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Definition: Binary Operation

Let 𝑆 be a set. A binary operation on 𝑆 is a function 𝑓 ∶ 𝑆 × 𝑆 → 𝑆. We will almost never use 𝑓 for the binary
operation (𝑓(𝑠, 𝑡)).
The usual notation for binary operations is 𝑠 ∗ 𝑡.

Example

1. 𝑆 = R3
, de�ne 𝑓 ∶ 𝑆 × 𝑆 → 𝑆 as (𝑥⃗, 𝑦) ↝ 𝑥⃗ + 𝑦.

2. 𝑆 = R3
, de�ne 𝑆 × 𝑆

𝑓
→ 𝑆 as (𝑥⃗, 𝑦) ↝ 𝑥⃗ + 𝑦.

� Note that (𝑥⃗, 𝑦) ↝ 𝑥⃗ ⋅ 𝑦 is not a binary operation.

3. 𝑆 = Z as (𝑚,𝑛) ↦ 𝑚 ⋅ 𝑛.

4. 𝑆 = R3
as (𝑥⃗, 𝑦) ↝ 𝑥⃗+𝑦
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5. Let 𝑛 ≥ 1 be an interger and 𝑆 =𝑀𝑛×𝑛(R) = {𝑛 × 𝑛 real matricies}. Then (𝐴,𝐵) ↝ 𝐴𝐵.

Observations

Examples 1,3,5 are associative; examples 2,4 are not.
Examples 1-4 are commutative; example 5 commutes only when 𝑛 = 1.
0⃗ for example 1, 1 for example 3, and 𝐼𝑛 for example 5.

Q: What is a Group?

A group is a set equipped with a binary operation which satis�es three axioms.
Let ∗ be a binary operation on a set 𝑆.

1. Say ∗ is associative if ∀𝑎, 𝑏, 𝑐 ∈ 𝑆, (𝑎 ∗ 𝑏) ∗ 𝑐 = 𝑎 ∗ (𝑏 ∗ 𝑐).

2. Say ∗ is commutative if ∀𝑎, 𝑏 ∈ 𝑆, 𝑎 ∗ 𝑏 = 𝑏 ∗ 𝑎.

3. An element 𝑒 ∈ 𝑆 is a neutral element (with respect to ∗) if ∀𝑎 ∈ 𝑆, 𝑎 ∗ 𝑒 = 𝑎 = 𝑒 ∗ 𝑎.

� If there exists a neutral element, then it is unique.
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4. Suppose (𝑆,∗) has a neutral element 𝑒. Let 𝑎 ∈ 𝑆. Then 𝑏 ∈ 𝑆 is called an inverse of 𝑎 (with respect to ∗)
if 𝑎 ∗ 𝑏 = 𝑒 = 𝑏 ∗ 𝑎.

Definition: Group

A group is a set 𝐺 equipped with a binary operation ∗ such that

1. ∗ is associative.

2. ∗ has a neutral element 𝑒.

3. Every 𝑔 ∈ 𝐺 has an inverse.

If, in addition, ∗ is commutative, we say (𝐺,∗) is an abelian or commutative group.

Examples

(R3
,+) is a commutative group.

(R3
,×) has no neutral element.

(Z, ⋅) has no inverse (except ±1).
(R3

,mid) is not associative. (the midpoint)
(𝑀𝑛×𝑛(R), ⋅) has no inverse of 0𝑛×𝑛.
For 𝑛 ≥ 1, (R𝑛,+) and (C𝑛,+) are abelian groups.

Proof that the Neutral Element is unique.

Let 𝑒, 𝑒
′
be neutral eements. Then 𝑒

′
= 𝑒 ∗ 𝑒′ = 𝑒. ■

Proof that the Inverse is unique.

Left to the reader.

Definition: Subgroup

Let 𝐺 be a group, and let 𝐻 be a subset of 𝐺. We say that 𝐻 is a subgroup of 𝐺 if

1. ∀ℎ1, ℎ2 ∈ 𝐻, ℎ1 ∗ ℎ2 ∈ 𝐻.

2. 𝑒 ∈ 𝐻.

3. ∀ℎ ∈ 𝐻, ℎ
−1

∈ 𝐻.

Examples

Z𝑛 ⊆ R𝑛 is a subgroup (∗ = +).
𝐺 = {𝐴 ∈𝑀𝑛×𝑛 ∶ det(𝐴) ≠ 0}. Then (𝐺, ⋅) is a group.

� This is the General Linear Group on R: GL𝑛(R).

� Recall 𝐴
−1

=
1

det(𝐴) ((−1)
𝑖𝑡𝑗

det(𝑀𝛼𝑖
)).
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Definition: General Linear Subgroups

𝑆 = {𝐴 ∈ GL𝑛(R) ∶ 𝑎𝑖𝑗 ∈ Z, ∀1 ≤ 𝑖, 𝑗 ≤ 𝑛}.
𝑆 is closed under ⋅ and 𝐼𝑛 ∈ 𝑆, but for example

(1 2
3 4

)
−1

=
1

1 ⋅ 4 − 2 ⋅ 3
( 4 −2
−3 1

) = (−2 1
3
2

−1
2

)

so 𝑆 is not a subgroup.
However, 𝑇 = {𝐴 ∈ 𝑆 ∶ det(𝐴) = ±1} ⊆ GL𝑛(R).

� Note that if 𝐴𝐴
′
= 𝐼𝑛 then det(𝐴)det(𝐴′) = 1.

Definition: Additive Groups

For groups like Z𝑛, R𝑛 and C𝑛, we will use + for the binary operation and say that they are additive groups.
The Neutral Element is denoted as 0.
The inverse is denoted as −𝑔.
For 𝑚 ≥ 1 and 𝑔 ∈ 𝐺, 𝑚𝑔 = 𝑔 +

𝑚
⋯+ 𝑔 and (−𝑚)𝑔 = −(𝑚𝑔).

Definition: Multiplicative Groups

For groups like GL𝑛(C) or GL𝑛(Z), we say that the group is multiplicative.
Denote the neutral element as 1.
Denote the inverse of 𝑔 as 𝑔

−1
.

For 𝑚 ≥ 1, 𝑔
𝑚

= 𝑔
𝑚
⋯𝑔.

𝑔
0
= 1.

𝑔
−𝑚

= (𝑔𝑚)−1.

Definition: Group Element Order

Let 𝐺 be a group, 𝑔 ∈ 𝐺, and 𝑚 ≥ 1.
Say 𝑔 has order 𝑚 if 𝑔

𝑚
= 1 and 𝑔

𝑘
≠ 1, ∀𝑘 such that 1 ≤ 𝑘 ≤ 𝑚.

An element has in�nite order if 𝑔
𝑚

≠ 1, ∀𝑚 ∈ Z+
.

Examples

In 𝐷10, 𝐼2 has order 1, rotations have order 5 and re�ections have order 2.

Groups from Geometry

Pentagon

Consider the regular pentagon 𝑃 .

𝐻 = {𝑇 ∈ GL2(R) ∶ 𝑇 (𝑃 ) = 𝑃}.
This is the symmetry group of 𝑃 or 𝐷10 (sometimes 𝐷5)
𝐻 ≤ GL2(R).
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� Proof of closure.
Suppose 𝑇1, 𝑇2 ∈ 𝐻. Then 𝑇1(𝑃 ) = 𝑃 , 𝑇2(𝑃 ) = 𝑃 and (𝑇1 ◦ 𝑇2)(𝑃 ) = 𝑇1(𝑇2(𝑃 )) = 𝑇1(𝑃 ) = 𝑃 .
Therefore 𝐻 is closed under ◦.

� Proof of identity.
IdGL2

= 𝐼2 does satisfy 𝐼2(𝑃 ).

� Proof of inverse.
If 𝑇 ∈ 𝐻 (i.e. 𝑇 ∈ GL2(R) and 𝑇 (𝑃 ) = 𝑃 , apply 𝑇−1

and get 𝑇
−1(𝑇 (𝑃 )) = 𝑇−1(𝑃 ). Therefore 𝑃 = 𝑇

−1(𝑃 ).

Tetrahedron

Let 𝑋 be the regular tetrahedron and 𝐴 = {rotational symmetries of 𝑋}.

Then 𝐴 contains

� The identity: 1.

� 2 ⋅ 4 = 8 rotations by 120
◦
.

� 3 rotations of 180
◦
.

So we have a bijection 𝑟 ∶ {𝐵,𝑃,𝑊, 𝑌 } → {𝐵,𝑃,𝑊, 𝑌 } where

B

P

W

Y

B

P

W

Y

Definition: Symmetric Group

Let 𝑆 be a set (e.g. 𝐸 = {𝐵,𝑃,𝑊, 𝑌 }). The Symmetric Group Sym(𝐸) is the set of bijections 𝑓 ∶ 𝐸 → 𝐸 equipped
with the binary operation ◦ (composition).

October 3, 2023

Propositions: Symmetric Group

Let 𝑋 be a set.
When ∣𝑋∣ = 𝑛 denote the elements {1, 2, . . . , 𝑛}.
Sym(𝑋) = {𝑓 ∶ 𝑋 → 𝑋∣𝑓 is bijective}.
With ◦ (composition of functions) as a binary operation, Sym(𝑋) is a group.
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Symmetric Group Order

If ∣𝑋∣ = 𝑛, then ∣Sym(𝑋)∣ = 𝑛!

� Proof
Let 𝑋 = {1, 2, . . . , 𝑛}. A bijection 𝑓 consists of 𝑓(1), 𝑓(2), . . . , 𝑓(𝑛).
For 𝑓(1), we have 𝑛 choices; for 𝑓(2) we have 𝑛 − 1 choices. This continues until only 1 choice remains for
𝑓(𝑛).
Therefore the choices are (𝑛)(𝑛 − 1)⋯(1) = 𝑛!

Example

For the symmetric group on four letters {𝑎, 𝑏, 𝑐, 𝑑}, ∣Sym(4)∣ = 4! = 24

Definition: Cycles

Let 𝑥 = {1, . . . , 𝑛}, 𝑚 ≥ 1 be an integer and 𝑎1, 𝑎2, . . . , 𝑎𝑚 distinct elements in 𝑋.
Then the m-cycle denoted by (𝑎1 𝑎2 ⋯ 𝑎𝑚) is the element of Sym(𝑋) which maps 𝑎1 to 𝑎2, 𝑎2 to 𝑎3,. . . , 𝑎𝑚−1 to
𝑎𝑚, and 𝑎𝑚 to 𝑎1.

Example

Let 𝑛 = 7 and 𝑚 = 4. Then (2 7 1 3) is a bijection.

1

2

3

4

5

6

7

1

2

3

4

5

6

7

Degenerate Case

𝑚 = 1 gives Id𝑋 .

First Non-Degenerate Case

A transposition is, by de�nition a 2-cycle: (𝑎1 𝑎2).

Proposition: Symmetric Group as Cycle Composition

Every elenent in Sym(𝑋) is the product (using ◦) of m-cycles, where m can vary.

� Proof
Consider Sym(6).

1

2

3

4

5

6

1

2

3

4

5

6
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This gives a bijection 𝜋 = (1 4 2)(3 5)(6) which is the composition of cycles.
We say that this 𝜋 has cycle type 3 + 2 + 1.

� Cycle Type
If instead 𝜋 = (1 4 2)(3 5 6) then the cycle type is given as 3 + 3.

Finite Symmetric Groups

For 𝑛 = 2, Sym(𝑋) = {Id, (1 2)}.
This gives cylce types 1 + 1 and 2.
For 𝑛 = 3, Sym(𝑋) = {Id, (1 2), (1 3), (2 3), (1 2 3), (1 3 2)}.
This gives cycle types 1 + 1, 2 + 1 and 3.

Symmetric Group for Tetrahedron

For 𝑛 = 4 let 𝑋 = {𝐵,𝑃,𝑊, 𝑌 }.
Partitions of 𝑛 = 4 are

4 = 4 6 (𝐵 𝑃 𝑊 𝑌 ) ⋯ sign = −1

= 3 + 1 4 ⋅ 2 = 8 (𝑃 𝑊 𝑌 ) ⋯ sign = +1

= 2 + 2
(4
2
)
2

= 3 (𝐵 𝑃 )(𝑊 𝑌 ) (𝐵 𝑊 )(𝑃 𝑌 ) (𝐵 𝑌 )(𝑃 𝑊 ) sign = +1

= 2 + 1 + 1 (42) = 6 (𝐵 𝑃 ) (𝐵 𝑊 ) (𝐵 𝑌 ) (𝑃 𝑊 ) (𝑃 𝑌 ) (𝑊 𝑌 ) sign = −1

= 1 + 1 + 1 + 1 1 Id𝑋 sign = +1

Rotation Group for Tetrahedron

𝐴 = {Rotational Symmetries}
= {Id𝑋 , 8 3-cycles, 3 of type 2+2}

Note, from the sign, that 𝐴 ≤ Sym(4).

Symmetries Not in Rotation

Why, for example, is (𝐵 𝑃 ) not in the rotation group?
If it were, it should be possible to swap vertices and then undo the switch with only rotation.
However, the two tetrahedra are mirror images across a plane.
Observe that the right hand rule with respect to 𝑃 , 𝑊 and 𝑌 will give opposite, orthogonal vectors.

Rotation as a Subgroup of Symmetry

Q: Is 𝐴 a subgroup of Sym(4)?
Following the de�nition, it would be necessary to veryify

� Id ∈ 𝐴

� 𝐴 is closed under inverse.

� 𝐴 is closed under composition.
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Group Homomorphism

Let 𝐺 and 𝐻 be groups (whose binary operations are denoted by 𝑔1 ⋅ 𝑔2).
A (group) homomorphism from 𝐺 to 𝐻 is a function 𝜑 ∶ 𝐺→ 𝐻 such that

� 𝜑(𝑔1 ⋅
𝐺
𝑔2) = 𝜑(𝑔1) ⋅

𝐻
𝜑(𝑔2)

Properties of Group Homomorphism

1. 𝜑(1𝐺) = 1𝐻

2. 𝜑(𝑔−1) = [𝜑(𝑔)]−1, ∀𝑔 ∈ 𝐺

� Proof
By de�nition, 𝜑(1𝐺 ⋅ 1𝐺) = 𝜑(1𝐺) ⋅ 𝜑(1𝐺).
Letting 𝑒 = 𝜑(1𝐺), we get 𝑒 = 𝑒 ⋅ 𝑒.
By multiplying both sides by 𝑒

−1
, we get 1𝐻 = 𝑒.

Part two is left as an exercise.

Example 1

Let 𝑛 ≥ 1 and 𝐺 = GL𝑛(R) = {𝐴 ∈𝑀𝑛×𝑛(R)∣det(𝐴) ≠ 0}.
In particular, when 𝑛 = 1, GL1(R) = R∗

= {𝑟 ∈ R∣𝑟 ≠ 0} (with multiplication as the binary operation).
Then det ∶ 𝐺→ 𝐻 is a group homomorphism.
That is det(𝐴𝐵) = det(𝐴)det(𝐵) (as learned in MATH 21).

Example 2

Let 𝑛 ≥ 1, 𝐺 = Sym(𝑛), 𝐻 = GL𝑛(R).
Construct a group homomorphism 𝜌 ∶ 𝐺→ 𝐻.
Recall that a linear transformation 𝐴 ∈ 𝐻 is completely determined by 𝐴𝑒1, 𝐴𝑒2, . . . , 𝐴𝑒𝑛

where 𝑒1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
0
⋮
0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,. . . ,𝑒𝑛 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
⋮
1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

For 𝜋 ∈ 𝐺 = Sym(𝑛), 𝜌(𝜋) is the linear transformation that maps 𝑒𝑖 to 𝑒𝑗 whenever 𝜋 maps 𝑖 to 𝑗.
This is a surjective linear transformation on a vector space and, therefore, invertible.

� Example
For 𝑛 = 4 and 𝜋 = (2 3 4)

1

2

3

4

1

2

3

4

𝜌(𝜋)
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𝑒1
𝑒2
𝑒3
𝑒4

𝑒1
𝑒2
𝑒3
𝑒4

Therefore

𝜌(𝜋) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0
0 0 0 1
0 1 0 0
0 0 1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

– Is this a group homomorphism?
Let 𝜋1, 𝜋2 ∈ 𝐺 be arbitrary elements.
Need to show: 𝜌(𝜋1 ◦ 𝜋2) = 𝜌(𝜋1) ◦ 𝜌(𝜋2).
Both sides are linear transformations and, hence, determined by their actions on 𝑒𝑖 for 𝑖 = 1, . . . , 𝑛.

𝜌(𝜋1 ◦ 𝜋2)𝑒𝑖 = 𝑒𝜋(𝑖)
= 𝑒𝜋1(𝜋2(𝑖))

𝜌(𝜋1)(𝜌(𝜋2)𝑒𝑖) = 𝜌(𝜋1)(𝑒𝜋2(𝑖))

Composition of Group Homomorphisms

Let 𝐺, 𝐻 and 𝐾 be groups and 𝐺
𝜑
→ 𝐻 and 𝐻

𝜓
→ 𝐾 be homomorphisms.

Then the composite 𝜓 ◦ 𝜑 ∶ 𝐺→ 𝐾 is a group homomorphism.

Proof

Let 𝑔1, 𝑔2 ∈ 𝐺 be arbitrary.

(𝜓 ◦ 𝜑)(𝑔1𝑔2) = 𝜓(𝜑(𝑔1𝑔2)) by de�nition of ◦

= 𝜓(𝜑(𝑔1𝜑(𝑔2) since 𝜑 is a group homomorphism

= 𝜓(𝜑(𝑔1))𝜓(𝜑(𝑔2)) since 𝜓 is a group homomorphism

= (𝜓 ◦ 𝜑)(𝑔1) ◦ (𝜓 ◦ 𝜑)(𝑔2) by de�nition of ◦

Definition: Sign Homomorphism

Let 𝑛 ≥ 1 and 𝐺 = Sym(𝑛).
Ths sign homomorphism is the composition sign: 𝐺

𝜌
→ GL𝑛(R)

det
→ R∗

Sign of Symmetric Group

sign(sym(𝑛)) ⊆ {1,−1} ≤ R∗

� Lemma
Let 𝑎1, . . . , 𝑎𝑚 be distinct numbers between 1 and 𝑛.
Then (𝑎1 ⋯ 𝑎𝑚) is equal to (𝑎1 ⋯ 𝑎𝑚−1)(𝑎𝑚−1 𝑎𝑚).
This will be proven on homework.
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� Corollary
Any 𝑚 cycle is the composition of 𝑚 − 1 transpositions.
Namely, (𝑎1, . . . , 𝑎𝑚) = (𝑎1 𝑎2)(𝑎2 𝑎3)⋯(𝑎𝑚−1 𝑎𝑚).
Easily check: sign((𝑎𝑖 𝑎𝑖+1)) = −1.
Now any 𝑔 ∈ Sym(𝑛) allows a cycle decomposition.

Definition: Kernel of a Homomorphism

Let 𝐺
𝜑
→ 𝐻 be a group homomorphism.

The kernel of 𝜑 is ker(𝜑) ∶= {𝑔 ∈ 𝐺∣𝜑(𝑔) = 1𝐻}.

The Kernel is a Subgroup

Let 𝑔1, 𝑔2 ∈ ker(𝜑). Then

𝜑(𝑔1𝑔2) = 𝜑(𝑔1)𝜑(𝑔2) 𝜑 is a homomorphism

= 1𝐻1𝐻 𝑔1, 𝑔2 ∈ ker(𝜑)
= 1𝐻 𝑔1, 𝑔2 ∈ ker(𝜑)

Similarly, 1𝐺 ∈ ker(𝜑) and 𝑔−1 ∈ ker(𝜑) if 𝑔 ∈ ker(𝜑). ■

Definition: Alternating Group

Let 𝑋 be a set, ∣𝑋∣ = 𝑛 ≤ ∞.
The alternating group on 𝑋 is the Alt(𝑋) = ker(sign ∶ Sym(𝑋) → {±1}).

October 5, 2023

Definition: Group Action

Let 𝐺 be a group and 𝑋 a set.
A (left) action of 𝐺 on 𝑋 is a function 𝛼 ∶ 𝐺 ×𝑋 → 𝑋 which satis�es two conditions:

1. 𝛼(1𝐺, 𝑥) = 𝑥 for all 𝑥 ∈ 𝑋.

2. 𝛼(𝑔1, 𝛼(𝑔2, 𝑥)) = 𝛼(𝑔1𝑔2, 𝑥) for all 𝑔1, 𝑔2 ∈ 𝐺 and 𝑥 ∈ 𝑋.

Notation

Write 𝛼(𝑔, 𝑥) = 𝑔 ∗ 𝑥 = 𝑔 ⋅ 𝑥 = 𝑔𝑥.

Example A

Let 𝑋 be any set, and let 𝐺 = Sym(𝑋) = {𝑓 ∶ 𝑋 → 𝑋 bijections} where the group operation ◦ is the composition
of functions.
Then 𝐺 acts (on the left) on 𝑋 by 𝑓 ∗ 𝑥 =

def
𝑓(𝑥).

