives (assuming they exist).

F={feC"([a,b]) | If'(2)] < M,z € [a,b]}
e Non-example
F = {sin(nz) z € [0,7],n € N}

Uniformly bounded by 1.
Not equicontinuous.

Proposition:

If f, € C([a,b]) converges uniformly to f € C([a,b]), then {f,, | n € N} is uniformly bounded and UEC.

Proof

e Unfiorm Boundedness

Since || fn, = flloo — 0 and f is continuous on [a,b] compact, then f bounded implies || f||c < 0.
n—oo

For
= [|fn— flloo <1
= ||fulloo = [1fa = f + flloo
Then M = max{||f1|loos-- - | fnlloos ||f]lco + 1} is a uniform bound.

e Uniform Equicontinuity
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Ve>0,36>0,Vz,y € [a,b], |z —y| <6 = |fulz) - fly)] <e VneN

[ is continuous, hence uniform continuous on [a,b] with modulus of continuity dy(e).
Let € > 0, by uniform convergence, (a) AN, n > N = |f,(z) — f(z)| <€/3 Vz € [a,b].
For z,y, |z —y| < df, and n = N,

| (@) = fa()| = | fu(x) — f(2)] + |f(z) = f(y)l +[f(y) - fu(y)l
<% by (a) <% by uniform convergence of f <% by (a)

Therefore F = {f,}n =2 N is UEC.
0(e) = min{ds(e/3),01(€),...,0n(e)}-

Theorem: Arzéla-Ascoli

Let [a,b] C R be compact and f;, € C([a,b]) be uniformly bounded and uniformly equicontinuous.
Then a subsequence of fi converges uniformly.

Proof

Step A: construct a subsequence converging at all rationals in [a, b].
(uniform boundedness is enough)

Step B: show that the subsequence is uniformly Cauchy.
Ye>0,3N,Vp,q= N, ||fp= fylleo <€

(uses UEC)

e Step A
Let r;, be a denumeration of all rationals in [a, b].
{fn(r1)}, has a convergent subsequence (Bolzano-Weierstrass), {f1,(r1)}n.
{fin(x)}y converges at r1; a subsequence fs, converges at 7y == fa,, converges at 7, ro.
Repeat {f2,(73)}y is bounded = a subsequence { f3,(73)}, converges == f3,, converges at rq,72,73.
Vp, {fp+1,n}n subsequence of {f, ,}, converges at ri,...,7p, 7p41-
Consider {fy x}ren subsequence of {f,,},.
Vp, fir(rp) converges because {fk,k(rp)}kzp is a subsequence of {f,,}n.

e Step B
Simplified statement: if f,, is uniformly bounded, uniformly equicontinuous and converges at all rationals in
[a,b], then f,, is uniformly Cauchy.
Let € > 0. By UEC, 360, Vz,y € [a,b], |t —y| <0 = |fo(z) = fu(y)] <6 Vn eN.
3ry,, ..., i, rationals such that Vo € [a,b], minj<jq |z — 7| < 6.
Since f,(ry;) converges Vj,

€
HNap7q = Na |fp(rij) - fq(r’ij)l < 3

Now for any = € [a,b] and p,q = N,

|fp(x) - fq(x)l = |fp(l‘) - fp(rij)ll+]fp(rij) - fq(rij)|‘+‘|fq(rij) - fq(x)l

<< by UEC <

<% by UEC

wlm

We showed Ve > 0,AN,p, g2 N = |[|fp, = fylleo <. B
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Consequence

F ¢ C([a,b]) is compact if and only if it is closed, uniformly bounded and uniformly equicontinuous.

Interesting Functional Analytic Consequence

Consider (C"([a,b]), f = |1 f1leo + 11£'[1oo)

One can show that it is complete.

Arzéla-Ascoli = bounded sets in C'([a,b]) are precompact (i.e. have compact closures) in (C([a,b]), || - |lso)-
We say the injection

C'([a,b]) = C([a,b])

is compact.

November 22, 2023

Definition:
Given X a set and 7 C P(X), we say that 7 is a topology if
1. 2, X er
2. 7 is stable under finite intersection and arbitrary union.
e 0,...,0, €7 = ﬂ?lej ET

e {Oy}oer = |J,0n €T

We say (X, 7) is a topological space and elements of 7 are called open sets.

Examples

1. (X, d) a metric space, then 7 = {open sets defined by Yz € 0,35 > 0, Bs,) C O
2. (X, {2,X})

3. (X,P(X))

Topological Definitions

Fix (X, 7) a topological space.

Definition: Open Neighborhood

An open neighborhood of x € X is an open set U 3 .

Definition: Interior Point

A € X, then a € A is an interior point of A if U an open neighborhood of = such that x € U ¢ A.
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Definition: Interior

The interior of A € X, denoted A°, is the set of all interior points.