Then the features

1. Id𝑋(𝑥) = 𝑥, ∀𝑥 ∈ 𝑋

9



2. 𝑔1 ∗ (𝑔2 ∗ 𝑥) = (𝑔1 ◦ 𝑔2) ∗ 𝑥, ∀𝑔1, 𝑔2 ∈ 𝐺, ∀𝑥 ∈ 𝑋

� Or 𝑔1(𝑔2(𝑥)) = (𝑔1 ◦ 𝑔2)(𝑥)

are satis�ed.

Example B

Let 𝐺 = Sym({𝐵, 𝑃, 𝑊, 𝑌 }) which acts on 𝑋 = {𝐵, 𝑃, 𝑊, 𝑌 }.
If 𝐻 ≤ 𝐺, then 𝐻 acts on 𝑋 as well, de�ne ℎ ∗ 𝑥 = ℎ̇ ∗ 𝑥 (where ℎ̇ is regarded as in the alternating group of 𝐺).
In particular, Alt({𝐵, 𝑃, 𝑊, 𝑌 }) acts on 𝑋 by rotations.

Example C*

This example is not required for this class.
From complex Analysis we have the Riemann sphere P1(C) = C ∪ {∞}.

∞

Let 𝐺 = SL2(C).
De�ne 𝐺-action on 𝑋 = P1(C) by

(𝛼 𝛽
𝛾 𝛿

) 𝑧 ∶= 𝛼𝑧 + 𝛽

𝛾𝑧 + 𝛿
(∞ if 𝛾𝑧 + 𝛿 = 0)

This is called the Möbius group action on P1(C).
Exercise: show that 1. and 2. are satis�ed.

Definitions

Let 𝐺 act on 𝑋. (Say 𝑋 is a (left) 𝐺-set)

Stabilizer

Let 𝑥 ∈ 𝑋. The stabilizer of 𝑥 in 𝐺 is Stab𝐺(𝑥) = {𝑔 ∈ 𝐺∣𝑔 ∗ 𝑥 = 𝑥} ⊆ 𝐺.

� Example 1
Let 𝐺 be any group and 𝑋 a 𝐺-set.
Then for any 𝑥 ∈ 𝑋, Stab𝐺(𝑥) ≤ 𝐺.

– Proof

1. 1𝐺 ∈ Stab𝐺(𝑥) since, by de�nition, 1𝐺 ∗ 𝑥 = 𝑥.
Therefore the identity is present.

2. If 𝑔1, 𝑔2 ∈ Stab𝐺(𝑥) are such that 𝑔1∗𝑥 = 𝑥 and 𝑔2∗𝑥 = 𝑥, then (𝑔1𝑔2)∗𝑥 =
2nd Axiom

𝑔1∗ (𝑔2∗𝑥) =
𝑔1 ∗ 𝑥 = 𝑥.
Therefore the stabilizer is closed under composition.
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3. Say 𝑔 ∈ Stab𝐺(𝑥) and 𝑔 ∗ 𝑥 = 𝑥. Apply 𝑔
−1

to both sdies to get

𝑥 =
1st Axiom

1𝐺 ∗ 𝑥 = (𝑔−1𝑔) ∗ 𝑥 =
2nd Axiom

𝑔
−1

∗ (𝑔 ∗ 𝑥) = 𝑔−1 ∗ 𝑥

Therefore the stabilizer is closed under inverse.

� Example 2
Let 𝐺 = Alt({𝐵, 𝑃, 𝑊, 𝑌 }) and consider 𝐻 = Stab𝐺(𝑊 ) = {Id, (𝐵 𝑃 𝑌 ), (𝐵 𝑌 𝑃 ).
Fact: 𝐻 does not act transitively on 𝑋, since 𝑊 is �xed and no element 𝑔 ∈ 𝐻 satis�es 𝑔 ∗𝑊 = 𝐵.

Orbit

Let 𝑥 ∈ 𝑋. The 𝐺-orbit of 𝑥 in 𝑋 is 𝐺 ⋅ 𝑥 = {𝑔 ∗ 𝑥∣𝑔 ∈ 𝐺} ⊆ 𝑋.
Let 𝐺 act on 𝑋 and 𝑥, 𝑦 ∈ 𝑋. Either 𝐺 ⋅ 𝑥 = 𝐺 ⋅ 𝑌 or 𝐺 ⋅ 𝑥 ∩𝐺 ⋅ 𝑦 = ∅.
So 𝑋 is the disjoint union of 𝐺-orbits.
e.g. {𝐵, 𝑃, 𝑊, 𝑌 } = {𝑊}∐{𝐵, 𝑃, 𝑌 } gives the Stab𝐺(𝑊 )-orbits.

� Example 1
When 𝐺 = Alt(𝑋), for 𝑋 = {𝐵, 𝑃, 𝑊, 𝑌 }, there is only one orbit since ∀𝑥 ∈ 𝑋, 𝐺 ⋅ 𝑥 = 𝑋.

� Example 2
When 𝐺 = Stab𝐺(𝑊 ), for 𝑋 = {𝐵, 𝑃, 𝑊, 𝑌 }, then 𝐺 ⋅𝑊 = {𝑊} while

𝐺 ⋅𝐵 = {Id(𝐵), (𝐵 𝑃 𝑌 )(𝐵), (𝐵 𝑌 𝑃 )(𝐵)} = {𝐵, 𝑃, 𝑌 }
= 𝐺 ⋅ 𝑃 = {Id(𝑃 ), (𝐵 𝑃 𝑌 )(𝑃 ), (𝐵 𝑌 𝑃 )(𝑃 )} = {𝑃, 𝑌, 𝐵}
= 𝐺 ⋅ 𝑌

Transitivity

Say 𝐺 acts transitively on 𝑋 (or the action is transitive) if, for any pair 𝑥, 𝑦 ∈ 𝑋, there exists 𝑔 ∈ 𝐺 (depending
on 𝑥 and 𝑦) such that 𝑔 ∗ 𝑥 = 𝑦.

� Example
𝐺 = Alt({𝐵, 𝑃, 𝑊, 𝑌 }) ⟳ {𝐵, 𝑃, 𝑊, 𝑌 } is transitive.

– Proof
Let 𝑥, 𝑦 ∈ 𝑋 be arbitrary.
If 𝑥 = 𝑦, then take 𝑔 = Id𝑋 and we have 𝑔 ∗ 𝑥 = 𝑦.
Suppose 𝑥 ≠ 𝑦, then write 𝑋 = {𝑥, 𝑦, 𝑧, 𝑤} and take 𝑔 = (𝑥 𝑦)(𝑧 𝑤). We have 𝑔 ∗ 𝑥 = 𝑦.
e.g. 𝑥 = 𝑃 , 𝑦 = 𝑌 , 𝑧 = 𝐵 and 𝑤 =𝑊 gives 𝑔 = (𝑃 𝑌 )(𝐵 𝑊 ).

� Exercise *
This exercise is not required for the course.
Prove that SL2(C) acts transitively on P1(C).
Say P1(C) is a homogeneous space under SL2(C).
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Proposition: Group Action Gives Group Homomorphisms

(⟶) Let 𝐺 act on 𝑋. Then

1. For any 𝑔 ∈ 𝐺, the function 𝜋𝑔 ∶ 𝑋 → 𝑋 de�ned by 𝜋𝑔(𝑥) = 𝑔 ∗ 𝑥 is a bijection of 𝑋, hence 𝜋𝐺 ∈ Sym(𝑋).

2. The function 𝐺
𝜑
→ Sym(𝑋) given by 𝜑(𝑔) = 𝜋𝑔 is a group homomorphism.

Proof of 1

Need to show that 𝜋𝑔 is injective and surjective.
(Inj) Let 𝑥, 𝑦 ∈ 𝑋 and assume 𝜋𝑔(𝑥) = 𝜋𝑔(𝑦) (i.e. 𝑔 ∗ 𝑥 = 𝑔 ∗ 𝑦).

Apply 𝑔
−1∗ on both sides, such that 𝑥 = 𝑔

−1 ∗ (𝑔 ∗ 𝑥) = 𝑔−1 ∗ (𝑔 ∗ 𝑦) = 𝑦.
(Sur) Let 𝑥 ∈ 𝑋 be arbitrary. Need to �nd 𝑦 ∈ 𝑋 such that 𝜋𝑔(𝑦) = 𝑥.
Take 𝑦 = 𝑔

−1 ∗ 𝑥, and 𝜋𝑔(𝑦) = 𝑔 ∗ (𝑔−1 ∗ 𝑥) = 𝑥.

Proof of 2

Need to show that ∀𝑔1, 𝑔2 ∈ 𝐺, 𝜑(𝑔1𝑔2) = 𝜑(𝑔1)𝜑(𝑔2).
𝜑(𝑔1𝑔2) ∈ Sym(𝑋) is characterized by [𝜑(𝑔1𝑔2)](𝑥) = 𝜋𝑔1𝑔2(𝑥) = (𝑔1𝑔2) ∗ 𝑥.
On the other hand, 𝜑(𝑔1)𝜑(𝑔2) ∈ Sym(𝑋) is characterized by [𝜑(𝑔1)𝜑(𝑔2)](𝑥) = 𝜑(𝑔1)[𝜑(𝑔2)(𝑥)] = 𝑔1 ∗ (𝑔2 ∗ 𝑥).
By the second group action axiom, these must be the same.

Proposition: Group Homomorphism Admits Group Action

(⟵) Let 𝐺 𝜌
→ Sym(𝑋) be a group homomorphism.

Then, by letting 𝑔 ∗ 𝑥 = 𝜌(𝑔)(𝑥) ∈ 𝑋 we get a left 𝐺-action on 𝑋.

Proof

1. 1𝐺 ∗ 𝑥 = 𝜌(1𝐺)(𝑥) = Id𝑋(𝑥) = 𝑥.

2. Let 𝑔1, 𝑔2 ∈ 𝐺 and 𝑥 ∈ 𝑋. Then (𝑔1𝑔2) ∗ 𝑥 = [𝜌(𝑔1𝑔2)](𝑥) = [𝜌(𝑔1) ◦ 𝜌(𝑔2)](𝑥) = 𝜌(𝑔1)[𝜌(𝑔2)(𝑥)] =

𝑔1 ∗ (𝑔2 ∗ 𝑥).

Definition: Right Group Actions

Let 𝐺 be a group and 𝑋 be a set. A right 𝐺-action on 𝑋 is a function 𝛽 ∶ 𝑋 ×𝐺→ 𝑋 such that

1. 𝛽(𝑥, 1𝐺) = 𝑥, ∀𝑥 ∈ 𝑋.

2. 𝛽(𝑥, 𝑔1𝑔2) = 𝛽(𝛽(𝑥, 𝑔1), 𝑔2), ∀𝑔1, 𝑔2 ∈ 𝐺, ∀𝑥 ∈ 𝑋.

Notation

𝛽(𝑥, 𝑔) = 𝑥 ∗ 𝑔 = 𝑥 ⋅ 𝑔 = 𝑥𝑔

Remark

If 𝛼 ∶ 𝐺 ×𝑋 → 𝑋 is a left action, we get a right action 𝛽 ∶ 𝑋 ×𝐺→ 𝑋 by 𝛽(𝑥, 𝑔) = 𝛼(𝑔−1, 𝑥) and vice versa.
That is 𝑥 ∗ 𝑔 = 𝑔

−1 ∗ 𝑥.
Proof recommended as an exercise.
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Analogues

Stability, orbit and transitivty all have analogues which can be demonstrated by converting to left actions.

Definition: Cosets

Let 𝐻 ≤ 𝐺, and let 𝑋 = 𝐺.
We have left action 𝐻 ×𝑋 → 𝑋 and ℎ ∗ 𝑥 = ℎ𝑥 (taken in 𝐺).
As well as right action 𝑋 ×𝐻 → 𝑋 where 𝑥 ∗ ℎ = 𝑥ℎ.
A (left) 𝐻-coset is an orbit 𝑥𝐻 for some 𝑥 ∈ 𝑋.
A (right) 𝐻-coset is an orbit 𝐻𝑥 for some 𝑥 ∈ 𝑋.

Example

Let 𝐺 = Alt(4), 𝐻 = Stab𝐺(𝑊 ) = {Id, (𝐵 𝑃 𝑌 ), (𝐵 𝑌 𝑃 )}.

1. Take any 𝑥 ∈ 𝐻, 𝑥𝐻 = 𝐻.

2. Take 𝑥 = (𝐵 𝑃 )(𝑊 𝑌 ), and 𝑥𝐻 = {(𝐵 𝑃 )(𝑊 𝑌 ), (𝐵 𝑃 )(𝑊 𝑌 )(𝐵 𝑃 𝑌 ) = (𝑃 𝑊 𝑌 ), (𝐵 𝑃 )(𝑊 𝑌 )(𝐵 𝑌 𝑃 ) =
(𝐵 𝑊 𝑌 )}.

3. There are two more; what are they?

October 10, 2023

Cosets Revisited

Let 𝐺 be a group, 𝐻 ≤ 𝐺. Then a (left) 𝐻-coset in 𝐺 is a set of the form

𝑔𝐻 = {𝑔ℎ∣ℎ ∈ 𝐻}

, where 𝑔 ∈ 𝐺

Coset Space

𝐺/𝐻 is the set of 𝐻-cosets.

� Example
For 𝐺 = Alt(4), given 𝐶1 = 𝐻 = Stab𝐺(𝐵) = {1, (𝑃 𝑊 𝑌 ), (𝑃 𝑌 𝑊 )}, we have
𝐶2 = (𝐵 𝑃 𝑊 )𝐻 = {(𝐵 𝑃 𝑊 ), (𝐵 𝑃 )(𝑊 𝑌 ), (𝐵 𝑃 𝑌 )}
(𝐵 𝑃 𝑊 ) ◦ (𝑃 𝑊 𝑌 ) = (𝐵 𝑃 )(𝑊 𝑌 )

P

B

Y

W

B

W

Y

P

B

P

W

Y

(𝐵 𝑃 𝑊 ) ◦ (𝑃 𝑌 𝑊 ) = (𝐵 𝑃 𝑌 )
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B

Y

P

W

B

P

W

Y

𝐶3 = (𝐵 𝑊 𝑃 )𝐻 = {(𝐵 𝑊 𝑃 ), (𝐵 𝑊 𝑌 ), (𝐵 𝑊 )(𝑃 𝑌 )}
𝐶4 = (𝐵 𝑌 𝑃 )𝐻 = {(𝐵 𝑌 𝑃 ), (𝐵 𝑌 )(𝑃 𝑊 ), (𝐵 𝑌 𝑊 )}
Then 𝐺/𝐻 = {𝐶1, 𝐶2, 𝐶3, 𝐶4}.

– Q: What do the 3 elements in C3 have in common in geometric terms?
𝐶3 sends 𝐵 to 𝑊 .
Similarly, the cosets send 𝐵 to all other vertices (including to itself).

Definition: Transporter

Let 𝐺 be a group and 𝑋 a 𝐺-set.
For two points, 𝑥, 𝑦 ∈ 𝑋, the transporter Trsp𝐺(𝑥, 𝑦) = {𝑔 ∈ 𝐺∣𝑔𝑥 = 𝑦}.

Example

𝐺/𝐻 = {Trsp𝐺(𝐵,𝐵),Trsp𝐺(𝐵,𝑃 ),Trsp𝐺(𝐵,𝑊 ),Trsp𝐺(𝐵, 𝑌 )}

Note

When 𝑥 = 𝑦, we recover Trsp𝐺(𝑥, 𝑥) = Stab𝐺(𝑥).
For general 𝐺 and 𝐻, there may not be a nice geometric action associated with it.
But 𝐺/𝐻 is still a 𝐺-set since 𝑔

′(𝑔𝐻) = (𝑔′𝑔)𝐻.

Proposition (B)

Let 𝐻 ≤ 𝐺 be a subgroup and let 𝑔 ∈ 𝐺.

Then the map 𝐻
𝑓
→ 𝑔𝐻 de�ned by ℎ↦ 𝑓(ℎ) = 𝑔ℎ is a bijection.

Proof

(Surjective) Any element 𝑥 in 𝑔𝐻 is, by de�nition, of the form 𝑔ℎ for some ℎ ∈ 𝐻. So 𝑥 = 𝑓(ℎ).
(Injective) Say ℎ1, ℎ2 ∈ 𝐻 satisfy 𝑓(ℎ1) = 𝑓(ℎ2). That is 𝑔ℎ1 = 𝑔ℎ2. Multiplying 𝑔

−1
on the left, we get ℎ1 = ℎ2.

Proposition (C)

Let 𝐺 act on 𝑋, 𝑥 ∈ 𝑋, and 𝑔 ∈ 𝐺.
Take 𝑦 ∶= 𝑔𝑥 and 𝐻 = Stab𝐺(𝑥). Then 𝑔𝐻 = Trsp𝐺(𝑥, 𝑦).

Proof

(⊆) Let 𝑔ℎ ∈ 𝑔𝐻 be arbitrary. Then

(𝑔ℎ) ∗ 𝑥 =
Axiom 2

𝑔 ∗ (ℎ ∗ 𝑥) =
ℎ∈Stab𝐺(𝑥)

𝑔 ∗ 𝑥 =
𝑦=𝑔∗𝑥

𝑦

Therefore 𝑔ℎ ∈ Trsp𝐺(𝑥, 𝑦).
(⊇) Suppose 𝑔′ ∈ Trsp𝐺(𝑥, 𝑦). Consider 𝑔−1𝑔′. Then
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(𝑔−1𝑔′) ∗ 𝑥 = 𝑔
−1

∗ (𝑔′ ∗ 𝑥) =
𝑔′∈Trsp𝐺(𝑥,𝑦)

𝑔
−1(𝑦) = 𝑥

Therefore (𝑔−1𝑔′) ∈ Stab𝐺(𝑥). Setting 𝑔−1𝑔′ ∶= ℎ, so 𝑔′ = 𝑔ℎ ∈ 𝑔𝐻.

Theorem: Orbit-Stabilizer Theorem (OST)

Let 𝐺 act transitively on a set 𝑋 (so that there is only one orbit in 𝑋, namely 𝑋 itself).
If ∣𝐺∣ < ∞, then for any 𝑥 ∈ 𝑋 we have

∣𝑋∣ ⋅ ∣Stab𝐺(𝑥)∣ = ∣𝐺∣

Proof

Let us count ∣𝐺∣ by partitioning 𝐺 into transporters.

𝐺 = ∐
𝑦∈𝑋

Trsp𝐺(𝑥, 𝑦)

Therefore

∣𝐺∣ = ∑
𝑦∈𝑋

∣Trsp𝐺(𝑥, 𝑦)∣ =
𝐵+𝐶

∑
𝑦∈𝑋

∣Stab𝐺(𝑥)∣ = ∣𝑋∣∣Stab𝐺(𝑥)∣ ■

Theorem: Lagrange’s Theorem

If 𝐺 is a �nite group and 𝐻 ≤ 𝐺, then ∣𝐺∣ = ∣𝐻∣ ⋅ ∣𝐺/𝐻∣.

Proof (Sketch)

Apply the Orbit-Stabilizer Theorem to 𝑋 = 𝐺/𝐻.
This action is transitive as 𝑔(1𝐻) = 𝑔𝐻.
Note 𝑔𝐻 = 𝐻 ⟺ 𝑔 ∈ 𝐻 and 𝑔1 ∈ 𝐻.
Therefore Stab𝐺(1𝐻) = {𝑔 ∈ 𝐺 ∣ 𝑔(1𝐻) = 1𝐻} = 𝐻.

Corollary

If 𝐻 ≤ 𝐺 and ∣𝐺∣ < ∞, then ∣𝐻∣ ∣ ∣𝐺∣.
The converse is not true. No subgroup of order 6 in Alt(4) (where ∣Alt(4)∣ = 12).

Definition: Conjugate

Let 𝐺 be a group, 𝐻 ≤ 𝐺, 𝑔 ∈ 𝐺.

1. For 𝑥 ∈ 𝐺 the 𝑔-conjugate of 𝑥 is 𝑔𝑥𝑔
−1

=
𝑔
𝑥.

2. The 𝑔-conjugate of 𝐻 is 𝑔𝐻𝑔
−1

=
𝑔
𝐻 = {𝑔𝑥𝑔−1 ∣ 𝑥 ∈ 𝐻}.
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Example

Let 𝐺 = Alt(4) and 𝐻 = Stab𝐺(𝐵) = {1, (𝑃 𝑊 𝑌 ), (𝑃 𝑌 𝑊 )}. Then, for 𝑔 = (𝐵 𝑌 𝑃 )

𝑔𝐻𝑔
−1

= {1, (𝐵 𝑊 𝑃 ), (𝐵 𝑃 𝑊 )} = Stab𝐺(𝑌 )

(𝐵 𝑌 𝑃 )1(𝐵 𝑃 𝑌 ) = 1
(𝐵 𝑌 𝑃 )(𝑃 𝑊 𝑌 )(𝐵 𝑃 𝑌 ) = (𝐵 𝑊 𝑃 )

W

B

P

Y

W

P

Y

B

P

Y

W

B

B

P

W

Y

� Note: Shortcut
(𝑔𝑥𝑔−1)−1 = (𝑔−1)−1𝑥−1𝑔−1 = 𝑔𝑥−1𝑔−1.
Applying this to 𝑔 = (𝐵 𝑌 𝑃 ) with 𝑥 = (𝑃 𝑊 𝑌 )
Therefore, from the previous calculation, 𝑔𝑥

−1
𝑔
−1

= (𝑔𝑥𝑔−1)−1 = (𝐵 𝑃 𝑊 ).

Proposition: Geometric Meaning of Conjugate

Let 𝐺 act on a set 𝑋, 𝑥 ∈ 𝑋, 𝑔 ∈ 𝐺, and de�ne 𝑦 ∶= 𝑔 ∗ 𝑥.
Then for 𝐻 = Stab𝐺(𝑥), we have

𝑔𝐻𝑔
−1

= Stab𝐺(𝑦)

That is, the conjugate of a stabilizer is a stabilizer.

Proof

(⊆) Let 𝑔ℎ𝑔−1 ∈ 𝑔𝐻𝑔−1 be arbitrary.
Then

(𝑔ℎ𝑔−1) ∗ 𝑦 = 𝑔 ∗ (ℎ ∗ (𝑔−1 ∗ 𝑦)) = 𝑔 ∗ (ℎ ∗ 𝑥) = 𝑔 ∗ 𝑥 = 𝑦

Therefore 𝑔ℎ𝑔
−1

⊆ Stab𝐺(𝑦).
(⊇) Let 𝑔′ ∈ Stab𝐺(𝑦) be arbitrary.
Consider 𝑔

−1
𝑔
′
𝑔. Then

(𝑔−1𝑔′𝑔) ∗ 𝑥 = 𝑔
−1

∗ (𝑔′ ∗ (𝑔 ∗ 𝑥)) = 𝑔−1 ∗ (𝑔′ ∗ 𝑦) = 𝑔−1 ∗ 𝑦 = 𝑥

Therefore ℎ ∶= 𝑔−1𝑔′𝑔 ∈ 𝐻. Then by multiplying 𝑔 on the left and 𝑔
−1

on the right, we get

𝑔
′
= 𝑔ℎ𝑔

−1
∈ 𝑔𝐻𝑔

−1

Orbit-Stablizer Theorem and Lagrange

1. If 𝐺 acts transitively on 𝑋, then all the stabilizers have the same cardinality because they are all conjugates.
So the Orbit-Stabilizer Theorem is consistent.

2. If 𝑋 = 𝐺/𝐻, then Stab𝐺(1𝐻) = 𝐻. What about Stab𝐺(𝑔𝐻) = 𝑔𝐻𝑔−1?
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October 12, 2023

Recall: Conjugate

ℎ ∈ 𝐺, 𝐻 ≤ 𝐺, 𝑔 ∈ 𝐺
The conjugates 𝑔ℎ𝑔

−1
=
𝑔
ℎ, 𝑔𝐻𝑔

−1
= {𝑔ℎ𝑔−1 ∣ ℎ ∈ 𝐻}.

Meaning

If 𝐺 acts on 𝑋, 𝑥 ∈ 𝑋, 𝑔 ∈ 𝐺, 𝑔 ∗ 𝑥 =∶ 𝑦, 𝐻 = Stab𝐺(𝑥), then 𝑔𝐻𝑔−1 = Stab𝐺(𝑦).

� Example
𝐺 = Alt(4), 𝑥 = 𝐵, 𝐻 = {1, (𝑃 𝑊 𝑌 ), (𝑃 𝑌 𝑊 )}, 𝑔 = (𝐵 𝑃 )(𝑌 𝑊 )
gives 𝑔𝐻𝑔

−1
= Stab𝐺(𝑃 ) = {1, (𝐵 𝑊 𝑌 ), (𝐵 𝑌 𝑊 )}.

Definition: Cyclic Subgroup

The cyclic subgroup generated by 𝑔 is given as ⟨𝑔⟩ = {𝑔𝑛 ∣ 𝑛 ∈ Z} = {. . . , 𝑔−2, 𝑔−1, 1, 𝑔, 𝑔1, 𝑔2, . . .}.

Definition: Normal Subgroup

Let 𝐻 ≤ 𝐺.
Say 𝐻 is normal in 𝐺 and write 𝐻 ⊴ 𝐺 if for all 𝑔 ∈ 𝐺, 𝑔𝐻𝑔

−1
= 𝐻.

Equivalently, 𝑔𝐻 = 𝐻𝑔 for all 𝑔 ∈ 𝐺.

Trivial Example

If 𝐻 = {1} ir 𝐻 = 𝐺, then 𝐻 ⊴ 𝐺.

Example 1: Non-Normal Subgroup

𝐺 = Alt(4), 𝐻 = Stab𝐺(𝐵) is not normal.

Example 2: Alternating Group

Consider 𝐺 = Alt(4), 𝑋 = {𝑥1, 𝑥2, 𝑥3}, 𝐻 = Stab𝐺(𝑥1).

𝑥1

Then we have the following facts.

� First: Transitivity
𝐺 acts transitively.

� Second: Order of H
By the Orbit-Stabilizer Theorem,

∣𝐻∣∣𝑋∣ = ∣𝐺∣ ⟹ ∣𝐻∣ ⋅ 3 = 12 ⟹ ∣𝐻∣ = 4
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� Third: Description of G
We know

𝐺 = {1,( 8
3-cycles),(

3
2 + 2-cycles)}

� Q: Can a 3-cycle belong to H?
A: No. Lagrange's Theorem.
Suppose a 3-cycle 𝑔 ∈ 𝐻. Then the cyclic subgroup ⟨𝑔⟩ = {1, 𝑔, 𝑔2}, but ⟨𝑔⟩ ≤ 𝐻 and 3 ∤ 4.

� Fourth: Description of H

By Lagrange's Theorem, 𝐻 ⊆ {1, ( 3
2+2-cycles

)} ⟹ 𝐻 = {1, ( 3
2+2-cycles

)}.

� Fifth: H is a Normal Subgroup
Run the argument with 𝑥1 replaced with 𝑥2, then Stab𝐺(𝑥2) = 𝐻 = Stab𝐺(𝑥3).
Therefore, 𝐻 ⊴ 𝐺.

Example 3: Non-Normal

From Homework 1, P1(1), 𝐻 = {𝐴 ∈ SL2C ∣ 𝐴�
𝐴 = 𝐼2} is not normal.

P1(2), 𝑆 = {𝐴 = 𝐴
�} ≰ 𝐺.

Example 4: SL As Kernel

SL𝑛(R) = ker(det ∣ GL𝑛(R) → R×) ⊴ GL𝑛(R)

Example 5: Alternating Group As Kernel

Alt(𝑛) = ker(sign ∣ Sym(𝑛) → {±1}) ⊴ Sym(𝑛)

� Proof
Let 𝑔 ∈ 𝐺 and 𝑘 ∈ 𝐾 be arbitrary.
We need to show that 𝑔𝑘𝑔

−1
∈ 𝐾.

𝜑(𝑔𝑘𝑔−1) =
𝜑 homomorphism

𝜑(𝑔)𝜑(𝑘)𝜑(𝑔−1) =
𝑘∈𝐾

𝜑(𝑔)[𝜑(𝑔)]−1 = 1𝐻 .

Exercise 1

StabAlt(4)(1 of the 6 edges) ?
⊴ Alt(4).

Exercise 2

Can you have a subset closed under conjugation?
On Homework 2 we will examine conjugate classes.

Theorem: Quotient Group

Let 𝑁 ⊴ 𝐺. Then on 𝐺/𝑁 , we have a structure of a group, the quotient group, with the binary operation
𝑔1𝑁 ∗ 𝑔2𝑁 ∶= (𝑔1𝑔2)𝑁 .
The identity element 1𝑁 = 𝑁 .
The inverse (𝑔𝑁)−1 = 𝑔−1𝑁 .
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Proof

The main di�culty is in demonstrating that ∗ is well-de�ned.
That is, if 𝑔

′
1, 𝑔

′
2 are other elements such that (1) 𝑔

′
1𝑁 = 𝑔1𝑁 and (2) 𝑔

′
2 = 𝑔2𝑁 , then we need to show that

(𝑔1𝑔2)𝑁 = (𝑔′1𝑔′2)𝑁 .
But (1) means that 𝑔

′
1 = 𝑔1𝑛1 for some 𝑛1 ∈ 𝑁 , while (2) similarly means 𝑔

′
2 = 𝑔2𝑛2 for 𝑛2 ∈ 𝑁 .

It follows that 𝑔
′
1𝑔

′
2 = 𝑔1𝑛1𝑔2𝑛2.

Recall that 𝑁 ⊴ 𝐺 implies 𝑁𝑔2 = 𝑔2𝑁 , so 𝑛1𝑔2 = 𝑔2𝑛3 for some 𝑛3 ∈ 𝑁 .
Therefore 𝑔1𝑛1𝑔2𝑛2 = 𝑔1𝑔2𝑛3𝑛2 ∈ 𝑁 .
Finally, multiplying 𝑁 on the right side gives (𝑔1𝑔2)𝑁 = (𝑔′1𝑔′2)𝑁 .

� Associativity
Proof of associativity is left as an exercise.

Remark

If 𝐻 ≤ 𝐺 and 𝑔1𝐻 ∗ 𝑔2𝐻 =
def
𝑔1𝑔2𝐻 de�nes (well) a group, then 𝐻 ⊴ 𝐺.

Proposition: Kernal Is Normal

Let 𝐺
𝜑
→ 𝐻 be a group homomorphism, then 𝐾 ∶= ker(𝜑) = {𝑔 ∈ 𝐺 ∣ 𝜑(𝑔) = 1𝐻} is a normal subgroup of 𝐺.

Proposition: Abelian Subgroups are Normal

If 𝐺 is abelian, and 𝐻 ≤ 𝐺, then 𝐻 ⊴ 𝐺.

Proof

𝑔ℎ𝑔
−1

= ℎ

Proposition: Subgroup of Index 2

Let 𝐻 ≤ 𝐺 of index 2 (i.e. [𝐺 ∶ 𝐻] = ∣𝐺/𝐻∣ = 2), then 𝐻 ⊴ 𝐺.

Proof

Let 𝑔 ∈ 𝐺 be arbitrary.
Need to show that o𝑔𝐻𝑔

−1
= 𝐻 or, equivalently, 𝑔𝐻 = 𝐻𝑔.

If 𝑔 ∈ 𝐻, there is nothing to prove. So assume 𝑔 /∈ 𝐻.
But both 𝑔𝐻 and 𝐻𝑔 are the (set) complement of 𝐻 in 𝐺.

𝐺

𝐻 rest

� Example
Alt(𝑛) ⊴ Sym(𝑛)
If 𝑛 = 1, there is nothing to prove.

If 𝑛 ≥ 2, then ∣Alt(𝑛)∣ = 𝑛!
2
=

∣Sym(𝑛)∣
2

.
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Definition: Simple Group

A group 𝐺 is simple if 𝐺 has exactly 2 normal subgroups, namely {1} ≠ 𝐺.

Non-Example

𝐺 = Alt(4) ⊵ 𝐻 = Stab𝐺(𝑥1), 𝐻 ≠ {1} or 𝐺
So 𝐺 is not simple.

Proposition: Group of Prime Order

Let 𝑝 be a prime number.
Any group 𝐺 of order 𝑝 is both cyclic and simple.
Z/𝑝Z = {0, 1, 2, . . . , 𝑝 − 1} with +.

� Proof
Suppose 𝑔 ∈ 𝐺 is not the identity.
Form ⟨𝑔⟩ = {𝑔𝑛 ∣ 𝑛 ∈ Z} =∶ 𝐻 ≤ 𝐺.
By Lagrange's Theorem, ∣𝐻∣∣𝐺∣ = 𝑝. Since the only positive divisors of 𝑝 are 1 and 𝑝, ⟨𝑔⟩ = 𝐻 = 𝐺 for any
𝑔 ≠ 1𝐺.
If 𝐻 ≤ 𝐺 is any normal subgroup, ∣𝐻∣ ∣ ∣𝐺∣ so 𝐻 = {1} or 𝐻 = 𝐺.

Remarks*

For all 𝑛 ≥ 5, Alt(𝑛) is a simple group.
This may be asked as a homework exercise.
If 𝑝 ≥ 5 is a prime, then SL2(F𝑝)/{±𝐼2} is a simple group.
Relatedly, if 𝑛 ≥ 4 then SL𝑛(F𝑝)/𝑍(SL𝑛(F𝑝)) is simple.
The point is that there are in�nitely many �nite simple groups.
Circa 1980, classi�cation of �nite simple groups was announced.
Requires ∼ 10

4
pages (not everyone has been convinced).

Definition: Center

Let 𝐺 be a group.
The center 𝑍(𝐺) = {𝑧 ∈ 𝐺 ∣ 𝑧𝑔 = 𝑔𝑧, ∀𝑔 ∈ 𝐺} is a normal subgroup (𝑔𝑧𝑔

−1
= 𝑧,∀𝑔, 𝑧).

More Group Action Terminology

Let 𝐺 act on a set 𝑋.
Recall that this corresponds to a group homomorphism 𝐺

𝜌
→ Sym(𝑥).

Definition: Faithful

Say the action is faifthful if ker(𝜌) = {1𝐺}.
∀𝑔 ∈ 𝐺 ∶ 𝑔𝑥 = 𝑥, ∀𝑥 ∈ 𝑋 ⟹ 𝑔 = 1𝐺

Definition: Free

Say the action is free if ∀𝑔 ∈ 𝐺, ∀𝑥 ∈ 𝑋, 𝑔𝑥 = 𝑥 ⟹ 𝑔 = 1𝐺.
Stab𝐺(𝑥) = {1𝐺}, ∀𝑥 ∈ 𝑋
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Example 1

Let 𝐺 act on 𝑋 = 𝐺 by left multiplication. Then this is free.

Example 2

𝐺 = Alt(4)
𝑋1 = {𝐵,𝑃,𝑊, 𝑌 } is faifthful but not free.
𝑋2 = {6 edges} is faifthful but not free.
𝑋3 = {3 strings} is not faithful.

October 17, 2023

Recall: Normal Subgroup

A subgroup 𝑁 ≤ 𝐺 is normal & 𝑁 ⊴𝐺, if 𝑔𝑁𝑔
−1

= 𝑁 for all 𝑔 ∈ 𝐺.

Notation

𝐺
𝜋

⟶ 𝐺/𝑁
𝑔 ↦ 𝑔𝑁

Recall: Quotient Group

We have constructed, for 𝑁 ⊴ 𝐺, the quotient group 𝐺/𝑁 , with 𝑔1𝑁 ∗ 𝑔2𝑁 = 𝑔1𝑔2𝑁 .

Definition: Group Homomorphisms

For groups 𝐺,𝐾, Hom(𝐺,𝐾) = {𝐺→ 𝐾 ∣ group homomorphisms}.

Theorem: Universal Mapping Property of the Quotient Group

Let 𝐻 be any group.

Part 1

For any group homomorphism 𝑓 ∶ 𝐺/𝑁 → 𝐻, by composing, we get a homomorphism

𝑓 ◦ 𝜋 = 𝑓 ∶ 𝐺
𝜋

⟶ 𝐺/𝑁 𝑓
⟶ 𝐻

such that 𝑓(𝑁) = {1𝐻}.

� Proof
Let 𝑓 ∈ Hom(𝐺/𝑁,𝐻) and 𝑓 ∶= 𝑓 ◦ 𝜋 ∈ Hom(𝐺,𝐻).
Then

𝑓(𝑛) = 𝑓(𝜋(𝑛)) = 𝑓(𝑛𝑁) = 𝑓(𝑁) =
𝑁∈𝐺/𝑁 is the identity

1𝐻

Part 2

Conversely, for any group homomorphism 𝑓 ∶ 𝐺 → 𝐻 such that 𝑓(𝑁) = {1𝐻} we get a unique homomorphism
𝑓 ∶ 𝐺/𝑁 → 𝐻 such that 𝑓 = 𝑓 ◦ 𝜋.
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� Proof

– Well De�ned
Let 𝑓 ∈ Hom(𝐺,𝐻) satisfy 𝑓(𝑁) = {1𝐻}.
De�ne 𝑓(𝑔𝑁) = 𝑓(𝑔) for every 𝑔 ∈ 𝐺.
Need to Show: If 𝑔1𝑁 = 𝑔2𝑁 , then 𝑓(𝑔1) = 𝑓(𝑔2).
But 𝑔1𝑁 = 𝑔2𝑁 implies, since 𝑔11𝐺 ∈ 𝑔1𝑁 , that 𝑔1 = 𝑔2𝑛 for some 𝑛 ∈ 𝑁 .
Since 𝑓 is a group homomorphism, we have

𝑓(𝑔1) = 𝑓(𝑔2)𝑓(𝑛) =
𝑓(𝑁)={1𝐻}

𝑓(𝑔2)1𝐻 = 𝑓(𝑔2)

– Homomorphism
𝑓 is a homomorphism since for any 𝑔1𝑁1, 𝑔2𝑁2 ∈ 𝐺/𝑁 , we have

𝑓(𝑔1𝑁 ∗ 𝑔2𝑁) =
definition of ∗

𝑓(𝑔1𝑔2𝑁) =

definition of 𝑓
𝑓(𝑔1𝑔2) =

𝑓 is homomorphism
𝑓(𝑔1)𝑓(𝑔2) =

definition of 𝑓
𝑓(𝑔1𝑁)𝑓(𝑔2𝑁)

– Uniqueness
Suppose 𝑙 ∈ Hom(𝐺/𝑁,𝐻) is any element satisfying 𝑓 = 𝑙 ◦ 𝜋.
Then for any 𝑔 ∈ 𝐺, we have

𝑓(𝑔𝑁) = 𝑓(𝑔) = 𝑙(𝜋(𝑔)) = 𝑙(𝑔𝑁)

Therefore 𝑓 = 𝑙.

Rephrase: Universal Mapping Property of Quotient Group

Hom(𝐺/𝑁,𝐻)
1
⇄
2
{𝑓 ∈ Hom(𝐺,𝐻) ∣ 𝑓(𝑁) = {1𝐻}}

Equivalently, 𝑓(𝑁) = {1𝐻} ⟺ 𝑁 ≤ ker(𝑓).
Note: 𝑓(𝑁) = {1𝐻} ⟺ 𝑁 ⊆ 𝑓

−1({1𝐻}) = ker(𝑓)

Loosely: Universal Mapping Property of Quotient Group

Giving a homomorphism 𝐺/𝑁 → 𝐻 is the same as giving a homomorphism 𝐺→ 𝐻 that kills 𝑁 .

Definition: Group Generators

Let 𝐺 be a group and let 𝑆 ⊆ 𝐺.

Definition: Word

A word in 𝑆 of length 𝑙 ≥ 1 is an expression 𝑥1𝑥2⋯𝑥𝑙 where 𝑥𝑖 ∈ {𝑠, 𝑠−1} for some 𝑠 ∈ 𝑆 and 𝑖 = 1, . . . , 𝑙.
The word of length zero is, by convention, 1𝐺.

Definition: Generated Subgroup

The subgroup generated by 𝑆, ⟨𝑆⟩ is the subset of 𝐺 consisting of all the words in 𝑆 of all possible lengths.
Fact: ⟨𝑆⟩ ≤ 𝐺.

� Example
𝑆 = {𝐴,𝐶, 𝐼, 𝑇, 𝐿} .
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One word in 𝑆 of length 3 is 𝐶𝐴
−1
𝑇 .

Inverse: (𝐶𝐴−1
𝑇 ) = 𝑇−1

𝐴𝐶
−1
.

Composition: 𝐶𝐴
−1
𝑇 ∗ 𝑇−1

𝐴
−1
𝐼𝐿 = 𝐶𝐴

−1
𝑇𝑇

−1
𝐴

−1
𝐼𝐿 = 𝐶𝐴

−2
𝐼𝐿. (Note that, strictly, 𝐴

−2 /∈ 𝑆 but rather
𝐴

−2
≡ 𝐴

−1
𝐴

−1
).

Common Usage

We usually do not use the bare de�nition to describe what ⟨𝑆⟩.

� Example
Let 𝐺 = Sym(𝑛) and let 𝑆 = {transpositions (𝑎 𝑏) ∣ 1 ≤ 𝑎 < 𝑏 ≤ 𝑛}.
Then ⟨𝑆⟩ = 𝐺.

– Proof
Step 1: Any 𝜋 ∈ 𝐺 has a cycle decomposition. So 𝜋 = 𝛾1𝛾2⋯𝛾𝑘, where 𝛾𝑖 is an 𝑙𝑖-cycle for some 𝑙𝑖 ≥ 1.