Definition: Convergence

x, converges to x if and only if for every neighborhood U of x, AN;n > N = xz, € U.

Definition: Limit Point

x is a limit point of A if for every neighborhood U of z, An (U \ {z}) + @.
Definition: Closed Set

A is closed if it contains all its limit points.

Definition: Closure

The closure of A, called A, is A U {limit poiints of A}.

Proposition: Induced Topology

Given (X, 7) a topological space and A € X, then 74 = {UN A | U € 7} is a topology on A called the induced
topology.

Topological Propositions

Take (X, 7) a topological space (fixed) and A € X.

1. A € 7 if and only if every point in A is an interior point of A. (Then A deserves to be called open)
2. A is closed if and only if A® is open
3. Arbitrary intersection and finite union of closed sets are closed.

4. A®is open and A° = [Jyc4 O (which implies A open if and only if 4 = A°.

Oer

5. Ais closed and A = ()5 4 F (which implies A is closed if and only if A = A)

FCer

Proof of 1

() Take A.

Vee A, erael,cA = A=|]J{z}c|JU,c4

T€EA T€EA
== A= U U, €T
T€EA

(= )Aer,x €A, take U € 7, containing x, then AnU e,z € AnU C A.

Proof of 2

A open = A° closed.
If 2 ¢ A°, then z € A.
Therefore AV € 1,x €U € A = U N A°@ = 2z not a limit point of A°.
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C . . . . .
So A" contains its limit points.
Converse left as an exercise.

Proof of 3 (Technique)

De Morgan’s Laws.

Proof of 4

Take x € A°: AU € 1,z € U € A.

Claim U € A°. Why?
fyeV,VersodVeryeVeclUcA = yeA°.
Therefore A° is open.

A® = UOCA O:

Oer
(c) A°c A, s0 A®° ¢ UOCAO.
Oer
(2) Claim: if O € 7,0 € A, then O € A°.
Pickz €O, er,x€eUCA = z€ A°.
Therefore | Jc4 O € A°.

OeTr

Proof of 5 (Exercise)
(A) = (A%)°? Prove or disprove.
Definition: Continuous Maps

Fix (X, 7), (Y, o) topological spaces.

f:X - Y is continuous if YO € o, f_l(O) ET.

Can also define continuity at x € X:

VV open neighborhood of f(x), AU open neighborhood of x such that f(U) € V.
IMAGE HERE - EPSILON DELTA NEIGHRBORHOODS ON R2

Proposition:

f is continuous on X if and only if it is continuous at every z € X.

Proposition:

f continuous at x if and only if Vz,, such that lim,,_,¢ z,, = x, then lim,,_, f(z,) = f(z).

Definition: Homeomorphism
f:(X,7) > (Y,0) is a homeomorphism if and only if f is continuous, bijective and f~' : (Y,0) — (X,7) is

continuous.
A homeomorphism induces a one to one correspondence between 7 and o.

—1y-1
0 — f(O)=(f") (0)
ie. (X,7)~ (Y,0) if and only if 3f : X — Y homemorphic is an equivalence relation.
Examples

1. tan: ((=2,%),]-]) = (R,] -]) is a homemorphism.
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2. X,dy,dy two metrics such that 3C1,Cy >0, Vz,y € X, Cida(x,y) < di(x,y) < Cody(x,y), then

id : (X,7(dy)) = (X, 7(dy))

is a homemorphism.

Topological Connectedness

Definition: Connected

(X,7) is connected if X = AUB, AN B =@, and A,B € 7 implies A =@ or B = @.
Equivalently, the only two subsets of X that are open and closed are @ and X.

Definition: Path Connected

(X, 1) is path-connected under the same definition as before.

Definition: Connected Subspace

A is connected if and only if (A, 74) is connected where 74 is the induced topology).
Proposition:
Let f:(X,7) - (Y,0) be continuous.
1. If X is connected, so is f(x).
2. If X is path-connected, so is f(z).
Topological Compactness
Keep the Heine-Borel definition only.

Definition: Compact

A set A € X is (HB)-compact if ¥ open covers O of A, a finite subcollection of O still covers A.

Proposition:

If K c X is compact and F' € K is closed, then F' is compact.

e Proof
Take {O,}, open cover of F. Then {O,}4, F° covers K.
By HBP, a finite subcover (e.g. {O,,...,0,,, F“}) covers K, in particular F.
And since FN F° = @, Oq,...,0,, covers .

Proposition:

If f: X — Y continuous and K compact in X, then f(K) comapct.
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Definition: Hausdorff Property

We say that a topological space (X, 7) is Hausdorfl if and only if “it separates points”™

Ve,ye X,z #y,dU, > X, AUy 2 Y, Ux, Uy €, Ux NUy = @

IMAGE HERE - HAUSDORFF SEPARABILITY DRAWING

Example 1
Any (X, 7(d)) induced by a metric d is Hausdorff.
e Proof
IF 2 # y, let 6 = d(x,y) >0, take Ux = Bj3(x) and Uy = Bs3(y).
IMAGE HERE - POINTS XY WITH DELTA/3 BALLS
Non-example 2
(X ={0,1},7 = {@, X}) not Hausdorf.
Example 3

(X,P(X)) is Hausdorff.