Step 2: If 𝛾 is an 𝑙-cycle, 𝑙 ≥ 2, say 𝛾 = (𝑎1 𝑎2 ⋯ 𝑎𝑙), then 𝛾
HW1
= (𝑎1 𝑎2)(𝑎2 𝑎3)⋯(𝑎𝑙−1 𝑎𝑙).

Definition: Commutator

A commutator in 𝐺 is an element of the form [𝑔, ℎ] ∶= 𝑔ℎ𝑔−1ℎ−1 for some 𝑔, ℎ ∈ 𝐺.

Definition: Commutator Subgroup

The commutator subgroup (or derived subgroup) 𝐷(𝐺) (sometimes [𝐺,𝐺]) is the subgroup of 𝐺 generated by all
the commutators.
That is, a typical element in 𝐷(𝐺) is 𝐶1𝐶2⋯𝐶𝑙 where 𝐶𝑖 = [𝑔𝑖, ℎ𝑖] for some 𝑔𝑖, ℎ𝑖 ∈ 𝐺,∀𝑖.
Note that [𝑔, ℎ]−1 = (𝑔ℎ𝑔−1ℎ−1)−1 = ℎ𝑔ℎ−1𝑔−1 = [ℎ, 𝑔].

Proposition: Commutator Subgroup Is Normal

𝐷(𝐺) ⊴𝐺.

Lemma:

Let 𝑔0 ∈ 𝐺 be �xed.
The map 𝐺 → 𝐺 de�ned as 𝑔 ↦ 𝑔0𝑔𝑔

−1
0 � called the inner homomorphism and denoted Int(𝑔0) � is a group

homormorphism.

� Proof

Int(𝑔0)(𝑔1𝑔2) = 𝑔0𝑔1𝑔2𝑔−10 = 𝑔0𝑔1𝑔
−1
0 𝑔0𝑔2𝑔

1
0 = [Int(𝑔0)(𝑔1)][Int(𝑔0)(𝑔2)]

Proof

Let 𝑔0 ∈ 𝐺 and 𝐶1⋯𝐶𝑙 ∈ 𝐷(𝐺) be arbitrary.

𝑔0(𝐶1⋯𝐶𝑙)𝑔−10 = Int(𝑔0)(𝐶1⋯𝐶𝑙) = =
lemma

[Int(𝑔0)(𝐶1)]⋯ [Int(𝑔0)(𝐶𝑙)]

It su�ces to prove that Int(𝑔0)(𝐶) is a commutator for any commutator 𝐶.

Int(𝑔0)(𝐶) = Int(𝑔0)(𝑔ℎ𝑔−1ℎ−1) = [Int(𝑔0)(𝑔), Int(𝑔0)(ℎ)] ■
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Definition: Abelianization

The quotient group 𝐺/𝐷(𝐺) is called the Abelianization 𝐺
ab

of 𝐺.

Property: Commutativity

𝐺
ab

is commutative.

� Proof
Let 𝐷 = 𝐷(𝐺) and let 𝑔𝐷, ℎ𝐷 ∈ 𝐺

ab
be arbitrary.

Then

[𝑔𝐷, ℎ𝐷] = (𝑔𝐷)(ℎ𝐷)(𝑔𝐷)−1(ℎ𝐷)−1 = 𝑔ℎ𝑔−1ℎ−1𝐷 = 𝐷 = 1𝐺ab

Therefore, by multiplying on the right by (ℎ𝐷)(𝑔𝐷), we get

(𝑔𝐷)(ℎ𝐷) = (ℎ𝐷)(𝑔𝐷)

So 𝐺
ab

is Abelian.

Note: Abelian Groups

𝐺 is Abelian if and only if 𝐷(𝐺) = {1𝐺}.

Proposition: Minimal Normal Subgroup with Commutative Quotient

𝐷(𝐺) is the smallest normal subgroup 𝑁 ⊴𝐺 such that 𝐺/𝑁 is commutative.

Proof

Suppose 𝑁 ⊴𝐺 has Abelian 𝐺/𝑁 .
Need to Show: 𝐷(𝐺) ≤ 𝑁 .
So let 𝑔, ℎ ∈ 𝐺 be arbitrary and let 𝐶 = 𝑔ℎ𝑔

−1
ℎ
−1
.

Then in 𝐺/𝑁 , [𝑔𝑁, ℎ𝑁] = 1𝐺/𝑁 = 𝑁 .
Therefore [𝑔, ℎ] ∈ 𝑁 and [𝐺,𝐺] ≤ 𝑁 . ■

Remark*: Homology in Algebraic Topology

Let 𝑋 be a connected manifold, say
IMAGE HERE - DOUBLE TORUS WITH CHUNK BEING REMOVED
In Algebraic Topology, we study loops up to homotopy 𝐺 = 𝜋1(𝑋,𝑥0).
Then 𝐺

ab
=

𝐻𝑢𝑟𝑒𝑤𝑖𝑐𝑧
𝐻1(𝑋;Z) is a homology.

Theorem: Universal Mapping Property of Abelianization

Let 𝐺 be any group and 𝐻 be any Abeian group.
Then we have a bijection Hom(𝐺,𝐻) ⇄ Hom(𝐺ab

, 𝐻).

Proof

Since 𝐻 is Abelian, any homomorphism 𝑓 ∶ 𝐺→ 𝐻 will satisfy 𝑓([𝐺,𝐺]) = {1𝐻}.
So use UMP for quotient 𝐺/𝑁 . ■
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Review: Commutator

Let 𝐺 be a group.
A commutator is an element of the form [𝑔, ℎ] = 𝑔ℎ𝑔−1ℎ−1.
The derived (or commutator) subgroup 𝐷𝐺 = [𝐺,𝐺] is the subgroup generated by all the commutators.

Properties of Commutators

𝐷𝐺 ⊴𝐺
𝐺
ab ∶= 𝐺/𝐷𝐺 is abelian.

𝐺
ab

satis�es the universal mapping property. That is, for all abelian 𝐻.

Hom(𝐺,𝐻) ⇆ Hom(𝐺ab
, 𝐻)

Example: G Abelian

If 𝐺 is abelian, then 𝐷(𝐺) = {1𝑔} and 𝐺
∼

→ 𝐺
ab

= 𝐺/{1𝐺} (usually written 𝐺 = 𝐺
ab
).

Conversely, 𝐷𝐺 = {1𝐺} implies 𝐺 is abelian.

Example: G Simple and Non-abelian

If 𝐺 is simple and non-abelian, then 𝐷𝐺 = 𝐺.

Definition: Perfect Group

A group 𝐺 is called perfect if 𝐷(𝐺) = 𝐺.
cf. Poincaré Conjecture (Perelmon circa 2002: Every closed 3-manifold 𝑀 with 𝜋1(𝑀) = {1} is homeomorphic to
𝑆
3
.

Example: G Symmetric Group 3

Let 𝐺 = Sym(3).
By Lagrange, if 𝐻 ≤ 𝐺, then ∣𝐻∣ ∣ ∣𝐺∣ = 3! = 6. Consider

∣𝐻∣ = 1, 2, 3, or 6

Then

Sym(3)

⟨(1 2)⟩ ⟨(2 3)⟩ ⟨(1 3)⟩ ⟨(1 2 3)⟩

{1}

Which one is 𝐷𝐺?
It cannot be {1} since 𝐺 ≠ 𝐺

ab
.

It cannot be ⟨𝜏⟩, 𝜏2 = 1, since they are not normal.
𝐺/⟨(1 2 3)⟩ is a group of order 2 and, therefore, abelian.
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Recall

𝐷𝐺 is the smallest normal subgroup 𝑁 of 𝐺 such that 𝐺/𝑁 is abelian.

Therefore, 𝐷𝐺 = 𝐷(Sym(3)) = ⟨(1 2 3)⟩.

Note

For 𝐺 = Sym(3),

𝐺 >
≠
𝐷(𝐺) = ⟨(1 2 3)⟩ >

≠
𝐷(𝐷(𝐺)) = {1}

Definition: Solvable Group

Suppose 𝐺 is a group such that

𝐷(𝐷(𝐷(⋯𝐷(𝐺)⋯) = {1}

Then 𝐺 is solvable (or soluble).

Definition: Conjugacy Class

The conjugacy class of ∈ 𝐺 is the set of elements in 𝐺 that are conjugate to 𝑥.
Let 𝐺 act on (the set) 𝐺 = 𝑋 by conjugation: 𝑔 ∗ 𝑥 = 𝑔𝑥𝑔

−1
.

Then the conjugacy class of 𝑥 is the 𝐺-orbit of 𝑥 ∈ 𝑋.

Definition: Centralizer

The centralizer 𝑥 ∈ 𝐺 is the stabilizer of 𝑥 in this conjugation cation.

𝐶𝐺(𝑥) = {𝑔 ∈ 𝐺 ∣ 𝑔𝑥𝑔−1 = 𝑥} ⟺ 𝑔𝑥 = 𝑥𝑔

Example: G Alternating Group 4

Let 𝐺 = Alt(4).
Then, by Lagrange, 𝐻 ≤ 𝐺 ⟹ ∣𝐻∣ ∣ ∣𝐺∣ = 12.
So ∣𝐻∣ = 1, 2, 3, 4, 6, or 12

Alt(4)

Stab(𝐵) Stab(𝑃 ) Stab(String) Stab(𝑊 ) Stab(𝑌 )

Stab(𝐵𝑃 ) Stab(𝐵𝑊 ) Stab(𝐵𝑌 )

{1}

Note: Stab(String) refers to the stabilizer of 𝑥1 as depicted in Example 2 on page 19.
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Proposition: No Order 6 Subgroup

No subgroup 𝐻 of order 6 in AAlt(4).

� Proof
Suppose 𝐻 ≤ 𝐺 has order six.
Then [𝐺 ∶ 𝐻] = 12

6
= 2 and, therefore, 𝐻 ⊴𝐺.

So 𝐻 must be a union of certain conjugacy classes.
From Homework 1, 𝐺 acts transitively on {6 edges}, so Stab(𝐵𝑃 ), Stab(𝐵𝑊 ),and Stab(𝐵𝑌 ) are conjugate
to each other (HW2 P1(b)).
Therefore the 3 elements of order 2, 𝑇 = {(𝐵 𝑃 )(𝑊 𝑌 ), (𝐵 𝑊 )(𝑃 𝑌 ), (𝐵 𝑌 )(𝑃 𝑊 )} form a conjugacy class
in 𝐺
It follows that 𝐺 = {1}∐𝑇 ∐{8 elments of order 3}.
By the following lemma, this resolves to

𝐺 = {1}∐𝑇 ∐{𝑝}#∐{𝑝2}#

� Lemma (Key)
Every element 𝑝 of order 3 in 𝐺 = Alt(4) has conjugacy class of size 4.

– Proof
∣(conjugacy class of 𝑝∣ ≥ 4 since 𝐺 acts transitively on {𝐵,𝑃,𝑊, 𝑌 } and ∃𝑝 ∈ Stab(𝑃 ) such that, with-
out loss of generality, 𝑔𝑝𝑔

−1
= Stab(𝐵).

Since 𝑝 = 1 implies 𝑔𝑝𝑔
−1

= 1, each 𝑔 sends non-trivial 𝑝 to either (𝑃 𝑊 𝑌 ) or (𝑃 𝑌 𝑊 ) in Stab(𝐵).
Then, also

∣(conjugacy class of 𝑝∣ = ∣orbit of 𝑝 under the conjugation action| = ∣𝐺∣/∣𝐶𝐺(𝑝)∣ ≤ 12/3 = 4

Therefore no normal group of order 6 is in 𝐺 = Alt(4).

Example Continued: 6 Alternating Group 4

{1} is non-abelian.
Stab(𝐵𝑃 ) inhabits a conjugate class.
Because ∣𝐺/ Stab(String)∣ = 3 it is cyclic and 𝐷𝐺 = {1}∐𝑇
Observe that 𝐷𝐺 is abelian.

Proof

What to Show: For 𝑡 = (𝐵 𝑃 )(𝑊 𝑌 ) and every 𝑡 ∈ 𝑇 , 𝐶𝐺(𝑡) ⊇ 𝐷𝐺.
Then

∣𝐶𝐺(𝑇 )∣ =
𝑂𝑆𝑇

∣𝐺∣
∣𝑇 ∣ =

12

3
= 4

Therefore, 𝐶𝐺(𝑡) = 𝐷𝐺.

Remark: Enumerability of Subgroups

There are very few groups 𝐺 such that we can enumerate all the subgroups of 𝐺.
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Theorem: Product of Integers is a Subgroup

Let 𝐺 = (Z,+).

1. For any 𝑎 ∈ Z, the subset 𝑎Z = {𝑎𝑛 ∣ 𝑛 ∈ Z} is a subgroup of 𝐺.

2. Conversely, any subgroup 𝐻 ≤ Z is of the form 𝐻 = 𝑎Z for some 𝑎 ∈ 𝐺.

Proof of 1

Need to Show: 𝑎Z contains 0, is closed under + and is closed under (additive) inverse.
But, 0 = 𝑎0, and 𝑎𝑛 + 𝑎𝑚 = 𝑎(𝑛 +𝑚) and −(𝑎𝑛) = 𝑎(−𝑛), for 𝑛,𝑚 ∈ Z.

Proof of 2

Suppose 𝐻 ≤ (Z,+).
Since + is commutative, all subgroups will be normal.
If 𝐻 = {0}, then ℎ = 0Z, and we're done.
If not, say 𝐻 ∋ 𝑥 ≠ 0, then ℎ ∋ −𝑥.
Therefore 𝑆 = {𝑥 ∈ 𝐻 ∣ 𝑥 > 0} must be non-empty.
Let 𝑎 be the smallest element in 𝑆.
Then we claim 𝐻 = 𝑎Z.

� Proof of the Claim
(⊇) Since 𝐻 ∋ 𝑎 and 𝐻 ≤ 𝐺.
(⊆) Let 𝑥 ∈ 𝐻 be arbitrary. Apply Division Algorithm and get

𝑥 = 𝑎𝑞 + 𝑟

where 𝑞, 𝑟 ∈ Z and 0 ≤ 𝑟 ≤ 𝑎.
If 𝑟 > 0, then

𝑟 = 𝑥 − 𝑎𝑞 ∈ 𝐻

so 𝑟 ∈ 𝑆.
However, since 𝑟 < 𝑎, this contradicts the very choice of 𝑎 as the smallest element.
So 𝑟 = 0.
But then 𝑥 = 𝑎𝑞 ∈ 𝑎Z.
Therefore 𝐻 ⊆ 𝑎Z. ■

Homework 2 Question

If 𝐻 ≤ 𝐺, then 𝑔𝐻𝑔
−1

≤ 𝐺.
Consider the set 𝑋𝐺 of all the subgroups 𝐻 of 𝐺.
The group 𝐺 acts on 𝑋𝐺 by conjugation: 𝑔 ∗𝐻 ∶= 𝑔𝐻𝑔−1.

Definition: Normalizer

The normalizer of 𝐻 in 𝐺 is 𝑁𝐺(𝐻) = {𝑔 ∈ 𝐺 ∣ 𝑔𝐻𝑔−1 = 𝐻}.
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Isomorphism Theorems

Definition: Isomorphism

An isomorphism between two groups, 𝐺 and 𝐻, is a group homomorphism 𝑓 ∶ 𝐺→ 𝐻 that is bijective.
Two groups are said to be isomorphic if there is an isomorphism between them.

Example

Let 𝐺 be any group, 𝑁 = {1𝐺}, and let 𝜋 ∶ 𝐺→ 𝐺/𝑁 be the canonical projetion.
Then 𝑔𝑁 = {𝑔},∀𝑔 ∈ 𝐺.
So 𝜋 is an isomorphism.
e.g. for 𝐺 = {1, 𝑎, 𝑏, 𝑐}
𝐺/{1𝐺} = {{1}, {𝑎}, {𝑏}, {𝑐}}
1 - {1}
a - {a}
b - {b}
c - {c}
Here we will write 𝐺 = 𝐺/{1𝐺}.

Lemma:

Let 𝐺
𝜑

⟶ 𝐻 be a group homomorphism.
Suppose 𝜑 is surjective. Form 𝐾 = ker(𝜑) ≤ 𝐺.
Then we have an isomorphism, induced by 𝜑:

𝜑 ∶ 𝐺/𝐾 → 𝐻

Proof

Giving 𝜑 is the same as giving a homomorphism 𝐺
𝜓

⟶ 𝐻 such that 𝜓(𝐾) = {1𝐻} by the Universal Mapping
Property.
So take 𝜓 = 𝜑.
So have a group homomorphism 𝜑(𝑔𝐾) = 𝜑(𝑔),∀𝑔 ∈ 𝐺.

𝐻𝐺

𝐾

𝜑

𝜋 𝜑

Set Theory

𝜑 surjective ⟹ 𝜑 surjective.
Remains to show: 𝜑 is injective.
Let 𝑔1𝐾, 𝑔2𝐾 ∈ 𝐺/𝐾such that 𝜑(𝑔1𝐾) = 𝜑(𝑔2𝐾).
Then, by de�nition of 𝜑,

𝜑(𝑔1) = 𝜑(𝑔2)
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So

𝜑(𝑔1𝑔−12 ) =
𝜑 homomorphism

𝜑(𝑔1𝜑(𝑔−12 ) = 1𝐻 .

Therefore 𝑔1𝑔
−1
2 ∈ ker(𝜑) = 𝐾 and 𝑔1𝐾 = 𝑔2𝐾. ■

Definition: Normalizer (Revisited)

Let 𝐻 ≤ 𝐺. The normalizer 𝑁𝐺(𝐻) is {𝑔 ∈ 𝐺 ∣ 𝑔𝐻𝑔−1 = 𝐻}.

Note: Normalizer is a Stabilizer

It is the stabilizer of 𝐻 in the conjugation action of 𝐺 on the set of all subgroups of 𝐺.
Since ∀ℎ ∈ 𝐻, we have ℎ𝐻ℎ

−1
= 𝐻, we have 𝐻 ≤ 𝑁𝐺(𝐻).

Since 𝑁𝐺(𝐻) is a stabilizer, 𝑁𝐺(𝐺) ≤ 𝐺.
Therefore 𝐻 ≤ 𝑁𝐺(𝐻) ≤ 𝐺.
𝐻 ≤ 𝑁𝐺(𝐻) ≤ 𝐺.

Note: H is Normal If the Normalizer of H is G

𝐻 ⊴𝐺 ⟺ 𝑁𝐺(𝐻) = 𝐺.

Example 1

Let 𝐺 = Alt(4), 𝐾1 = Stab𝐺(𝐵) = ⟨(𝑃 𝑊 𝑌 )⟩, and 𝐻1 = ⟨(𝐵 𝑃 )(𝑊 𝑌 )⟩.
Question: What are 𝑁𝐺(𝐻1) and 𝑁𝐺(𝐾1)?

� H1
𝐻1 is not normal in 𝐺, so 𝑁𝐺(𝐻1) ≠ 𝐺.
Since 𝐻1 ≤ 𝑁𝐺(𝐻1) ≤ 𝐺.
Recall that 𝐻1 ≤ Stab𝐺(String) ≤ 𝐺 and Stab𝐺(String) is abelian.
Therefore 𝑁𝐺(𝐻1) = Stab𝐺(String).
Note also: 𝑁𝐺(Stab𝐺(String)) = 𝐺.

� K1
From homework, ∀𝑔 ∈ 𝐺, 𝑔𝐾1𝑔

−1
= Stab𝐺(𝑔𝐵) and, if 𝑔𝐵 ≠ 𝐵, then Stab𝐺(𝑔𝐵) ≠ 𝐾1.

So 𝐾1 ≤ 𝑁𝐺(𝐾1) ⊆ Stab𝐺(𝐵) = 𝐾1.
That is, 𝑁𝐺(𝐾1) = 𝐾1. It is a �self-normalizer.�

Example 2

Let 𝐺 = GL2(R), 𝐻 = {(1 𝑥
0 1

) ∣ 𝑥 ∈ R}.
What is 𝑁𝐺(𝐻)?
Say 𝑔 = (𝑎 𝑏

𝑐 𝑑
) belongs to 𝑁𝐺(𝐻).

Then 𝑔 (1 3
0 −1

) 𝑔−1 ∈ 𝐻. Say

𝑔 (1 3
0 1

) 𝑔−1 = (1 𝑥
0 1

)

for some 𝑥 ∈ R. Then
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(𝑎 𝑏
𝑐 𝑑

) (1 3
0 1

) = (1 𝑥
0 1

) (𝑎 𝑏
𝑐 𝑑

)

(𝑎 𝑏 + 3𝑎
𝑐 𝑑 + 3𝑐

) = (𝑎 + 𝑥𝑐 𝑏 + 𝑥𝑑
𝑐 𝑑

)

Therefore, 𝑐 = 0 (and 𝑥 =
3𝑎
𝑑
). So

𝑁𝐺(𝐻) ≤ {(𝑎 𝑏
0 𝑑

) ∣ 𝑎, 𝑑 ∈ R+
, 𝑏 ∈ R}

Are they equal?

(𝑎 𝑏
0 𝑑

) (1 𝑥
0 1

) (𝑎 𝑏
0 𝑑

)
−1

= (𝑎 𝑏 + 𝑎𝑥
0 𝑑

) 1

𝑎𝑑
(𝑑 −𝑏
0 𝑎

) = (1 ?
0 1

) ∈ 𝐻

Therefore, for 𝑔 = (𝑎 𝑏
0 𝑑

), 𝑔𝐻𝑔−1 ∈ 𝐻.

Now, apply the same argument to 𝑔
−1

= (1/𝑎 −𝑏/𝑎𝑑
0 1/𝑑 ) and get 𝑔

−1
𝐻𝑔 ⊆ 𝐻.

That is to say, 𝐻 ⊆ 𝑔𝐻𝑔
−1
.

It follows that (𝐴) + (𝐵) ⟹ 𝑔 ∈ 𝑁𝐺(𝐻), and

𝑁GL2(R) ({(
1 𝑥
0 1

) ∣ 𝑥 ∈ R}) = {(𝑎 𝑏
0 𝑑

) ∣ 𝑎, 𝑑 ∈ R+
, 𝑏 ∈ R}

Definition: Product

Let 𝐻,𝐾 ≤ 𝐺.
Then 𝐻𝐾 ∶= {ℎ𝑘 ∣ ℎ ∈ 𝐻, 𝑘 ∈ 𝐾}
𝐻𝐾 need not be a subgroup, and may di�er from 𝐾𝐻.

Example

Let 𝐺 = Alt(4), 𝐻 = ⟨(𝐵 𝑃 )(𝑊 𝑌 )⟩, and 𝐾 = ⟨(𝑃 𝑊 𝑌 )⟩.
Note ∣𝐻∣ = 2 and ∣𝐾∣ = 3. Then

𝐻𝐾 = {1 ⋅ 1, 1(𝑃 𝑊 𝑌 ), 1(𝑃 𝑌 𝑊 ), (𝐵 𝑃 )(𝑊 𝑌 )1, (𝐵 𝑃 )(𝑊 𝑌 )(𝑃 𝑊 𝑌 ), (𝐵 𝑃 )(𝑊 𝑌 )(𝑃 𝑌 𝑊 )}

Fact

If 𝐻,𝐾 ≤ 𝐺 such that 𝐻 ∩𝐾 = {1𝐺} and ℎ1, ℎ2 ∈ 𝐻 and 𝑘1, 𝑘2 ∈ 𝐾, then

ℎ1𝑘1 = ℎ2𝑘2 ⟹ ℎ1 = ℎ2 and 𝑘1 = 𝑘2

Proof

Multiply ℎ
−1
2 on the left and 𝑘

−1
1 on the right. Then

𝐻 ∋ ℎ
−1
2 ℎ1 = 𝑘2𝑘

−1
1 ∈ 𝐻 ■

Therefore ∣𝐻𝐾∣ = 6.
Since 𝐺 contains no subgroup of order 6, 𝐻𝐾 /≤ 𝐺.
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Theoren: First Isomorphism Theorem

Note: Dummit and Foote lists this as the Second Isomorphism Theorem.
Let 𝐻,𝐾 ≤ 𝐺 and assume that 𝐻 ≤ 𝑁𝐺(𝐾),

1. 𝐻𝐾 = 𝐾𝐻 is a subgroup of 𝐺,

2. 𝐾 ⊴𝐻𝐾 and 𝐻 ∩𝐾 ⊴𝐻, and

3. 𝐻𝐾/𝐾←̃𝐻/𝐻 ∩𝐾 is an isomorphism of (quotient) groups.

Proof of 1

� Equality
Need to prove 𝐻𝐾 ⊆ 𝐾𝐻 and 𝐾𝐻 ⊆ 𝐻𝐾.
(⟹) Let ℎ ∈ 𝐻 and 𝑘 ∈ 𝐾. We want ℎ𝑘 ∈ 𝐾𝐻.
Since ℎ ∈ N𝐺(𝐾), ℎ𝐾ℎ−1 = 𝐾.
So, in particular, ℎ𝑘ℎ

−1
∈ 𝑘2 for some 𝑘2 ∈ 𝐾. Multiplying by ℎ on the right,

ℎ𝑘 = 𝑘2ℎ ∈ 𝐾𝐻

(⟸) Let 𝑘ℎ ∈ 𝐻𝐾.
Since 𝐻 ∈ 𝑁𝐺(𝐾) and 𝑁𝐺(𝐾) is a subgroup, ℎ

−1
∈ 𝑁𝐺(𝐾).

So ℎ
−1
𝐾(ℎ−1)−1 = 𝐾.

In particular, ℎ
−1
𝑘ℎ = 𝑘3 for some 𝑘3 ∈ 𝐾. So

𝑘ℎ = ℎ𝑘3 ∈ 𝐻𝐾

� Subgroup
Identity: 1 = 1 ⋅ 1 ∈ 𝐻𝐾
Product: Let ℎ1𝑘1 and ℎ2𝑘2 be arbitrary. Then for some ℎ4 ∈ 𝐻, 𝑘4 ∈ 𝐾

(ℎ1𝑘1)(ℎ2𝑘2) = ℎ1(𝑘1ℎ2)𝑘2 =
𝐾𝐻=𝐻𝐾

ℎ1(ℎ4𝑘4)𝑘2 =
∈𝐻

(ℎ1𝑘4)
∈𝐾

(𝑘4𝑘2) ∈ 𝐻𝐾

So 𝐻𝐾 is closed under the group operation.
Inverse: (ℎ𝑘)−1 = 𝑘−1ℎ−1 ∈ 𝐾𝐻 = 𝐻𝐾.

Proof of 2

� K is Normal in HK
Let ℎ𝑘 ∈ 𝐻𝐾 be arbitrary.
Since ℎ ∈ 𝐻 ≤ 𝑁𝐺(𝐾), 𝑘 ∈ 𝐾 ≤ 𝑁𝐺(𝐾), and 𝑁𝐺(𝐾) is a subgroup,

ℎ𝑘 ∈ 𝑁𝐺(𝐾)

Therefore 𝐻𝐾 ≤ 𝑁𝐺(𝐾) and 𝐾 is normal in 𝐻𝐾.

� H Meet K is Normal in H
For ℎ ∈ 𝐻, ℎ𝐾ℎ

−1
= 𝐾 by assumption, and ℎ𝐻ℎ

−1
= 𝐻.

Therefore ℎ(𝐻 ∩𝐾)ℎ−1 = 𝐻 ∩𝐾, and 𝐾 ∩𝐻 is normal in 𝐻.
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Proof of 3

Let us start with the inclusion homomorphism

ℎ ℎ ⋅ 1 ℎ𝐾

𝐻 𝐻𝐾 𝐻𝐾/𝐾

𝜑

𝜑 is surjective.
A typical element in 𝐻𝐾/𝐾 is ℎ𝑘𝐾 = ℎ𝐾 which is the image of ℎ ∈ 𝐻 under 𝜑.
Then ker(𝜑) = {ℎ ∈ 𝐻 ∣ ℎ𝐾 = 1𝐾} ⟺ ℎ ∈ 𝐾. This is 𝐻 ∩𝐾.

Therefore, by lemma, 𝐻/𝐻 ∩𝐾
𝜑

⟶
∼

𝐻𝐾/𝐾.

Example

Let 𝐺 = GL3(R) and 𝐻 =

⎧⎪⎪⎪⎨⎪⎪⎪⎩

⎛
⎜⎜
⎝

1 𝑥 𝑧
0 1 𝑦
0 0 1

⎞
⎟⎟
⎠

∣ 𝑥, 𝑦, 𝑧 ∈ R
⎫⎪⎪⎪⎬⎪⎪⎪⎭
.𝐻 ≤ 𝐺 called the Heisenberg group of dimension .

October 26, 2023

Heisenberg Groups

𝐺 = Heis3(R) =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

⎛
⎜⎜
⎝

1 𝑥 𝑧
0 1 𝑦
0 0 1

⎞
⎟⎟
⎠

∣ 𝑥, 𝑦, 𝑧 ∈ R
⎫⎪⎪⎪⎬⎪⎪⎪⎭
≤ GL3(R)

Subgroup

1. 𝐼3 ∈ 𝐺 since we can take 𝑥 = 𝑦 = 𝑧 = 0.

2. (Empty elements are read as zeros.)

⎛
⎜⎜
⎝

1 𝑥 𝑧
1 𝑦

1

⎞
⎟⎟
⎠

ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ
=𝑔

⎛
⎜⎜
⎝

1 𝑎 𝑐
1 𝑏

1

⎞
⎟⎟
⎠

ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ
=ℎ

⎛
⎜⎜
⎝

1 𝑥 + 𝑎 𝑧 + 𝑐 + 𝑥𝑏
1 𝑦 + 𝑏

1

⎞
⎟⎟
⎠

So closed under matrix multiplication.
Note: (the (1, 2)-component of 𝑔ℎ) = (the (1, 2)-component of 𝑔) + (the (1, 2)-component of ℎ).
Ditto for the (2, 3)-component.

1. 𝐺 is closed under inverse.

Let 𝑎 = −𝑥, 𝑏 = −𝑦 and 𝑐 = −𝑧 + 𝑥𝑦. Then

⎛
⎜⎜
⎝

1 𝑥 𝑧
1 𝑦

1

⎞
⎟⎟
⎠

−1

=

⎛
⎜⎜
⎝

1 −𝑥 𝑥𝑦 − 𝑥
1 −𝑦

1

⎞
⎟⎟
⎠
∈ 𝐺

33



Example

Identify R3
=

⎧⎪⎪⎪⎨⎪⎪⎪⎩

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑥
𝑦
𝑧

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎬⎪⎪⎪⎭
with 𝐺 and let 𝐺 act on R3

= 𝑋 by left multiplication. i.e.

𝑔 =

⎛
⎜⎜
⎝

1 𝑥 𝑧
1 𝑦

1

⎞
⎟⎟
⎠

and
⎛
⎜⎜
⎝

𝑥
𝑦
𝑧

⎞
⎟⎟
⎠
↝ 𝑔 ∗ 𝑣 =

⎛
⎜⎜
⎝

1 𝑎 𝑐
1 𝑏

1

⎞
⎟⎟
⎠

⎛
⎜⎜
⎝

1 𝑥 𝑧
1 𝑦

1

⎞
⎟⎟
⎠
= ⋯

For example, if

⎛
⎜⎜
⎝

0
0
0

⎞
⎟⎟
⎠
↔ 𝐼3 and 𝑔 =

⎛
⎜⎜
⎝

1 0 0
1 𝑧

1

⎞
⎟⎟
⎠

then 𝑔 maps
⎛
⎜⎜
⎝

0
0
0

⎞
⎟⎟
⎠
to

⎛
⎜⎜
⎝

0
2
0

⎞
⎟⎟
⎠
while

ℎ =

⎛
⎜⎜
⎝

1 3 0
1 0

1

⎞
⎟⎟
⎠

maps
⎛
⎜⎜
⎝

0
0
0

⎞
⎟⎟
⎠

to
⎛
⎜⎜
⎝

3
0
0

⎞
⎟⎟
⎠
.

However, since this is a noncommutative group

𝑔ℎ =

⎛
⎜⎜
⎝

1 3 0
1 2

1

⎞
⎟⎟
⎠

maps
⎛
⎜⎜
⎝

0
0
0

⎞
⎟⎟
⎠

to
⎛
⎜⎜
⎝

3
2
0

⎞
⎟⎟
⎠

ℎ𝑔 =

⎛
⎜⎜
⎝

1 3 0
1 0

1

⎞
⎟⎟
⎠

⎛
⎜⎜
⎝

1 0 0
1 2

1

⎞
⎟⎟
⎠
=

⎛
⎜⎜
⎝

1 3 6
1 2

1

⎞
⎟⎟
⎠

So ℎ𝑔 maps
⎛
⎜⎜
⎝

0
0
0

⎞
⎟⎟
⎠
to

⎛
⎜⎜
⎝

3
2
6

⎞
⎟⎟
⎠
.

So 𝐺 acts on R3
transitively and freely.

This is one of the eight �model geometries� of William Thurston.

Heisenberg Group Center and Derived Group

Recall

The center

𝑍(𝐺) = {𝑔 ∈ 𝐺 ∣ 𝑔ℎ = ℎ𝑔,∀ℎ ∈ 𝐺}

and the derived group

𝐷(𝐺) = ⟨{[𝑔, ℎ] ∣ 𝑔, ℎ ∈ 𝐺}⟩.

34



Center of Heisenberg Group

If

𝑔 =

⎛
⎜⎜
⎝

1 𝑎 𝑐
1 𝑏

1

⎞
⎟⎟
⎠
∈ 𝑍(𝐺),

then for any 𝑥, 𝑦, 𝑧 ∈ R, we have

⎛
⎜⎜
⎝

1 𝑎 𝑐
1 𝑏

1

⎞
⎟⎟
⎠

=ℎÌ ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÐÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÎ
⎛
⎜⎜
⎝

1 𝑥 𝑧
1 𝑦

1

⎞
⎟⎟
⎠
=

⎛
⎜⎜
⎝

1 𝑥 𝑧
1 𝑦

1

⎞
⎟⎟
⎠

⎛
⎜⎜
⎝

1 𝑎 𝑐
1 𝑏

1

⎞
⎟⎟
⎠

⎛
⎜⎜
⎝

1 𝑎 + 𝑥 𝑐 + 𝑧 + 𝑎𝑦
1 𝑏 + 𝑦

1

⎞
⎟⎟
⎠
=

⎛
⎜⎜
⎝

1 𝑥 + 𝑎 𝑧 + 𝑐 + 𝑥𝑏
1 𝑦 + 𝑏

1

⎞
⎟⎟
⎠

Therefore 𝑎𝑦 = 𝑥𝑏 for all 𝑥, 𝑦, 𝑧 ∈ R.
Take (𝑥, 𝑦) = (1, 0), and we get 0 = 𝑏.
Take (𝑥, 𝑦) = (0, 1), and we get 𝑎 = 0.
It follows that

𝑍(𝐺) =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

⎛
⎜⎜
⎝

1 0 𝑐
1 0

1

⎞
⎟⎟
⎠

∣ 𝑐 ∈ R
⎫⎪⎪⎪⎬⎪⎪⎪⎭

Derived Group of Heisenberg Group

[𝑔, ℎ] = 𝑔ℎ𝑔−1ℎ−1 has

(1, 2) − component = 𝑎 + 𝑥 + (−𝑎) + (−𝑥) = 0

(2, 3) − component = 𝑏 + 𝑦 + (−𝑏) + (−𝑦) = 0

So 𝐷(𝐺) ≤ 𝑍(𝐺) for this 𝐺.

� Q: Is the center a subgroup of the derived group?
Form

𝐺/𝑍(𝐺) ∼

⟵
𝜑

(𝑅2
,+)

⎛
⎜⎜
⎝

1 𝑎 0
1 𝑏

1

⎞
⎟⎟
⎠
𝑍(𝐺) ⟻ (𝑎, 𝑏)

𝜑 is a group homomorphism since the (1, 2)-component and (2, 3) component of 𝑔ℎ are the sum of those
components in 𝑔 and ℎ.
𝜑 is surjective, since
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⎛
⎜⎜
⎝

1 𝑎 𝑐
1 𝑏

1

⎞
⎟⎟
⎠
𝑍(𝐺) =

⎛
⎜⎜
⎝

1 𝑎 0
1 𝑏

1

⎞
⎟⎟
⎠
𝑍(𝐺)

where the matrix on either side di�er by only an element in 𝑍(𝐺).
𝜑 is injective, since if

𝜑(𝑎, 𝑏) =
⎛
⎜⎜
⎝

1 𝑎 𝑜
1 𝑏

1

⎞
⎟⎟
⎠
∈ 𝑍(𝐺)

, then 𝑎 = 𝑏 = 0. So (𝑎, 𝑏) = 0 in R2
.

This is a cool isomorphism, but it only demonstrates 𝐷(𝐺) ≤ 𝑍(𝐺).

� Q: Is the center a subgroup of the derived group? (Take Two)

⎛
⎜⎜
⎝

1 1
1

1

⎞
⎟⎟
⎠

⎛
⎜⎜
⎝

1 1
1 𝑐

1

⎞
⎟⎟
⎠

⎛
⎜⎜
⎝

1 −1
1

1

⎞
⎟⎟
⎠

⎛
⎜⎜
⎝

1 1
1

−𝑐

⎞
⎟⎟
⎠

=

⎛
⎜⎜
⎝

1 1 𝑐
1 𝑐

1

⎞
⎟⎟
⎠

⎛
⎜⎜
⎝

1 −1 𝑐
1 −𝑐

1

⎞
⎟⎟
⎠

=

⎛
⎜⎜
⎝

1 0 𝑐
1 0

1

⎞
⎟⎟
⎠

Therefore 𝑍(𝐺) = 𝐷(𝐺).

Theorem: Correspondence + 2nd Isomorphism Theorem

Let 𝑁 ⊴𝐺, 𝐸1 = {𝐻 ≤ 𝐺 ∣ 𝐻 ≥ 𝑁} (subgroup of 𝐺 containing 𝑁), 𝐸2 = {𝐾 ≤ 𝐺/𝑁} (subgroups of the quotient
group).
Further, let 𝜋 ∶ 𝐺→ 𝐺/𝑁 be the canonical projection homomorphism.
Then 𝐸1 and 𝐸2 are in bijection by

Φ ∶ 𝐸1 → 𝐸2 given by Φ(𝐻) = 𝜋(𝐻)
Ψ ∶ 𝐸2 → 𝐸1 given by Ψ(𝐾) = 𝜋−1(𝐾)

1. Φ and Ψ preserve inclusion (i.e. 𝐻1 ≤ 𝐻2 in 𝐸1 implies 𝐻1/𝑁 ≤ 𝐻2/𝑁 , and vice versa).

2. Φ and Ψ preserve normality (i.e. 𝐻 ⊴𝐺 in 𝐸1 implies 𝐻/𝑁 ⊴𝐺/𝑁).

3. For any 𝐻 ∈ 𝐸1 that is normal in 𝐺, 𝐺/𝐻 ≅ (𝐺/𝑁)/(𝐻/𝑁) as groups.

General Fact

If 𝜑 ∶ 𝐺1 → 𝐺2 is any homomorphism of groups, then {𝐻1 ≤ 𝐺1 ⟹ 𝜑(𝐻1) ≤ 𝐺2

𝐻2 ≤ 𝐺2 ⟹ 𝜑
−1(𝐻2) ≤ 𝐺1

.

So Φ and Ψ are well-de�ned.
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� Proof of Second Fact

1. 1𝐺1
∈ 𝜑

−1(𝐻2), since 𝜑(1𝐺1
) = 1𝐺2

∈ 𝐻.

2. If 𝑔1, 𝑔
′
1 ∈ 𝜑

−1(𝐻2), then 𝜑(𝑔1𝑔′1) = 𝜑(𝑔1)𝜑(𝑔′1) ∈ 𝐻2 since 𝐻2 is closed under product.

3. If 𝑔1 ∈ 𝜑
−1(𝐻2), then 𝑔−11 ∈ 𝜑

−1(𝐻2) similarly.

Proof of 1

Say 𝐻1, 𝐻2 ∈ 𝐸1 such that 𝐻1 ≤ 𝐻2.
Then Φ(𝐻1) = {ℎ1𝑁 ∣ ℎ1 ∈ 𝐻1} ⊆ {ℎ2𝑁 ∣ ℎ2 ∈ 𝐻2} = 𝜑(𝐻2).
Similarly, 𝐾1 ≤ 𝐾2 ∈ 𝐻2 implies Ψ(𝐾1) ≤ Ψ(𝐾2).

Proof of 2

Suppose 𝐻 ∈ 𝐸1 and 𝐻 ⊴𝐺. We want to prove that Φ(𝐻) = 𝐻/𝑁 is normal in 𝐺/𝑁 .
So let 𝑔𝑁 be an arbitrary element in 𝐺/𝑁 , then ∀ℎ ∈ 𝐻 we have

(𝑔𝑁)(ℎ𝑁)(𝑔𝑁)−1 = 𝑔ℎ𝑔−1𝑁 ≤ 𝐻/𝑁 = Φ(𝐻)

Let ℎ ∈ 𝐻 vary, and we get

(𝑔𝑁)(𝐻/𝑁)(𝑔𝑁)−1 ⊆ 𝐻/𝑁

Run the argument with 𝑔 replaced by 𝑔
−1
,

(𝑔−1𝑁)(𝐻/𝑁)(𝑔−1𝑁)−1 = (𝑔𝑁)−1(𝐻/𝑁)(𝑔𝑁) ⊆ 𝐻/𝑁

hence

𝐻/𝑁 ⊆ (𝑔𝑁)(ℎ/𝑁)(𝑔𝑁)−1.