Example 4

If X is not Hausdorff, the singleton {x} need not be closed.
In Non-example 2, {0} is neither open nor closed.

Theorem:

If (X,7) is Hausdorff, then for K € X compact and x ¢ K, AU,V open sets such that UnV =@, 2 € U, K C V.

Proof

Vye K, 3U,,V,er,xelU,yeV,U,nV,=0a.
Then {V, | y € K} is an open cover of K, so Jyi, ...y, such that K is covered by V,,,...V, .
T3 U?=l Vyj 2 Kand U = ﬂ?;l Vyj € 7, contains .

ViUnV, =( U, NV, cU,nV, =2
p=1

Therefore U N U?=1 Vy, = @,

Corollary

Let (X, 7) be Hausdorff.

1. K € X compact implies K closed.

2. K compact and F closed implies F' N K compact (i.e. K contains no limit points of K).
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Theorem:

Let (X, 7) be Hausdroff.
Suppose that {K,}, is a collection of compact sets in X such that [, K, = @.
Then Jay, ..., oy, ﬂ?:l K, = 2.

Proof

Single out K, .

Then Ko, 0 Nasa, Ko = @ ie. Koy € (Nosa, Ka) = Unga, Ko
Therefore {Kocé}am1
Take a finite subcover K,,, ..., K, , then K, ¢ U?:z K;j = (ﬂ?:l Ko, )C.
Therefore ﬂ?:l Ky K, =2. 1

is an open cover of K.

Some Heuristic Statements

One usually seeks a topology that is not to small (coarse) and not too large (fine).
On X, given 71 and 79, we say 71 is finer (contains more open sets) than ty if 75 € 7.
The finest of all is P(X).

e Hausdorff.
e Completely disconnected (every set is open and closed).

e Very few compact sets (only the finite sets).
The coarsets of all is {@, X }.

e Very few open sets.
e Not Hausdorff (as soon as X has more than one element)
e Compact

e Connected

In general, due to Heine-Borel, more open sets means fewer compact sets and vice versa.

IMAGE HERE - PRODUCT AND QUOTIENT TOPOLOGIES

November 27, 2023

Definition: Equivalence Relation on X

Let X be a set and ~ an equivalence relation on X:

e ~€ P(X XX).
o Reflexive: Vo € X,z ~ x.

e Symmetric: Ve e X,y e X,z ~y = y~=z
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e Transitive Vo,y,z € X, 2 ~yAy~2z = x~ 2

Definition: Equivalence Class on X
[z]:={yex]|y~az}
Lemma

Two equivalence classes are either disjoint or equal.

Definition: Quotient Space

The equivalence relation induces a partitoning of X into equivalence classes.
Define X/ ~= {[«] | z € X} (the quotient space), then there exists a natural projection map 7 : X — X/ ~.

ze[z]

Question:

If X carries a topology, 7, can we induce one on X/ ~7
Answer: Yes. We say U is open (i.e. U € 7.) in X/ ~ if and only if 7 1(U) is open in X.

¢ Claim:
7. is a topology.

— Proof
TN e)=@erso@eT..
X/ ~)=XersoX]~€er..
Stability under finite intersection and arbitrary union:
7 (U,Ua) =U, 7N (U,).
L (ﬂi:l Vn) = ﬂfm W_I(Vn)'

e Claims:
7. makes 7 continuous.
7. is the finest topology making 7 continuous.

Obvious Corollaries

If X is compact/connected/path-connected, so is X/ ~.

\ (X/~=mn(x) \), ™ continuous.

IMAGE HERE - COMMUTATIVE DIAGRAM

X

h
m e
X/ ~—Y
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Proposition

Let X, 7, ~ be as above.
Let f: X/ ~-> (Y, 7y).
Then f is continuous if and only if f o 7 is continuous.

Proof

(=) Obvious (composition of continuous maps).

(=) Suppose f o 7 is continuous.

Take U € 7y, then (f o m) "(U) =« *(f *(U)) is open.
Then f_l(U) is open. Therefore f is continuous.

Proposition:

Let X,~ 7,(Y,7y) as above and h : X - Y.
Then 3f : X/ ~— Y such that h = f o if and only if V[a] € X/ ~,Vz € [a], h(x) = h(a).
Moreover (by previous propositions), f continuous if and only if & is continuous.