Therefore, 𝑔𝑁 normalizes 𝐻/𝑁 = Φ(𝐻).

Proof of 3

1.

Start with 𝐺
𝜋
′

⟶ 𝐺/𝐻. As a canonical projection, 𝜋
′
is surjective.

That is 𝑔 ⟼ 𝜋
′(𝑔) = 𝑔𝐻, and 𝜋

′(𝑁) = {1𝐺/𝐻} since for all 𝑛 ∈ 𝑁 , 𝑛 ∈ 𝐻 so 𝑛𝐻 = 𝐻.

1.

By the Universal Mapping Property of 𝐺/𝑁 , we get a unique homomorphism

𝐺

𝐺/𝑁 𝐺/𝐻

𝑔𝑁 𝑔𝐻

𝜋 𝜋
′

𝜋
′′
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where 𝜋
′′
is surjective.

� Recall: 0th Isomorphism Theorem

If 𝜑 ∶ 𝐺1 → 𝐺2 is a surjective homomorphism of groups, then 𝜑 ∶ 𝐺1/ ker(𝜑)
∼

−⟶ 𝐺2 is an isomorphism.
Apply this to 𝜋

′′
= 𝜑.

ker(𝜋′′) = {𝑔𝑁 ∈ 𝐺/𝑁 ∣ 𝑔𝐻 = 𝐻} ⟺ 𝑔 ∈ 𝐻

= {ℎ𝑁 ∣ ℎ ∈ 𝐻}
= 𝐻/𝑁

Therefore (𝐺/𝑁)/(𝐻/𝑁) ∼

⟶ 𝐺/𝐻.

Example 1

Let 𝐺 = Heis3(R) and 𝑁 = 𝑍(𝐺) = 𝐷(𝐺).
Some interesting subgroups of (R2

,+) are

1. {0}

2. 𝑣 ≠ 0⃗ ↝ R𝑣 and Z𝑣 are subgroups.

𝑣

↝

R𝑣

or

Z𝑣

3. Say 𝑣, 𝑤⃗ are linear independent. Z𝑣 + R𝑤⃗.

𝑣

𝑣𝑤

𝑤

4. IMAGE HERE - LEGIT NO IDEA. Collection of vertical lines in R3
that form inverse of example 2?

October 31, 2023

Definition: Subnormal Series

Let 𝐺 be a group.
A subnormal series (or �ltration) of 𝐺 is a series

𝐺 = 𝐺0 ⊵𝐺1 ⊵𝐺2 ⊵⋯ ⊵𝐺𝑙 = {1}

of subgroups of 𝐺, such that 𝐺𝑖 ⊵𝐺𝑖+1 for all 𝑖 = 0, . . . , 𝑙 − 1.
The length of the �ltration is 𝑙.

38



Definition: Normal Series

If each 𝐺𝑖 is normal in 𝐺, we say the the series is normal.

Definition: Factor Group

The quotient group 𝐺𝑖/𝐺𝑖+1 is called the 𝑖th factor group of the �ltration.
This is often denoted gr𝑖(𝐺.) meaning �graded.�

Definition: Composition Series

If, for each 𝑖 = 0, . . . , 𝑙 − 1, gr𝑖(𝐺.) is simple, then we say the �ltration is a composition series (or a Jordan-Hölder
series).

Example 1

Let 𝐺 = Alt(4).
Take 𝐺1 = 𝐷(𝐺) = Stab𝐺(String). (Recall ∣𝐺1∣ = 4.
Take 𝐺2 = {1}.
Then 𝐺 = 𝐺0 = 𝐺1 ⊵𝐺2 is a �ltration.
It is a normal series.
𝐺0/𝐺1 is a cyclic group of order 3 and, hence, simple.
𝐺1/𝐺2 = 𝐺1 (strictly isomorphic; this is an abuse of notation) has order 4, is abelian, and contains ⟨(𝐵 𝑃 )(𝑊 𝑌 )⟩
as a proper subgroup. So 𝐺. is not a JH series (composition series).

Example 2

Let 𝐺 = Alt(4), 𝐻1 = 𝐺1 = 𝐷(𝐺), 𝐻2 = ⟨(𝐵 𝑃 )(𝑊 𝑌 )⟩ and 𝐻3 = {1}.
Then,

𝐺 = 𝐻0 ⊵𝐻1 ⊵𝐻2 ⊵𝐻3

is a subnormal series.
It is not a normal series, since 𝐻2 is not normal in 𝐺.
It is a JH series, since 𝐻0/𝐻1, 𝐻1/𝐻2, and 𝐻2/𝐻3 have orders 3, 2 and 2 respectively and, therefore, are all simple.

Proposition:

Every �nite group 𝐺 has at least one Jordan-Hölder Series.

Proof

By induction on ∣𝐺∣.
If ∣𝐺∣ = 1, then, by convention, ( 𝐺 ) is a JH series of length 0.
Suppose ∣𝐺∣ > 1.
If 𝐺 is simple (i.e. 𝐺 has exactly 2 normal subgroups, namely {1} and 𝐺), then

( 𝐺 = 𝐺0 ⊵ {1} = 𝐺1 )

is a JH series of length 1.
Suppose 𝐺 is not simple.
Then 𝐺 contains a normal subgroup 𝑁 , 𝑁 ≠ {1} and 𝐺 ≠ 𝐺.
Among all such nontrivial proper normal 𝑁 ⊴𝐺, choose the one with maximal ∣𝑁∣.
Then 𝑄 ∶= 𝐺/𝑁 is simple since, by the 2nd isomorphism theorem, if 𝑄 were not simple, it would contain a
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nontrivial proper normal subgroup 𝑄1 ⊲
≠
𝑄, which would correspond to a normal subgroup 𝑁 ⊲

≠
𝑁1 ⊲

≠
𝐺, but then

∣𝑁1∣ > ∣𝑁∣, which would contradict the choice of 𝑁 .
By induction hypothesis, ∣𝑁∣ < ∣𝐺∣, we have a JH series for 𝑁 , say

𝑁 = 𝑁0 ⊵𝑁1 ⊵⋯ ⊵𝑁𝑙 = {1}

Then take 𝐺0 = 𝐺 and 𝐺𝑖+1 = 𝑁𝑖 for 𝑖 = 0, 1, 2, . . . , 𝑙 to get

𝐺 = 𝐺0 ⊵𝑁0Í ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ
𝑄

⊵𝑁1 ⊵⋯ ⊵𝑁𝑙 = {1}

which have simple factors.
Therefore, 𝑁. is a JH series. ■

Example 1

For 𝐺 = Alt(4),

𝐺

𝐷𝐺

(𝐵 𝑃 )(𝑊 𝑌 ) (𝐵 𝑊 )(𝑃 𝑌 ) (𝐵 𝑌 )(𝑃 𝑊 )

{1}

has 3 JH series.

Example 2

For 𝐺 = Z/12Z.
Fact: by the 2nd isomorphism theorem, subgroups of 𝐺 are exactly 𝑎Z/12Z where 𝑎 ∣ 12.
( ⟺ subgroup 𝑎Z of Z containing 12Z)
12 has factors 1,2,3,4,6,12. Then

𝐺 = Z/12Z

2Z/12Z 3Z/12Z

4Z/12Z 6Z/12Z

{1} = 12Z/12Z

there are 3 JH series.

Definition: Product Group

Let 𝐺 and 𝐻 be groups.
The product group 𝐺 ×𝐻 is the cartesian product equipped with the component wise group operation.

(𝑔1, ℎ1) ∗ (𝑔2, ℎ2) = (𝑔1 ∗ 𝑔2, ℎ1 ∗ ℎ2)
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Example

Let 𝑝 be a prime number.
Take 𝐺 = 𝐻 = Z/𝑝Z. Then

(Z/𝑝Z) × (Z/𝑝Z) =
𝑛𝑜𝑡𝑎𝑡𝑖𝑜𝑛

(Z/𝑝Z)2

where ∣(Z/𝑝Z)2∣ = 𝑝2 and

(𝑎, 𝑏) + (𝑎′, 𝑏′) = (𝑎 + 𝑎
′
, 𝑏 + 𝑏

′)

for 𝑎, 𝑎
′
, 𝑏, 𝑏

′
∈ Z.

A subgroup 𝐾 of
∼

𝐺 = (Z/𝑝Z)2, by Lagrange's Theorem, must have order 1, 𝑝 or 𝑝
2
.

We know ∣{1}∣ = 1 and ∣
∼

𝐺∣ = 𝑝2.
If ∣𝐾∣ = 𝑝, then 𝐾 is cyclic and generated by (𝑎, 𝑏).
If 𝑘 ∈ {1, 2, . . . , 𝑝 − 1}, then note that for (𝑎, 𝑏) ≠ (0, 0)

⟨(𝑎, 𝑏)⟩ = ⟨(𝑘𝑎, 𝑘𝑏)⟩
Because both have order 𝑝.
Conversely, if (𝑎, 𝑏) ≠ (0, 0) and (𝑎′, 𝑏′) ≠ (0, 0) satisfy

⟨(𝑎, 𝑏)⟩ = ⟨(𝑎′, 𝑏′)⟩

then for some 𝑘 ∈ {1, 2, . . . , 𝑝 − 1} we have (𝑎′, 𝑏′) = (𝑘𝑎, 𝑘𝑏).

� Upshot

There are exactly
𝑝
2−1
𝑝−1

= 𝑝 + 1 subgroups 𝐾 of order 𝑝 in
∼

𝐺.

– Example
For 𝑝 = 3,

(Z/3Z)2

⟨(1, 0)⟩ = ⟨(2, 0)⟩ ⟨(1, 1)⟩ = ⟨(2, 2)⟩ ⟨(1, 2)⟩ = ⟨(2, 1)⟩ ⟨(0, 1)⟩ = ⟨(0, 2)⟩

{(0, 0)}

there are 4 JH series.

Definition: Automorphism

Let 𝐺 be a group.
A (group) automorphism of 𝐺 is a bijective group homomorphism

𝜑 ∶ 𝐺→ 𝐺

Aut(𝐺) = {𝜑 ∶ 𝐺→ 𝐺 ∣ automorphisms}.
Fact: Aut(𝐺) equipped with composition (of functions) is a group.
Justi�cation: 𝜑 ◦ 𝜓 ∈ Aut(𝐺) if 𝜑, 𝜓 ∈ Aut(𝐺); 𝜑−1 = 𝜑−1 and 1Aut(𝐺) = Id𝐺.
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Example 1

Let 𝐺 = (Z,+).
A homomorphism 𝐺

𝜑
⟶ 𝐺 is completely determined by 𝜑(1) = 𝑎𝜑.

Since 𝜑(𝑛) =
𝜑 homomorphism

𝑛𝜑(1) = 𝑛𝑎𝜑.
Thus {group homomorphisms 𝜑 ∶ 𝐺→ 𝐺} ↔ (Z,×) and 𝜑↔ 𝑎𝜑.
If (𝜑(1) = 𝑎𝜑 and 𝜓(1) = 𝑎𝜓, then note that

(𝜑 ◦ 𝜓)(1) = 𝜑(𝜓(1)) = 𝜑(𝑎𝜓) = 𝑎𝜑𝑎𝜓
So if 𝜑 ∈ Aut(𝐺), then 𝑎𝜑 ∈ Z must have a multiplicative inverse in Z.
Hence 𝑎𝜑 = 1 or 𝑎𝜑 = −1.

Conversely {𝜑1(𝑛) = 𝑛
𝜑−1(𝑛) = −𝑛

,∀𝑛 ∈ Z are in Aut(𝐺).

Therefore Aut ((Z,+)) = {±1}, 𝑥 \).

Example 2

Let 𝑝 be a prime and 𝐺 = (Z/𝑝Z,+).
A group homomorphism 𝜑 ∶ 𝐺→ 𝐺 is (again) determined by 𝜑(1) = 𝑎𝜑.
So {group homomorphisms 𝜑 ∶ 𝐺→ 𝐺} ↔ Z/𝑝Z, 𝜑↔ 𝑎𝜑 and 𝜑 ◦ 𝜓 ↔ 𝑎𝜑𝑎𝜓.
So if 𝜑 is bijective, then 𝑎𝜑 must have a multiplicative inverse in Z/𝑝Z.
Fact: Any nonzero element 𝑎 ∈ Z/𝑝Z has a multiplicative inverse.

� Proof
Look at ⟨𝑎⟩ = {𝑘𝑎 ∣ 𝑘 ∈ Z}.
Since Z/𝑝Z is simple, ⟨𝑎⟩ = Z/𝑝Z.
Hence ⟨𝑎⟩ ∋ 1, so ∃𝑘 ∈ Z such that 𝑘𝑎 = 1 in Z/𝑝Z.
Take 𝑏 ∶= 𝑘 (mod 𝑝), and we have 𝑏𝑎 = 1. ■

Conclusion

Aut ((Z/𝑝Z,+)) = (Z/𝑝Z)𝑥 = ((Z/𝑝Z) \ {0}, 𝑥)

Example

Take 𝐺 = (Z/𝑝Z)2.
Compute ∣Aut(𝐺)∣.
𝐴𝑢𝑡(𝐺) is also called GL2(F𝑝).

Definition: Semidirect Product (Left)

Let 𝐻 and 𝑁 be groups and

𝜓 ∶ 𝐻 → Aut(𝑁)
be a group homomorphism.
The semidirect product 𝐻⋉

𝜓
𝑁 , as a set is (simply) the cartesian product 𝐻×𝑁 equipped with the binary operation

(ℎ1, 𝑛1) ∗ (ℎ2, 𝑛2) =
⎛
⎜⎜⎜
⎝
ℎ1ℎ2, 𝑛1 ⋅

∈𝑁Ì ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÐÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒ Î( 𝜓(ℎ1)ÍÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒ Ï
∈Aut(𝑁)

𝑛2)
⎞
⎟⎟⎟
⎠

42



This is a group.
(1𝐻 , 1𝑁) is the identity.

November 2, 2023

Definition: Semidirect Product (Right)

Let 𝐻 and 𝑁 be groups, and let

𝜑 ∶ 𝐻 → Aut(𝑁)

be a group homomorphism.
The semidirect product of 𝐻 by 𝑁 via 𝜑 is

𝑁 ⋊
𝜑
𝐻 =

as a set
𝑁 ×𝐻

equipped with the binary operation

(𝑛1, ℎ1) ∗ (𝑛2, ℎ2) = (𝑛1 ⋅
∈𝑁Ì ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÐÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÎ

𝜑(ℎ1)ÍÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÏ
∈Aut(𝑁)

𝑛2, ℎ1ℎ2)

Associativity

Given (𝑛1, ℎ1), (𝑛2, ℎ2), (𝑛3, ℎ3), need to prove that

((𝑛1, ℎ1) ∗ (𝑛2, ℎ2))ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ
𝑛1⋅[𝜑(ℎ1)𝑛2],ℎ1ℎ2)

∗(𝑛3, ℎ3) = (𝑛1, ℎ1) (∗(𝑛2, ℎ2) ∗ (𝑛3, ℎ3))ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ
(𝑛2[𝜑(ℎ2)𝑛3],ℎ2ℎ3)

Left Hand Side:

(𝑛1[𝜑(ℎ1)𝑛2][𝜑(ℎ1ℎ2)𝑛3], ℎ1ℎ2ℎ3)

Since 𝜑(ℎ1) is a homomorphism,

𝜑(ℎ1)(𝑛2[𝜑(ℎ2)𝑛3] = [𝜑(ℎ1)𝑛2][𝜑(ℎ1)(𝜑(ℎ2)𝑛3)]

and

𝜑(ℎ1)(𝜑(ℎ2)𝑛3) = 𝜑(ℎ1ℎ2)𝑛3.

Right Hand Side:

(𝑛1 𝜑(ℎ1)(𝑛2[𝜑(ℎ2)𝑛3])ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑ ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒ Ï
[𝜑(ℎ1)𝑛2] [𝜑(ℎ1)(𝜑(ℎ2)𝑛3)]

ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ
𝜑(ℎ1ℎ2)𝑛3

, ℎ1ℎ2ℎ3) = (𝑛1[𝜑(ℎ1)𝑛2][𝜑(ℎ1ℎ2)𝑛3], ℎ1ℎ2ℎ3)

Identity

Use (1𝑁 , 1𝐻).
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Inverse

Given (𝑛1, ℎ1), want to �nd (𝑛2, ℎ2) that is 2-sided inverse.
Use

(𝜑(ℎ−11 )𝑛−11 , ℎ
−1
1 )

Need 𝑛2 ∈ 𝑁 , such that

𝑛1𝜑(ℎ1)𝑛2 = 1𝑁

𝜑(ℎ1)𝑛2 = 𝑛−11
𝑛2 = 𝜑(ℎ−11 )𝑛−11

Left hand proof left as an exercise.

Upshot

The external semidirect product produces a new group out of the old group.
If we take 𝜑 to be 𝜑(ℎ) = Id𝑁 , we get the direct product 𝑁 ×𝐻.

Proposition: Internal Semidirect Product

Let 𝐺 be a group, 𝐻 ≤ 𝐺, 𝑁 ⊴𝐺, so that we have a group homomorphism

𝐻 ≤ 𝐺
𝜑

⟶ Aut(𝑁)
𝑔 ↝ 𝜑(𝑔)𝑛 =

defn.
𝑔𝑛𝑔

−1

Assume that 𝐻 ∩𝑁 = {1} and 𝐻𝑁( =
1st isomorphism

𝑁𝐻) =
assumption

𝐺.

Then we have an isomorphism of groups

𝑁 ⋊
𝜑
𝐻

𝑓
⟶ 𝐺

(𝑛, ℎ) ↝ 𝑛ℎ

Remark

In this situation, we asy that 𝐺 is the (internal) semidirect product of 𝐻 and 𝑁 .

Proof

� 𝑓 is a group homomorphism.

𝑓((𝑛1, ℎ1) ∗ (𝑛2, ℎ2)) = 𝑓(𝑛1𝜑(ℎ1)𝑛2, ℎ1ℎ2)
= 𝑛1𝜑(ℎ1)𝑛2ℎ1ℎ2
= 𝑛1(ℎ1𝑛2ℎ−11 )ℎ1ℎ2
= 𝑛1ℎ1𝑛2ℎ2

= 𝑓(𝑛1, ℎ1)𝑓(𝑛2, ℎ2)

� 𝑓 is injective.
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If 𝑓(𝑛, ℎ) = 1, then 𝑛ℎ = 1. So

𝑛ÍÑÏ
∈𝑁

= ℎ
−1

Í ÒÒÒÑÒÒÒÒÏ
∈𝐻

.

Therefore 𝑛 = 1 and ℎ = 1.

� 𝑓 is surjective

Since 𝑁𝐻 = 𝐺. ■

Example 1

Let 𝑁 = Stab(String), of order 4, and 𝐻 = Stab𝐺(𝑃 ), of order 3.
Then 𝐻 ∩𝑁 = {1} and 𝐻𝑁 = 𝐺 gives ∣𝐺∣ = 12.

Example 2

Let 𝐺 = GL2(R) and

𝐾 = {(1 𝑥
0 1

) ∣ 𝑥 ∈ R}

Then

𝐺 = 𝑁𝐺(𝐾) = {(𝑎 𝑏
𝑐 𝑑

) ∣ 𝑎, 𝑑 ∈ R×
, 𝑏 ∈ R} ,

𝑁 = 𝐾, and

𝐻 = {(𝑎 0
0 𝑑

) ∣ 𝑎, 𝑑 ∈ R×}

Observe

𝐻𝑁 = {(𝑎 0
0 𝑑

) (1 𝑥
0 1

) = (𝑎 𝑎𝑥
0 𝑑

) ∣ 𝑎, 𝑑 ∈ R×
, 𝑥 ∈ R}

This is the �Borel subgroup.�

Definition: Group Extension

Let 𝐻 and 𝑁 be groups.
An extension of 𝐻 by 𝑁 is the data of

1. A group 𝐺.

2. An injective homomorphism of 𝑁
𝜄
↪ 𝐺 such that 𝜄(𝑁) ⊴𝐺.

3. An isomorphism of groups 𝐺/𝜄(𝑁) 𝜋
⟶
∼

𝐻.
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Example

All the semidirect products give extensions of 𝐻 by 𝑁 .

Notation

1 ⟶ 𝑁
∼

⟶ 𝐺
𝜋̃

⟶ 𝐻 ⟶ 1

(This is an exact sequence.)

Recall: Derived Group

If 𝐺 is a group, the derived group 𝐷𝐺 = ⟨[𝑔, ℎ] ∣ 𝑔1ℎ ∈ 𝐺⟩ ⊴ 𝐺 is the smallest normal subgroup of 𝐺 such that
𝐺/𝑁 is abelian.
We can apply 𝐷 repeatedly.