Proof:

(=)Ifh=fom[a]e X/ ~,z€[a]

h(z) = f(r(x)) = f([z]) = f([a]) = f(n(a)) = R(a)

(=) IfV[a] € X/ ~,Vx € [a],h(z) = h(a)(*), define f([a]) := h(a) ro h(any representative of [a]).
f is well defined thanks to ().

Note:

Hausdorff property can be lost in a quotient construction.
IMAGE HERE - ON TWO UNIT INTERVALS SEND ALL POSITIVE VALUES BUT NOT ZERO

Definition: Base for a Topology

Take X a set.
Suppose o C P(X) satisfies

1. o covers X (i.e. X € Uue, A)

2. VA, Beo,x€e AnB,dC € o such that r e C C An B.

IMAGE HERE - VENN DIAGRAM WITH A, B, INTERSECT SIGMA AND C IN INTERSECT

Then 7 := {arbitrary unions of element in o} U {@} = T (o) is a topology.
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T :P(P(X)) - P(P(X)) if T is a topology, T(71) = 7.
o is called a base for 7.

Proof

T is stable under arbitrary unions.

T is stable under intersection: let A, B € o.

Then AN B = J,canp Cr where C, is given by (2),s0 AnB €.
IfA,Ber,A=J,As€0and B=JzBs €0,s0

AnB=(LaJAa>n(LBJBB>=U(AanB5)

Proposition: Criterion for a Basis

(X, 7) topological space and o C 7.
Then o is a base for 7 if and only if VA e 7, Vox € A, dC € 0,2 € C C A.

A

Proof

(=) Let Ae 7, then A={J,Cs,C, €0. If z € A, then z € C,,, for some ay.
(=) Let A€,

A=,

T€EA

Where C,, € o comes from the hypothesis.

Proposition:

Let 01,09 € P(P(X)), then T(o1) C T(02) if and only if VA € 01,Vo € A,IB € 09,7 € B C A.
This helps give a criterion for when 7 (o) = T (02).

Example

A base for the standard topology on R is

Note: it’s countable.

Definition: Dense Space

Take (X, 7) a topological space. We say A C X is dense in X if Vo € X, VU open neighborhood of z, U N A + @.
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Definition: Separable Space

Take (X, 7) a topological space. We say X is separable if it has a countable dense subset.

Proposition:

Given (X, 7) a topological space, if 7 has a countable base then

1. X is separable.

2. Any cover of X has a countable subcover.

Proof of 1

Call o = {C}, | k € N} a countable base.

Yk, let x), € C}.

Claim: A := {x}} is dense in X.

Indeed, if z € X, U open neighborhood of z, U € 7, U = UjeN Ck; then z; € U for all j.

Proof of 2

Write O = {O,}, a cover of X.

Construct O as follows:

Vk e N, if C, C O, for some ay, adjoin Oay, to o',
That is at most countably many.

Let z € X.

Since O covers X, 30, such that = € O,.

Ou€7 = Op=|]Ch = Fjzecy
jEN
Then either O, € O' or another z € O, € 0.
Either way, AV € O zeV.
Topology of Finite Products

Setup: (X,7x) and (Y, 7y), X XY ={(z,y) |z € X,y € Y}.
Two natural projections wx and 7y.

XxXY
How to put a topology on X X Y?

(z,y)
AN
X x Y Y
It should make 7wy, my continuous.

That is, VU € 7y, tx (U) =U XY €T and YV €7y, iy (V) = X X V € 7.
By stability under intersection, 7 should contain

(UxY)Nn(XxV)=(UnX)x(YnV)=UxV

Now define o := {U XV | U € 7x,V € 7y }. o satisfies
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1. It covers X XY, since X XY € g.

2. AABeo = An B € o.Indeed,

U xVinUyx Vo= (U nU) x(VinVy)

ETx ETy

Definition: Product Topology

The product topology on X XY is Txxy-
It is the coarsest topology making 7y, my continuous (i.e. if 7 is a topology on X XY such that 7wy, my continuous,
then 7> 7T (o).

Proposition:

Given (Z,7z) and f: Z - (X XY, Toxy) , f is continuous if and only if 7x o f and 7y o f are continuous.

Proposition

(=) Clear: composition of continuous functions.
(&) Take U € Txxy, write U = |, U, X V,, then

=g (U U X va)
= xva)

= U\(TI'X o f)(Ua)ln\(ﬂ'Y o f)(va)l

€Ty €Ty

where

(Uaxva):{zez|f(z)EUaXVa}:{ZEZ|7TX°f(Z)EUa77TY°f(z)EVa}
Proposition:

Let X,Y be two topological spaces and X X Y with the product topology.
1. If X,Y are Hausdorff, so is X X Y.
2. If X,Y are connected, sois X X Y.
3. If X,Y are compact, so is X X Y.

Proof of 1

Pick (21,y1), (z2,92) € X X Y.

If x1 # x5, then AU, Uy € tx, Uy NnUy = @, 21 € Uy, 29 € Us.

Then Uy XY and Uy X Y separate (x1,y;) and (z9,ys).

IMAGE HERE - X Y PLANE WITH VERTICAL LINES DEMONSTRATING
If 1 = a9, then y; # yo by a similar construction.
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Proof of 2

Suppose A # @ both open and closed in X X Y.

What to show: A =X xXY.

Will follow from: (z,y) € A = {x} XY Cc Aand X x {y} € A.
Claim: {z} XY n A is both open and closed in {z} X Y.

Since {z} X Y is connected, then {z} XY N A= {z} xY.
Therefore {z} XY C A, Vx € A.

Similarly, X x {y} c A, Vy € A.

November 29, 2023

Theorem: Compactness of Product

Let (X,7x), (Y, 7y) be topological spaces, 0 = {U XV | U € 7x,V € 7y} and on X XY equip the topology
T (o) = Txxy-
If X,Y are compact, then so is X X Y.

Proof

Take (Cy)aea = C a cover of X X Y.
Since Txxy is generated by o, each C,, = Uﬁ Ua,g X Vo3 where U, g € Tx and V,, g € 1y

Then X X Y is covered by C' = {(Uap X Vo | a, B}
Extract a finite subset of C' =  {Uy XV, | a € A}.

rewrite

Then, Vy € Y, X X {y} is compact. So X X {y} is coverd by {Ué’j X Vo?j |i<j<ky}

k
Then V), = ﬂjil dej is an open neighborhood of y. Then {V,},ey is an open cover of Y which is compact.

Therefore, Y is coverd by V,,...,V, forsomep €N, y,...,y, €Y.

Check that: X XY is coverd by {Ua) X V! |1<j<pl<is< Ky, }-
Take (z,y) € X XY, y €V, for some jy (ile. y € V,,, Vi€ 1,2,... .k, ).

* Y50
k..
Yjo

Since X ¢ | J;_1 ngo, iy such that (z,y) € Ui’jffj X Viﬁo.

Recall: Axiom of Choice

Given an arbitrary collection of nonempty sets {S,}nea, there exists a function defined on A, f, such that
VYae A, f(a) € S,.

Definition: Partially Ordered Set

Take X # @ a set. A relation “<” on X is a “partial order” if

l.z<ax,VreX.
2. x <y and y < z implies x < z,Vz,y,z € X.

3. x <yandy < ximplies z =y, Vo,y € X.
It is a “total order” if additionally
1. Va,y € X eitherz <y or y < z.

X, <) is a partially ordered set or “poset”.
P y P
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Example

(R, <) is totally ordered.
X # @, consider P(X), <).
e.g. X ={0,1} and P(X) = {2, {0}, {1}, {0, 1}}.

Definition: Totally Ordered Subset

If (X, <) is a poset, we say A C X is a totally ordered subset if < |4x4 is a total order.
IMAGE HERE - ILLUSTRATION OF INCLUSION AND A= \0, 1, 0,1 A TOTALY ORDERED SUBSET
Given (X, <) a poset, A C X, we say

e A has an upper bound if 3m € X, a <m, Ya € A.

¢ X has a maximum element if dm € X, Ve € X, m <z = m =z.

a maximum element need not be unique.

Lemma: Zorn’s Lemma

Let (X, <) be a poset.
If every totally ordered subset of X has an upperbound, then X has a maximum element.

Example

Zorn’s lemma true for (X, P(X)): a totally ordered subset of X might look like A1 € Ay € -+ € X.
Write A = {A, | a € J}.
Guess for upperbound: my = J, c; 4a-

Infinite Product

Take A an index set. For a € A, (X,,7,) is a topological space.

Define X = [],c4 Xo the set of maps 2 : A — [J, X, such that Va € 4, z(«a) € X,,.
Topology on [ [, Xa?

Ya € A, there is a natural projection map 7, : X = X, (7, : x - 2()).

On X, we want 7 making 7, continuous for every a.

Therefore 7 should contain 7, 1(UO[) (“slabs”), YU, € 74.

By stability under finite intersection, it should contain (., W;I(Uai), Vn € N, ai,...,an € A, Uy, € Tq,,
Vi=1,...,n.
Then o = {[}; Tr;il(Uai) |n€eN,a,...,apn €A, Un; € TajnJ =1, .,n} satisfies the axioms of a base.

Define 7x : T (o), the coarsest topology on X making 7, continuous for every a.