𝐺 ⊵ 𝐷𝐺 ⊵ 𝐷(𝐷𝐺) ⊵ 𝐷(𝐷(𝐷𝐺)) ⊵ ⋯

= = = =

𝐺
(0)

𝐺
(1) 𝐺

(2)
= 𝐷(𝐺(1))𝐺(3)

= 𝐷(𝐺(2)) = 𝐷(𝐷(𝐺(1)))

Inductive De�nition: 𝐺
(𝑖+1)

= 𝐷(𝐺(𝑖)
, 𝑖 ≥ 0, 𝐺

(0)
= 𝐺.

Proposition:

Let 𝐺 be a group.
[∃𝑁 ≥ 0 𝐺

𝑛
= {1}] if and only if there exists some �ltration 𝐺. of length 𝑙 with 𝐺0 = 𝐺, 𝐺𝑙 = {1} such that

𝐺𝑖/𝐺𝑖+1 is abelian.

Definition: Solvable Group (Again)

A group 𝐺 is solvable (or soluble) if the 2 equivalent conditions are satis�ed.

Proof

(⟹) Suppose 𝐺(𝑛)
= {1}.

Then take 𝐺𝑖 ∶= 𝐺
(𝑖)

for 𝑖 = 0, 1, . . . , 𝑁 and 𝐺𝑖/𝐺𝑖+1 = 𝐺(𝑖)/𝐷(𝐺(𝑖)) is abelian.
Hence a �ltration required in the second condition.
(⟸) Suppose we have a �ltration

𝐺 = 𝐺0 ⊵𝐺1 ⊵⋯ ⊵𝐺𝑙 = {1}

such that 𝐺𝑖/𝐺𝑖+1 is abelian ∀𝑖 = 0, . . . , 𝑙 − 1.
Claim: for all 𝑖 = 0, . . . , 𝑙 − 1, we have

𝐺𝑖 ⊇ 𝐺
(𝑖)

If this is true, it �nishes the proposition since 𝐺
(𝑙)

⊆ 𝐺𝑙 = {1}.

� Proof of Claim
By induction on 𝑖,
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𝑖 = 0 𝐺
(0)

= 𝐺 = 𝐺0

Suppose, for 𝑖 ≥ 0, that 𝐺𝑖 ⊇ 𝐺
(𝑖)
.

Then, since 𝐺𝑖/𝐺𝑖+1 is abelian, by the de�nition of 𝐷𝐺, 𝐺𝑖+1 ⊇ 𝐷((𝐺𝑖).
Apply 𝐷 to 𝐺𝑖 ⊇ 𝐺

(𝑖)
and we get 𝐷(𝐺𝑖) ⊇ 𝐷(𝐺(𝑖)).

Since, in general, if 𝐺 ≥ 𝐻 ≥ 𝐾, then 𝐷(𝐻) ≥ 𝐷(𝐾) = ⟨𝑘1𝑘2𝑘−11 𝑘
−1
2 ⟩.

Therefore, 𝐺𝑖+1 ≥ 𝐷(𝐺(𝑖)) =
𝑑𝑒𝑓𝑛.

𝐺
(𝑖+1)

. ■

Example 1

𝐺 = Alt(4) is solvable.
𝐷(𝐺) = 𝑁 of size 4, 𝐷(𝑁) = {1} and 𝐷(𝐷𝐺) = {1}.

Example 2

𝐺 = {(𝑎 𝑏
0 𝑑

) ∣ 𝑎, 𝑑 ∈ R×
, 𝑏 ∈ R}

is solvable since if

(R,+) ≅ 𝑁 = {(1 𝑥
0 1

) ∣ 𝑥 ∈ R}

then

𝐺 ⊳
≠
𝑁 ⊳

≠
{1}

Meets the condition that 𝐺0 = 𝐺, 𝐺𝑙 = {1} such that 𝐺𝑖/𝐺𝑖+1 is abelian. So

𝐺/𝑁 ≅ 𝐻 = {(𝑎 0
0 𝑑

) ∣ 𝑎, 𝑑 ∈ R×} is abelian ≅ 𝑅
×
× R×

Nonexample

𝐺 = GL2(R).
Say 𝐴,𝐵 ∈ GL2(R). Then [𝐴,𝐵] = 𝐴𝐵𝐴−1

𝐵
−1

and det(𝐴𝐵𝐴−1
𝐵

−1) = 1.
Therefore 𝐷𝐺 = SL2(R), but since SL2(R) is perfect, 𝐷(SL2(R)) = SL2(R).
Proof left as an exercise.

Example 3

Let 𝑝 be a prime. The Heisenberg group of order 𝑝
3
is given as

Heis𝑝 =

⎧⎪⎪⎪⎨⎪⎪⎪⎩

⎛
⎜⎜
⎝

1 𝑥 𝑧
1 𝑦

1

⎞
⎟⎟
⎠

∣ 𝑥, 𝑦, 𝑧 ∈ Z/𝑝Z
⎫⎪⎪⎪⎬⎪⎪⎪⎭

∣Heis𝑝∣ = 𝑝3

(uses the same formula as with R)
The exact same computation for R gives:
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𝐷(Heis𝑝) = Z(Heis𝑝) =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

⎛
⎜⎜
⎝

1 0 𝑧
1 0

1

⎞
⎟⎟
⎠

∣ 𝑧 ∈ Z/𝑝Z
⎫⎪⎪⎪⎬⎪⎪⎪⎭

Therefore 𝐷(𝐷(Heis𝑝)) = {1} .
So Heis𝑝 is solvable as is Heis3(R).

To Read: Theorem

Let 𝐺 be a �nite group. Then the factor group in the JH series of 𝐺 are the same as multisets independent of the
choice of the JH series.

Example

Let 𝐺 = Z/12Z

𝐺 = Z/12Z

2Z/12Z 3Z/12Z

4Z/12Z 6Z/12Z

{1} = 12Z/12Z

𝐶2

𝐶2

𝐶3

𝐶2

𝐶2

𝐶3

November 7, 2023

Definition/Proposition: Solvable

A group 𝐺 solvable if and only if it satis�es 2 equivalent conditions:

1. ∃𝑁 ≥ 1, 𝐷
𝑁(𝐺) = 𝐷(𝐷(⋯𝐷

Í ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ
𝑁

(𝐺)⋯) = {1}.

2. There exists a �ltration 𝐺. = (𝐺0 ⊵ ⋯ ⊵ 𝐺𝑙) with 𝐺0 = 𝐺 and 𝐺𝑙 = {1} such that 𝐺𝑖/𝐺𝑖+1 is abelian
∀𝑖 = 0, . . . , 𝑙 − 1.

Definition: Extension

If 𝑁 ⊴𝐺, we say 𝐺 is an extension of 𝐺/𝑁 by 𝑁 .

Proposition: Solvability is Compatible with Extensions

Let 𝑁 ⊴𝐺, then

1. If 𝑁 is solvable and 𝐺/𝑁 is solvable, then 𝐺 is solvable.

2. If 𝐺 is solvable, then so are 𝑁 and 𝐺/𝑁 .
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Proof of 1

Let 𝑁. = (𝑁0⊵⋯⊵𝑁𝑙) and 𝑄. = (𝑄0⊵⋯⊵𝑄𝑚) (where 𝐺/𝑁 = 𝑄) be �ltrations as in the de�nition of solvability.
Then we �graft� the two �ltrations into one.

𝜋
−1(𝑄0) ⊵⋯ ⊵ 𝜋

−1(𝑄𝑚−1) ⊵ 𝜋−1(𝑄𝑚)Í ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ
factors are abelian

= 𝑁0 ⊵⋯ ⊵𝑁𝑙−1 ⊵𝑁𝑙Í ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ
factors are abelian

Where 𝐺
𝜋

⟶ 𝑄 = 𝐺/𝑁 .
Since

𝜋
−1(𝑄𝑖)/𝜋−1(𝑄𝑖+1)

correlation theorem
≅

2nd isomorphism theorem
𝑄𝑖/𝑄𝑖+1

is abelian.

Proof of 2

� Lemma

1. If 𝐻 ≤ 𝐺, then 𝐷(𝐻) ≤ 𝐷(𝐺).

2. If 𝑁 ⊴𝐺, then 𝜋(𝐷(𝐺)) = 𝐷(𝑄).

– Proof of a

𝐷(𝐻) = ⟨ℎℎ′ℎ−1ℎ′−1 ∣ ℎ, ℎ′ ∈ 𝐻⟩
⊆ ⟨𝑔𝑔′𝑔−1𝑔′−1 ∣ 𝑔, 𝑔′ ∈ 𝐺⟩ = 𝐷(𝐺)

– Proof of b

𝜋(𝑔𝑔′𝑔−1𝑔′−1) = 𝜋(𝑔)𝜋(𝑔′)𝜋(𝑔)−1𝜋(𝑔′)−1

So 𝜋(𝐷(𝐺)) ⊆ 𝐷(𝑄).
Conversely, any commutator like the right hand side is in the image of 𝜋, hence 𝜋(𝐷(𝐺)) ⊇ 𝐷(𝑄).

� Back to the proof of 2

Suppose 𝐷
𝑘(𝐺) = {1}.

Note, by the above lemma and with an application of induction,

𝐷(𝑁) ⊆ 𝐷(𝐺)
𝐷(𝐷(𝑁)) ⊆ 𝐷(𝐷(𝐺))

⋮

𝐷
𝑘(𝑁) ≤ 𝐷𝑘(𝐺) = {1}

So 𝑁 is solvable.
Then also
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𝐷(𝑄) = 𝜋(𝐷(𝐺))
𝐷(𝐷(𝑄)) = 𝜋(𝐷(𝐷(𝐺)))

⋮

𝐷
𝑘(𝑄) = 𝜋(𝐷𝑘(𝐺))

So 𝑄 is solvable.

Corrollary

If 𝐴 and 𝐵 are solvable groups, then any semidirect product of 𝐴 by 𝐵 is solvable.

Definition: Conjugacy Class

The conjugacy class of 𝑥 ∈ 𝐺

𝑥
#{𝑔𝑥𝑔−1 ∣ 𝑔 ∈ 𝐺}

Recall that, by the orbit stabilizer theorem, ∣𝑥#∣ = ∣𝐺∣
∣𝐶𝐺(𝑥)∣ . So

𝐶𝐺(𝑋) = {ℎ ∈ 𝐺 ∣ ℎ𝑥 = 𝑥ℎ, ℎ𝑥ℎ
−1

= 𝑥}

Example 1

Let 𝐺 = Alt(4). Then

1
#
= {1}

∣(𝐵 𝑃 )(𝑊 𝑌 )#∣ = 3 all the 2 + 2 cycles

Consider 𝑔 = (𝐵 𝑃 𝑊 ). Then ⟨𝑔⟩ = Stab𝐺(𝑌 ), 𝜋 Stab(𝑦)𝜋−1 = Stab(𝜋(𝑦)), and

𝑁𝐺(⟨𝑔⟩) = ⟨𝑔⟩ ≥ÍÑÏ
=

𝐶𝐺(𝑔)

Therefore ∣𝐶𝐺(𝑔)∣ = 3 and ∣(𝐵 𝑃 𝑊 )#∣ = 4.
Since 𝜋(𝐵 𝑃 𝑊 )𝜋−1 = (𝜋(𝐵)𝜋(𝑃 )𝜋(𝑊 )),

𝜋 = (𝐵 𝑃 )(𝑊 𝑌 ) ⟹ 𝜋(𝐵 𝑃 𝑊 )𝜋−1 = (𝑃 𝐵 𝑌 ) = (𝐵 𝑌 𝑃 )
𝜋 = (𝐵 𝑃 𝑌 ) ⟹ 𝜋(𝐵 𝑃 𝑊 )𝜋−1 = (𝑃 𝑌 𝑊 )
𝜋 = (𝑃 𝑊 𝑌 ) ⟹ 𝜋(𝐵 𝑃 𝑊 )𝜋−1 = (𝐵 𝑊 𝑌 )

So

(𝐵 𝑃 𝑊 )# = {(𝐵 𝑃 𝑊 ), (𝐵 𝑌 𝑃 ), (𝑃 𝑌 𝑊 ), (𝐵 𝑊 𝑌 )}

50



Therefore
Alt(4) = 1 (𝐵 𝑃 )(𝑊 𝑌 ) (𝐵 𝑃 𝑊 ) (𝐵 𝑊 𝑃 )

(𝐵 𝑊 )(𝑃 𝑌 ) (𝐵 𝑌 𝑃 ) (𝐵 𝑃 𝑌 )
(𝐵 𝑌 )(𝑃 𝑊 ) (𝑃 𝑌 𝑊 ) (𝑃 𝑊 𝑌 )

(𝐵 𝑊 𝑌 ) (𝐵 𝑌 𝑊 )
The class equation

12 = 1 + 3 + 4 + 4

Consider Sym(4) = 𝐺, which has conjugacy class and cycle types

𝐺 = 1 3 8 (4
2
) = 6 4!

4
= 6

2+2-cycles 3-cycles 2-cycles 4-cycles
24 = 1 + 3 + 8 + 6 + 6

Note that the 3 cycles in Alt(4) fuse into

the same conjugacy class in Sym(4).

Definition: Fusion

Di�erent conjugacy classes in 𝐺 merge into 1 in 𝐺.

More Generally

If 𝐺 = ∐ℎ
𝑖=1𝐾𝑖 into disjoint conjugacy classes, the class equation

∣𝐺∣ =
ℎ

∑
𝑖=1

∣𝐾𝑖∣

Example 1

Let 𝑝 be a prime and 𝐺 = Heis3(𝑝) =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

⎛
⎜⎜
⎝

1 𝑥 𝑧
1 𝑦

𝑧

⎞
⎟⎟
⎠

∣ 𝑥, 𝑦, 𝑧 ∈ Z/𝑝Z
⎫⎪⎪⎪⎬⎪⎪⎪⎭
.

Recall

𝑍(𝐺) =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

⎛
⎜⎜
⎝

1 0 𝑧
1 0

1

⎞
⎟⎟
⎠

∣ 𝑧 ∈ Z/𝑝Z
⎫⎪⎪⎪⎬⎪⎪⎪⎭

and, for any 𝑔 ∈ 𝑍(𝐺), 𝑔# = {𝑔}.
So we have 𝑝 conjugacy classes of size 1.

Let (𝑥, 𝑦) ∈ (Z/𝑝Z)2 \ {(0, 0)} and 𝑔 ∶=
⎛
⎜⎜
⎝

1 𝑥 0
1 𝑦

1

⎞
⎟⎟
⎠
.

Consider the centralizer, 𝐶𝐺(𝑔) ≥ 𝑍(𝐺) and 𝐶𝐺(𝑔) ≥ ⟨𝑔⟩.
So ∣𝐶𝐺(𝑔)∣ ≥ 𝑝 + 1 and, by Lagrange, ∣𝐶𝐺(𝑔)∣ ∣ 𝑝3.
Therefore ∣𝐶𝐺(𝑔)∣ = 𝑝2 and, by the orbit stabilizer theorem, ∣𝑔#∣ = 𝑝3/𝑝2 = 𝑝.
It follows that the class equation for Heis3(𝑝) is

𝑝
3
= 1 +⋯+ 1Í ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ

𝑝
𝑍(𝐺)

+ 𝑝 +⋯+ 𝑝
Í ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ

𝑝2−1
one for each (𝑥,𝑦)

� Question
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If (𝑥, 𝑦) ≠ (𝑥′, 𝑦′), then

⎛
⎜⎜
⎝

1 𝑥
1 𝑦

1

⎞
⎟⎟
⎠

#

≠

⎛
⎜⎜⎜
⎝

1 𝑥
′

1 𝑦
′

1

⎞
⎟⎟⎟
⎠

#

Observe that

⎛
⎜⎜
⎝

1 −𝑎 ?
1 −𝑏

1

⎞
⎟⎟
⎠

⎛
⎜⎜
⎝

1 𝑥 𝑧
1 𝑦

1

⎞
⎟⎟
⎠

⎛
⎜⎜
⎝

1 𝑎 𝑐
1 𝑏

1

⎞
⎟⎟
⎠
=

⎛
⎜⎜
⎝

0 −𝑎 ?
0 −𝑏

⎞
⎟⎟
⎠

⎛
⎜⎜
⎝

1 𝑥 + 𝑎 ?
1 𝑦 + 𝑏

1

⎞
⎟⎟
⎠

=

⎛
⎜⎜
⎝

1 𝑥 ?
1 𝑦

1

⎞
⎟⎟
⎠

That is, 𝐺→ 𝐺/𝑍(𝐺) ≅ (Z/𝑝Z)2.
In particular,

⎛
⎜⎜
⎝

1 1
1

1

⎞
⎟⎟
⎠

and
⎛
⎜⎜
⎝

1
1 1

1

⎞
⎟⎟
⎠

are not conjugate.
But they become conjugate in GL3(Z/𝑝Z), another instance of fusion.

Definition: p-Group

Let 𝑝 be a prime number.
A �nite group 𝐺 is called a 𝑝-group if ∣𝐺∣ = 𝑝𝑛 for some interger 𝑛.

Examples

� Z/𝑝𝑛Z (the cyclic group of 𝑝
𝑛
.

� Heis3(𝑝).

� Any repeated semi-direct products thereof.

Theorem: Solvability of p-Groups.

Any 𝑝-group 𝐺 ≠ {1} has a nontrivial center 𝑍(𝐺) and, therefore, is solvable.

Proof

Let 𝑔 ∈ 𝐺.
If 𝑔 ∈ 𝑍(𝐺), then 𝑔# = {𝑔}.
If 𝑔 /∈ 𝑍(𝐺), then 𝐶𝐺(𝑔) <

≠
𝐺, so ∣𝑔#∣ = ∣𝐺∣

∣𝐶𝐺(𝑔)∣ is divisible by 𝑝.

But then

𝑝
𝑛
= ∣𝐺∣ = 1 +⋯+ 1Í ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ

∣𝑍(𝐺)∣
+(integers disible by 𝑝)

52



Therefore 𝑝 ∣ ∣𝑍(𝐺)∣ and ∣𝑍(𝐺)∣ ≥ 𝑝.
By induction on 𝑛, we may assume that any group of order 𝑝

𝑚
(0 ≤ 𝑚 ≤ 𝑛 − 1) is solvable.

But then

𝑍(𝐺)
ÍÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÏ
order ≥𝑝

⊴𝐺↠ 𝐺/𝑍(𝐺)
ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑ ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒ Ï

has order 𝑝𝑚, 𝑚<𝑛

By the above proposition, 𝐺 is solvable.

Remark:

In some ways, solvable groups are easier to understand.
So given a �nite group 𝐺, one attempts to understand 𝐺 by �rst studying solvable subgroups of 𝐺.

Definition: p-Sylow Subgroups

Let 𝐺 be a �nite group and 𝑝 be prime.
Write ∣𝐺∣ = 𝑝𝑛 ⋅𝑚 where 𝑛 ≥ 0, 𝑚 ≥ 1 are integers and 𝑝 ∤ 𝑚.
A 𝑝-Sylow subgroup 𝐻 of 𝐺, is a subgroup of order ∣𝐻∣ = 𝑝𝑛.

Example 1

Let 𝐺 = Alt(4).
∣𝐺∣ = 12 = 2

2 ⋅ 3, so the 2-Sylow subgroup of 𝐺 is 𝐻 = Stab(String).
∣𝐺∣ = 12 = 3

1 ⋅ 4, so the 3-Sylow subgroups of 𝐺 are the vertext stabilizers.

Example 2

Let 𝐺 = Sym(4).
∣𝐺∣ = 4! = 24 = 2

3 ⋅ 3 = 3
1 ⋅ 8.

3-Sylows are the cyclic groups generated by (1 of the 8) 3-cycles, so there are 4 of them.

1

2

3

4

𝐷8 ≤ Sym(4)

= {4 rotations

4 re�ections

= {(1 2)(3 4), (2 4), (1 4)(2 3), (1 3), (1 2 3 4), (1 3)(2 4), (4 3 2 1), 1}

November 9, 2023

Jean-Paul Serre

The proofs of Sylow Theorems below are taken from Serre's Finite Groups, an Introduction.

Definition: p-Sylow Subgroups

Let 𝐺 be a �nite group, 𝑝 be prime, and write ∣𝐺∣ = 𝑝𝑛 ⋅𝑚 where 𝑛 ≥ 0 and 𝑚 ≥ 1 are integers such that 𝑝 ∤ 𝑚.
A 𝑝-Sylow subgroup of 𝐺 is a subgroup 𝑆 ≤ 𝐺 such that ∣𝑆∣ = 𝑝𝑛 = 𝑞.
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Theorem: First p-Sylow Theorem

There exist 𝑝-Sylow subgroups.

Recall:

By Lagrange, 𝐻 ≤ 𝐺 ⟺ ∣𝐻∣ »»»»»» ∣𝐺∣.
However, the converse is false.
For example, 𝐺 = Alt(4) has no subgroup of order 6, even though 6∣12.

Proof

Let 𝑋 = {𝑆 ⊆ 𝐺 ∣ ∣𝑆∣ = 𝑝𝑛}.
Note ∣𝑋∣ = (𝑞⋅𝑚

𝑞
).