Notation:

C'is a subset of X (i.e. € P(X))
C is a cover of X (i.e. € P(P(X)))
C is a set of covers (i.e. € P(P(P(X))))

Theorem: Tychonoff’s Theorem

Following from above: if X, is compact Ya € A, then X is compact.
An arbitrary product of compact spaces (equipped with the product topology) is compact.
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Proof

e Step 1
If C is an open cover of X made of slabs (W;I(Ua), a € A,Ua € 1,), then it admits a finite subcover.
Suppose not and write ¢ = [],c4Co where C, = {O € C | O = 21 (U,) for some U, € 7,} and U, =
{Ua | 72 (Uys) € Ca}.
Note that U, covers X, if and only if C, covers X.
If U, covers X,, since X, is compact, then U, ..., U, covering X,.
Then {W;l(U;‘l) | j=1,...,n} covers X, a contradiction.
Then U, does not cover X,, Voo = dz, not covered by U,.
Define x € X by z(a) = 2,, Va € A. Then X is not covered by C,, Voo = not covered by C.

e Step 2
Take B an arbitrary open cover of X. Suppose B has no finite subcover. We will construct a subcover made
of slabs and appeal to step 1, making a contradiction.
Let P = {open covers A D B with no finite subcover}, poset for set-inclusion (B € P # @).
Claim: by Zorn, P has a maximum element O.
To show this, prove: if W is totally ordered subset of P, it has an upper bound.

— Proof
Let W as above, let Aw := | 4ew A
Crux to prove: Aw € P.
By contradiction: if Aw has a finite subcover, call it {A4y,...,A4,}, Vj € {l,...,n}, A, e W, A, € A;.
Since W is totally ordered, Jjo, Vj, A; € A; C Aj,.
But then {A;,..., A,} is a finite subcover of A, a contradiction.
Note: “O max element in P” means YU ¢ O, O U {u} has a finite subcover.

e Final Step
Let ©' = {slabs in O}.
Claim: O' covers X ( = Step 1 = Contradiction)
Let z € X, since O covers X, 10 € O containing x.
Since the product topology is genreated by o, In, ay,...,an, Uy, € 74, such that z € ﬂ?zl W;].l(Uaj).
Suppose by contradiction that Vj =1,...,n, W;J_l(Uaj) ¢ 0.
Then, by maximality of O, 30;1,...,0; € O such that X is covered by O;1,...,0;; U F;J.l(Uaj).
) -1 K -1
Vi X\ (Oj,b R 7Oj,k) C T, (Uaj); so X\ (U?ﬂ Uiil Oj,i) c ﬂ?:l T, (Uaj)~
Therefore X is covered by U = ﬂ?zl ﬂ';jl(Uaj) and {O;; | j=1,...,n,i=1,...,k;}, hence O 2 U.

December 4, 2023

Partition of Unity

IMAGE HERE - MANIFOLD WITH COORDINATE MAPS CONNECTED TO RN
0 < hi(z) < 1, supph; € O; ~ g;, ¥ iy hi(z) =1, Y " hi(x)g;(x). h; continuous, c”, 7

Definition: Locally Compact Hausdorff SPace

A topological space X is Hausdorff if Vx,y € X, z # y, U,V open sunch that UnV =@,z €U,y V.
A Hausdorff space X is locally compact if every z € X has a neighborhood U with compact closure (U compact).
Notation: X is LCH Space.
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Examples

R": if X € R", Bi(z), Bi(z) compact (since closed and bounded).
Any compact, Hausdorff space ([0,1] € R, CantorS R)

Counterexamples (Hausdorff but not Locally Compact)

Example to be digested later: infinite-dimensional Hilbert space.

Q.
Theorem: (Target)

Let Vi,...,V, be open sets in an LCH space X.

Suppose that K C X is compact and covered by Vi,...,V,,.

Then there exist functions h; € C(X;R) with support(h;) C V; such that ) ;; h;(z) =1, Vo € K.
We call (hq,...,h,) a partition of unity on K subordinate to the cover Vi,...,V},.

Proof to Follow

Recall

Let X be a Huasdorff topological space.
Rl. f x € X, K € X compact, AU,V open such that UnV =@,z € U, K c V.
R2. If {K,}aea is a collection of compact sets such that [, K, = @, then 3oy, ..., o, such that () K,, = @

Lemma: (K-U-V)

Let X be a LCH space, K C X compact, U open and K C U. .
Then there exists V open with compact closure, such that K cV cV cU.

Proof

Step 1: K has an open neighborhood with compact closure.
Vx € K, x has an open neighborhood W, with compact closure.
Then K C |J,cx W =, by compactness, Izy,...,z, € K such that

KcW,u...uW, =W

with I/V_I1 U---u W_In compact.

Step 2: Build V.

Vq e U’ q ¢ K. By (R1) above, 3V, open such that K €V, and ¢ ¢ V,.
Now consider the collection {U°n W N Vq}quc.

Observe that this collection is compact since W is compact, and (ﬂquc Vq) NU° =@.
Then

[ — R2 _ — —
ﬂ U'nwnV, =9 (=2 3q1,...,qp such that U'n WV, n--nV, =@

p
qeU*

Recall that A C B if and only if AN B =@.
Hence W NV, n---nV, CU.

Set V.=WnV, n--nV, open, containing K, andV:WﬂV_qlﬁ enV, . B

n
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Definition / Notation:

Given a topological space X,

1. if f: X - R, define the support of f: supp(f) ={z € X | f(z) # 0}.

_1
(e.g. supp (=7 ) = [0, 00))
2. if K compact, k < f means f has compact support and f =1 on K.

3. if V open, f <V means f: X — [0,1] such that supp(f) € V.

Definition: Semi-continuity

Let f: X — R with X a topological space.
We say f is lower semi-continuous if ' ((a,00)) = {z € X | f(z) > a} is open Ya.
We say f is upper semi-continuous if f_l((—oo, b)) is open Vb.

Examples

) . 1 onU | . .
If U is openin X, xy = . is lower semi-continuous.
0 outside

X(0,00) 18 lower semi-continuous.
If C closed in X, x¢ =1 — xce is lower semi-continuous.

Lemma

1. If f, is lower semi-continuous ¥a, then f = sup, f, is lower semi-continuous.

2. If g, is upper semi-continuous V«, then g = inf, g, is upper semi-continuous.

e Proof of 1
YaeR, f((a,00)) = U, £ ((a, 00)), open since f,, is lower semi-continuous.
f(x) > aif and only if 3o, f,(x) > a.
Continuity

A function which is both upper and lower semi-continuous is continuous. Look at
-1 -1 -1 -1
[ ((a,0)) = f ((a,00) n(=00,b)) = f ((a,00)) N f " ((—00,b))
which is open.

Urysohn’s Lemma

Let X be an LCH space, K compact, U open, K c U.
Then 3f € C(X;[0,1]) with K < f < U.

Notation

0 S
For S ¢ X, let xg(X) = {1 “ i g the characteristic function of S. Then
x

K<f<U < feC(X;[0,1]),Xy(x) = f(z) = Xg(x)
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Metric Space Version

A closed, da(z) = inf{d(z,y) | y € A}.

_ dyc(x
(@) = G rdn @
Proof

Fix K,U as in the statement.

Apply the (K-U-V) Lemma to K,U to get Vj such that K ¢ V; ¢ V, c U.

Apply the lemma to K,V to get V] such that K C V] C VicVocVycU.

Next Goal: for every r € Q N [0, 1], construct V,. open with compact closure such that

s>r = V,cV,, Vs,reQn[0,1]

To Do So: set g =0, r1 =1, {r,, }ns2 a denumeration of Q N (0,1).
Construct, by induction, {V},},»2: for fixed n, suppose V,,...,V, | have been contructed such that

) P Tp—1

Tp>Tq = V_rpCV_rq,Vp,qE{O,...,n—l}

Let po € {0,...,n — 1} such that r,, is the largest rational less than 7.
Let o € {0,...,n — 1} such that r,, is the smallest rational greater than r,.

Tpo <7r,< Tq

Apply (K-U-V) Lemma to K'= V_qo and U' = V;,, to produce V,. such that

v

Tq0

cV, cV, cV,

thereby propagating the induction.
r onV,

Next: for any r € QN [0,1], let f,. :=7r-xy = o
! 0 outside
1 onV,

gri=r+ (1= T)XVT“ - {O outside

f(z) :=sup, f,(x)

g(z) = inf, g.(z)

IMAGE HERE - PROCESS ON REAL LINE

Claim: f(z) = g(2): Vr € Q n[0,1], fi(z) < g.(z) = f(x) = g(2).

By contradiction, if z is such that f(z) < g(z), then 3r < s two rationals such that f(x) <r < s < g(x).
Then f(z) <r = z ¢V, and g(z) >s = z € V,.

Since V, € V., this is a contradiction.

Bottom Line: f = g. Urysohn’s Lemma will be proved if f is continuous.

For all , f, = rxy, is lower semi-continuous and g, = 7+ (1 —r) Xy, is upper semi-continuous.

Then f = g is both upper and lower semi-continuous and, subsequently, continuous.

Let

Proof of (Target) Theorem

First, find compact sets in each V; (and apply Urysohn’s Lemma).

Vx € X, di such that x € V.

By (K-U-V) Lemma, with K = {z} and U = V;, AW, with compact closure such that = € W, ¢ W, C V.
By compactness of K, K C W, U--UW, .
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For each i, set K; := [J{W,, | W, € Vi} where K compact, K; € V; and K C Ui, K.
By Urysohn’s Lemma, let g; such that K; < g; < V,.

Now let hy(x) = g1(2), ha(z) = g2(2)(1 = g1(2)),. - -, hu(x) = gn(2)(1 = g1(2))-++(1 = gn-1(z)).
Then supp(h;) € supp(g;) € V; and h;, as the product of continuous functions, is continuous.
Finally

1= hi(z) = 1= gi(2) + ga(@)(1 = g1(2)) + -+ + [gn(2)(1 = g1(2))-+(1 = go1(2))]
i=1

=1-gi(z) + (1= 91(2))(ga2(z) + (1 = g2(2))(g3(x) + (1 = g5(x)))-++
=[] - a(2))
i=1

December 6, 2023

Definition: Nowhere Dense

Let (X, 7) be a topological space. _
A C X is nowhere dense in X if (4)° = @ (if and only if A contains no nonempty open sets).

Examples
In X = R with the standard topology.
N, Z, {z}, finite sets.

o Counter-examples
Q; Z equipped with the induced topology is not nowhere dense in Z.
Definition: First Category (Meagre / Maigre Sets)

A C X is of first category in X if A is a countable union of nowhere-dense sets in X.
Otherwise, it is called non-meagre in X or second category.
X is of first category if it’s of first category in itself.

Example

N, Z, Q are all first category in R.

Definition: Baire Space

X is a Baire space if countable intersections of open dense subsets in X are still dense.
Equivalently, if countable unions of closed, nowhere dense subsets is still nowhere dense.

Theorem: Baire Implies Second Category

If X is Baire, then it is second category.

Proof

By contrapositive. Suppose X of first category.
X = U, en Fn, Fn nowhere dense (i.e. (F,)° = @).

r=UpenFncX = 2=X"= (UneNFn)c = ﬂneN(F_n)c-
Take X = ((F,)") = (F,)".
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So (F,)¢ is open and dense, but ﬂneN(F_n)c = @ and X is not Baire.

Theorem: Baire Category Theorem

If X is locally compact Hausdorff (LCH) or a complete metric space, then X is Baire.

Proof: Locally Compact Hausdroff

Let O,, be open, and dense in X for each n. Show that (), O, is still dense.

Take z € X and V an open neighborhood of . What to show: (1,0, NV # @.

Since Oy is dense, V' N O is nonempty and open. Therefore, there exists V; open included in V' N O;.
Vi # @, so there exists x; S and V; open with compact closure such that x; € 1% Cf/l cW.
Repeat! Since Oy is dense, V; N Oy is open and nonempty, 3V, # @ open included in V; N Oa.

Then V; is closed in V; compact and, therefore, V; is compact. o

Vo<, 0nnV.

Construct a decreasing sequence of compact sets. By Hausdorff, @ # [, cy

Proof: Metric Space

Instead of using compact sets, use a nested sequence of metric balls with radius going to zero.
Take z € X, and V open neighborhood of X.

V N O; # @, open implies we can find an open ball B, (x1) in V N Oy where ry < 1.

B, (x1) is open, so by the density of Oy, B, (21) N Oy # @ is open.

Then there exists B,,(x2) C By, (1) N Og with 79 < %

Then construct a nested sequence B, (z,) € B,,  (2,-1) NO1 NN 0Oy, V0,1, < %
Since r,, = 0, x,, is Cauchy. Therefore it converges to some y € X.

y € B, (z,), Yn, hence y € (1,0, NV and [),,cy On is dense.

Consequence

R is a Baire space, as are R" and (C([0,1],R), || - ||c0)-

Theorem:

Let X be of second category, and let {f,}, C C(X,R) such that sup,, f,(z) < 00, Vz € X.
Then U € 7y and L € R such that f,(z) < L,Vz € U,Va.

Proof

By contradiction, let F,, = {z € X | fo(z) < n,Va}.

F,, is closed for every n since [, f;l((—oo, n]) is the arbitrary intersection of closed sets.
Vz € X, 3n, such that z € F,,_. Therefore, |, oy Fr = X.

If F,, is nowhere-dense for all n, then X is first category which is impossible.

So, 3n € N, 3U € 7x such that U € F,, (i.e. Vz € U, Va, fo(z) <n. A

Theorem:

There is no function f : R — R that is continuous at all rationals and discontinuous at all irrationals.
For reference, the ruler function

hiaS

r(z) =

Q= = O
8 8 8
1
Qs O @

is continuous at each x € R\ Q and discontinuous at any x € Q.
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Proof

Over a closed and bounded interval I € R, define the oscillation of f, w(f,I) := sup; f — inf; f.

We may also define w(f,z) := inf{w(f,I) | I closed and bounded interval, z € I°}.

Claim: f is continuous at z if and only if w(f,z) = 0.

Set U, := {:13 ER | w(f,z)< %} Claim: U, is open.

The continuity set of f, C(f) = {z | w(f,z) =0} = [),,en Un is the countable intersection of open sets.
If c(f) = Q, then Q = (,,ey Un-

So R\ Q = (Nyen Un)" = Unen Un-

Each U, is closed, and U, N Q = @ = U,, is nowhere-dense (if it contained an open interval, it would contain a

rational).
Therefore R \ Q is first category in R, but since Q is first category in R the union QUR \ Q = R is first category
which is a contradiction.
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