If 𝑝
𝑛
= 1, there is nothing to prove. So assume 𝑛 ≥ 1, 𝑞 ≥ 𝑝.

� Lemma

(𝑞⋅𝑚
𝑞
) ≡ 𝑚 (mod 𝑝); in particular, 𝑝 ∤ ∣𝑋∣.

– Proof

𝑅 = (Z/𝑝Z) [𝑇 ] = {polynomials in 𝑇 with Z-coe�cients (mod 𝑝)} is (going to be) a ring.
Consider (1 + 𝑇 )𝑞⋅𝑚.
First, by the Binomial Theorem,

(1 + 𝑇 )𝑝 =
𝑝

∑
𝑗=0

(𝑝𝑗)𝑇
𝑗

If 1 ≤ 𝑗 ≤ 𝑝 − 1, then (𝑝
𝑗
) = 𝑝!

(𝑝−𝑗)!𝑗! is divisible by 𝑝. So

(1 + 𝑇 )𝑝 ≡ 1 + 𝑇
𝑃 (mod 𝑝)

Repeating the process,

(1 + 𝑇 )𝑝
2

≡ ((1 + 𝑇 )𝑝)𝑝 ≡ (1 + 𝑇
𝑃 )𝑃 ≡ 1 + 𝑇

𝑝
2

(mod 𝑝)

By induction,

(1 + 𝑇 )𝑞 ≡ 1 + 𝑇
𝑞 (mod 𝑝)

Using the Binomial Theorem again,

(⋆) (1 + 𝑇 )𝑞⋅𝑚 ≡ (1 + 𝑇
𝑞)𝑚 ≡ 1 + (𝑚1 )𝑇

𝑄
+ ⋅ (mod 𝑝)

On the other hand, by applying the Binomial Theorem directly,

(∗) (1 + 𝑇 )𝑞⋅𝑚 =

𝑞⋅𝑚

∑
𝑗=0

(𝑞 ⋅𝑚𝑗 )𝑇 𝑗
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Compare the coe�cients of 𝑇
𝑞
, and we get 𝑚 ≡ (𝑞⋅𝑚

𝑞
) (mod 𝑝).

Consider the (translation) action of 𝐺 on 𝑋:

𝑔 ∗ 𝑆 ∶= {𝑔𝑠 ∣ 𝑠 ∈ 𝑆}

Now decompose 𝑋 into disjoint 𝐺-orbits:

𝑋 =

𝑁

∐
𝑗=1

𝑂𝑗

Then

∣𝑋∣ =
𝑁

∑
𝑗=1

∣𝑂𝑗∣

So at least 1 orbit, say 𝑂𝑗 = 𝐺 ⋅ 𝑆0 must have ∣𝑂𝑗∣ /≡ 0 (mod 𝑝).
Take 𝐻 ∶= Stab𝐺(𝑆0) = {𝑔 ∈ 𝐺 ∣ 𝑔𝑆0 = 𝑆0}.

1. By Orbit Stabilizer Theorem, ∣𝐻∣ = ∣𝐺∣
∣𝑂𝑗∣ =

𝑞⋅𝑚
∣𝑂𝑗∣ = 𝑞

𝑚
∣𝑂𝑗∣ ≥ 𝑞.

2. On the other hand, we �x 𝜎0 ∈ 𝑆0 and we have a map

𝐻
𝑓

⟶ 𝑆0

ℎ⟼ ℎ𝜎0

𝑓 is injective, since ℎ1𝜎0 = ℎ2𝜎0, then ℎ1 = ℎ2.
Therefore ∣𝐻∣ ≤ ∣𝑆0∣ = 𝑞. ■

Theorem: Second Sylow Theorem

Notation as before, let 𝑆0 be a 𝑝-Sylow subgroup.

1. Any 𝑝-subgroup, 𝑃 , is contained in a conjugate of 𝑆0.

𝑃 ≤ 𝑔𝑆0𝑔
−1

for some 𝑔 ∈ 𝐺.

2. Any (other) 𝑝-Sylow subgroup 𝑆 of 𝐺 is conjugate to 𝑆0.

𝑆 = 𝑔𝑆0𝑔
−1

for some 𝑔 ∈ 𝐺.
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3. Let 𝑛𝑝(𝐺) = #{𝑝-Sylow subgroups of 𝐺}. Then

𝑛𝑝(𝐺) ≡ 1 (mod 𝑝)

(This is sometimes listed as the third Sylow theorem)

� Lemma 2

Let 𝑃 be a 𝑝-group acting on a �nite set 𝑌 .
De�ne 𝑌

𝑃
= {𝑦 ∈ 𝑌 ∣ 𝑔𝑦 = 𝑦,∀𝑔 ∈ 𝑃}, the set of �xed points. Then

∣𝑌 𝑃 ∣ ≡ ∣𝑌 ∣ (mod 𝑝)

– Remark (*): in Algebraic Topology this leads to Smith Theory.

– Proof

Decompose 𝑌 into 𝑃 -orbits.

𝑌 = {∗1}∐ ⋅∐{∗𝑎}
ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑ ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒ Ï

𝑌 𝑃

𝑀

∐
𝑗=1

𝑂𝑗

Therefore ∣𝑂𝑗∣ = ∣𝑃 ∣
∣Stab𝑗 ∣ is a power of 𝑝 and ≥ 𝑝.

It follows that

∣𝑌 ∣ = ∣𝑌 𝑃 ∣ +
𝑀

∑
𝑗=1

∣𝑂𝑗∣

Í ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ
divide by 𝑝

≡ ∣𝑌 𝑝∣ (mod 𝑝)

Proof (Second Sylow Theorem)

� Part 1
𝑦 = 𝐺/𝑆0, the coset space, is not necessarily a group.
𝐺 acts on 𝑦 by translation: 𝑔 ∗ (𝑔′𝑆0) = 𝑔𝑔′𝑆0.
Restrict the action to 𝑃 , and

∣𝑦𝑃 ∣ ≡ ∣𝑦∣ (mod 𝑝) = ∣𝐺∣
∣𝑆0∣

=
𝑞 ⋅𝑚
𝑞 = 𝑚 ≢ 0 (mod 𝑝)

Therefore 𝑦
𝑃
≠ ∅. Say 𝑔𝑆0 ∈ 𝑦

𝑃
or 𝑃 ⊆ Stab𝐺(𝑔𝑆0).

For any 𝜋 ∈ 𝑃 , 𝜋 ⋅ 𝑔𝑆0 = 𝑔𝑆0, and

𝑔
−1
𝜋𝑔 𝑆0ÍÑÏ

∋1

= 𝑆0

𝑔
−1
𝜋𝑔 ∈ 𝑆0

𝜋 ∈ 𝑔𝑆0𝑔
−1

Thus, 𝑃 ≤ 𝑔𝑆0𝑔
−1
. ■
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� Part 2
If 𝑆 is a 𝑝-Sylow and, by (1), 𝑆 ⊆ 𝑔𝑆0𝑔

−1
, then, since both have 𝑞 elements,

𝑆 = 𝑔𝑆0𝑔
−1 ■

� Part 3
Write 𝒮 = {𝑝 − Sylows 𝑆 of 𝐺}
Let 𝐺 act on 𝒮 by conjugation.

𝑔 ∗ 𝑆 = 𝑔𝑆𝑔
−1

By (2), the action is transitive.
Note: Stab𝐺(𝑆) = 𝑁𝐺(𝑆).

– Lemma 3

Suppose 𝑆, 𝑆
′
∈ 𝒮.

If 𝑆
′
∈ 𝑁𝐺(𝑆), then 𝑆 ′

= 𝑆.

* Proof

Note that ∣𝑁𝐺(𝑆)∣ ∣ ∣𝐺∣ = 𝑞 ⋅𝑚, and 𝑆 ⊆ 𝑁𝐺(𝑆) where ∣𝑆∣ = 𝑞.
Therefore 𝑆 is a 𝑝-Sylow of 𝑁𝐺(𝑆).
Now, if 𝑆

′
≤ 𝑁𝐺(𝑆), 𝑆 ′

is a 𝑝-Sylow of 𝑁𝐺(𝑆).
So, by (2) applied to 𝑁𝐺(𝑆) replacing 𝐺,

∃𝑛 ∈ 𝑁𝐺(𝑆) ∶ 𝑆
′
= 𝑛𝑆

′
𝑛
−1

= 𝑆 ■

· Remark

𝑛𝑝(𝐺) = ∣𝐺∣
∣Stab𝐺(𝑆)∣ =

∣𝐺∣
∣𝑁𝐺(𝑆)∣ for any 𝑝-Sylow 𝑆.

Choose any 𝑆0 ∈ 𝒮, and let 𝑆0 act on 𝒮 by conjugation.

Then, by Lemma 2, ∣𝒮𝑆0∣
≡ ∣𝒮∣ (mod 𝑝), and

𝒮𝑆0
= {𝑆 ′

∈ 𝒮 ∣ 𝑆0 ∈ Stab𝐺(𝑆 ′)
ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ
=𝑁𝐺(𝑆 ′)
ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ
⟺ 𝑆0=𝑆

′

} = {𝑆0} ■

Sylow Examples

Example 1

Let 𝐺 = Alt(4), ∣𝐺∣ = 2
2 ⋅ 31.

𝑛2(𝐺) = 1 ≡ 1 (mod 2)
𝑛3(𝐺) = 4 ≡ 1 (mod 3)
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Example 2

Let 𝑝 be a prime.
Denote F𝑝 = Z/𝑝Z.

𝑀2×2(F𝑝) = {(𝑎 𝑏
𝑐 𝑑

) ∣ 𝑎, 𝑏, 𝑐, 𝑑 ∈ F𝑝}

has addition and multiplication (not commutative).

∣𝑀2×2(F𝑝)∣ = 𝑝4

And 𝐴 = (𝑎 𝑏
𝑐 𝑑

) ∈𝑀2×2(F𝑝) if and only if det(𝐴) = 𝑎𝑑 − 𝑏𝑐 is nonzero.

(𝐴−1
=

1

𝑎𝑑 − 𝑏𝑐
( 𝑑 −𝑏
−𝑐 𝑎

))

Definition: General Linear Group Over Finite Field

GL2(F𝑝) = {(𝑎 𝑏
𝑐 𝑑

) ∈𝑀2×2(F𝑝) ∣ 𝑎𝑑 − 𝑏𝑐 ≠ 0 in F𝑝}

equipped with matrix multipication, is a group.

� Question: ∣GL2(F𝑝)∣ = ?
Conceptual answer will be given in Math 201.
An ad hoc answer is

{(𝑎 𝑏
𝑐 𝑑

) ∣ 𝑎𝑑 − 𝑏𝑐 = 0 in F𝑝}

If 𝑎 = 0 (in F𝑝), then 𝑏𝑐 = 0 so 𝑏 = 0 or 𝑐 = 0. So consider

{𝑎 = 0 and 𝑏 = 0}
ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ

𝑝2

∪ {𝑎 = 0 and 𝑐 = 0}
ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ

𝑝2

∶ ∩ has 𝑝 elements

If 𝑎 ≠ 0 (in F𝑝), then 𝑑 = 𝑏𝑐/𝑎, then 𝑝 − 1
Í ÒÒÒÒÒÒÒÒÑ ÒÒÒÒÒÒÒÒÒÏ
𝑎

𝑝
ÍÑÏ
𝑏

𝑝
ÍÑÏ
𝑐

.

It follows that

GL2(F𝑝)∣ = 𝑝4 −
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
(𝑝2 + 𝑝

2
− 𝑝)

ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒ Ï
𝑎=0

+ (𝑝 − 1)𝑝𝑝
Í ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ

𝑝≠0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
= 𝑝(𝑝3 − (2𝑝 − 1) − 𝑝(𝑝 − 1))
= 𝑝(𝑝3 − 𝑝

2
− 𝑝 + 1)

= 𝑝(𝑝 − 1)(𝑝2 − 1)
= 𝑝(𝑝 − 1)2(𝑝 + 1)
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� Question: a 𝑝-Sylow of GL2(F𝑝) has order 𝑝.

Example: 𝐻 = ⟨(1 1
0 1

)⟩ = {(1 𝑥
0 1

) ∣ 𝑥 ∈ F𝑝} is one. And

𝑁𝐺(𝐻) = {(𝑎 𝑏
0 𝑑

) ∣ 𝑎, 𝑑 ∈ F×
𝑝 , 𝑏 ∈ F𝑝}

Therefore

𝑛𝑝(𝐺) =
∣𝐺∣

∣𝑁𝐺(𝐻)∣ =
𝑝(𝑝 − 1)2(𝑝 + 1)
(𝑝 − 1)
ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ

𝑎

𝑝
ÍÑÏ
𝑏

(𝑝 − 1)
ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ

𝑑

= 𝑝 + 1 ≡ 1 (mod 𝑝)

November 14, 2023

Recall: Sylow Theorems

Let 𝐺 be a �nite group where ∣𝐺∣ = 𝑝𝑛𝑚, 𝑝 prime, 𝑚 ∈ Z and 𝑝 ∤ 𝑚. Then

1. 𝑝-Sylows exist: 𝐻 ≤ 𝐺 with ∣𝐻∣ = 𝑝𝑛.

2. All the 𝑝-sylows are conjugate in 𝐺.

3.

𝑛𝑝(𝐺) = #{𝑝-Sylows of 𝐺} = ∣𝐺∣
∣𝑁𝐺( 𝑃ÍÑÏ

any 𝑝-Sylow

)∣ ≡ 1 (mod 𝑝)

Note: 𝑛𝑝(𝐺)∣𝑚 (from 3).

Theorem*: Feit-Thompson

All groups of odd order are solvable.
Proof too long to reproduce.

Proposition: Order pq Groups are Solvable

Let 𝑝, 𝑞 be primes.
Any group 𝐺 with order 𝑝𝑞 is solvable.

Proof

If 𝑝 = 𝑞, then 𝐺 is a 𝑝-group. So it is solvable.
So let us assume that 𝑝 ≠ 𝑞.
We may assume, without loss of generality, that 𝑝 < 𝑞. Then 𝑛𝑞(𝐺) ≡ 1 (mod 𝑞) and 𝑛𝑞(𝐺) ∣ 𝑝.
Then 𝑝 /≡ 1 (mod 𝑞).
Therefore, 𝑛𝑞(𝐺) = 1.
By Sylow 2, the unique 𝑞-Sylow, say 𝑄, is normal in 𝐺.
Now ∣𝐺/𝑄∣ = ∣𝐺∣/∣𝑄∣ = 𝑝, hence 𝐺/𝑄 is abelian. Similarly, since ∣𝑄∣ = 𝑞, 𝑄 is abelian.
So, with the �ltration

𝐺 ⊳
≠
𝑄 ⊳

≠
1,

𝐺 is solvable.
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Proposition: Order ppq Groups are Solvable

Let 𝑝, 𝑞 be primes.
If ∣𝐺∣ = 𝑝2𝑞, then 𝐺 is solvable.

Proof

If 𝑛𝑝(𝐺) = 1, then the 𝑝-Sylow 𝑃 will be normal and have order 𝑝
2
, hence by the previous proposition (or since 𝑃

is a 𝑝-group), 𝑃 is solvable and 𝐺/𝑃 is cyclic of order 𝑞 (hence abelian). So 𝐺 will be solvable.
If 𝑛𝑞(𝐺) = 1, then the 𝑞-Sylow 𝑄 wil be normal and have order 𝑞 with ∣𝐺/𝑄∣ = 𝑝2, so 𝐺 is solvable.

So we may assume, in the rest of the proof, that 𝑛𝑝(𝐺) = 𝑞 and 𝑛𝑞(𝐺) ∈ {𝑝, 𝑝2}.
Then 𝑞 ≡ 1 (mod 𝑝) by Sylow 3, and 𝑝∣(𝑞 − 1), so 𝑝 ≤ 𝑞 − 1, so 𝑝 < 𝑞.
But then 𝑝 ≢ 1 (mod 𝑞) (because 𝑝 ≡ 1 (mod 𝑞) ⟹ 𝑞∣(𝑝 − 1) ⟹ 𝑞 < 𝑝).
Therefore 𝑛𝑞(𝑔) = 𝑝2.
Let 𝑄 be a 𝑞-Sylow. Since 𝑛𝑞(𝐺) = 𝑝2 = ∣𝐺∣

∣𝑁𝐺(𝑄)∣ , we have ∣𝑁𝐺(𝑄)∣ = 𝑞.
That is, 𝑁𝐺(𝑄) = 𝑄.
Consider all the 𝑞-Sylows 𝑥𝑄𝑥

−1
of 𝐺, 𝑝

2
in number.

For any 𝑔 ∈ 𝑥𝑄𝑥
−1 \ {1}, ⟨𝑔⟩ = 𝑥𝑄𝑥−1, so 𝑔 has order 𝑞.

Conversely, any 𝑔 ∈ 𝐺 of order 𝑞 a 𝑞-Sylow.
Consider

Σ = ⋃
𝑥𝑄∈𝐺/𝑄

𝑥(𝑄 \ {1})𝑥−1

a set consisting entirey of elements of order 𝑞.
The union is pairwise disjoint, since if

𝑥(𝑄 \ {1})𝑥−1 ∩ 𝑦(𝑄 \ {1})𝑦−1 ≠ 0

then ⟨𝑔⟩ = 𝑥𝑄𝑥−1 = 𝑦𝑄𝑦−1.

⟹ (𝑦−1𝑥)𝑄(𝑦−1𝑥)−1 = 𝑄 ⟹ 𝑦
−1
𝑥 ∈ 𝑁𝐺(𝑄) = 𝑄

So 𝑦𝑄 = 𝑥𝑄.
Now

∣Σ∣ = ∣𝐺/𝑄∣(∣𝑄∣ − 1) = 𝑝2(𝑞 − 1)

So

∣𝐺 \ Σ∣ = ∣𝐺∣ − ∣Σ∣ = 𝑝2𝑞 − 𝑝
2(𝑞 − 1) = 𝑝2

Now, let 𝑃 be a 𝑝-Sylow of 𝐺. Then any element 𝑔 ∈ 𝑃 will have order 1, 𝑝, or 𝑝
2
by Lagrange, so 𝑔 /∈ Σ.

Therefore

𝑃ÍÑÏ
order 𝑝2

⊆ 𝐺 \ Σ
Í ÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÏ
order 𝑝2

⟹ 𝑃 = 𝐺 \ Σ

Hence 𝐺 \ Σ must be the unique 𝑝-Sylow of 𝐺, which contradicts 𝑛𝑝(𝐺) = 𝑞.
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Remark*: Burnside

Any group of order 𝑝
𝑎
𝑞
𝑏
is solvable

Definition: Word

Let 𝑋 be a set (of �letters�), e.g. 𝑋 = {𝑥1, . . . , 𝑥𝑛}.
A word in 𝑋 is an in�nite sequence (𝑎1, 𝑎2, 𝑎3, . . .) = (𝑎𝑛)∞𝑛=1 such that for each 𝑖 = 1, 2, 3, . . .,

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

𝑎𝑖 = 1

𝑎𝑖 = 𝑥, 𝑥 ∈ 𝑋

𝑎𝑖 = 𝑥
−1

and, for all 𝑖 >> 0, 𝑎𝑖 = 1.

Example

𝑋 = {𝑥, 𝑦, 𝑧}.
(𝑥, 𝑥−1, 𝑦, 𝑦, 𝑦, 𝑧, 𝑥, 1, 1, 1, . . .)
(𝑦, 1, 𝑧, 𝑧, 𝑦−1, 1, 1, 1, . . .)

Definition: Reduced Word

A word (𝑎𝑛) is reduced if ∀𝑖 ≥ 1, ∀𝑥 ∈ 𝑋,

1. If 𝑎𝑖 = 𝑥, then 𝑎𝑖+1 ≠ 𝑥
−1

2. If 𝑎𝑖 = 𝑥
−1
, then 𝑎𝑖+1 ≠ 𝑥.

3. If 𝑎𝑖 = 1, then 𝑎𝑖+1 = 1.

Note that neither of the previous examples are reduced.
The empty word (1, 1, 1, . . .) is always reduced.

Fact/Construction: Word Reduction

Given any word (𝑎𝑛), we construct the reduction, red(𝑎𝑛), in the following way:

1. If 𝑎𝑖 = 𝑥 and 𝑎𝑖+1 = 𝑥
−1

or 𝑎𝑖 = 𝑥
−1

and 𝑎𝑖+1 = 𝑥, then skip both 𝑎𝑖 and 𝑎𝑖+1.

2. If 𝑎𝑖 = 1 but 𝑎𝑖+1 ≠ 1, skip 𝑎𝑖.

Example

(𝑥, 𝑥−1, 𝑦, 𝑦, 1, 𝑧, 𝑥, 1, . . .)
↝ (𝑦, 𝑦, 1, 𝑧, 𝑥, 1, . . .)
↝ (𝑦, 𝑦, 𝑧, 𝑥, 1, . . .) is the reduction.
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Definition: Free Group

The free group on 𝑋, 𝐹 (𝑋), is the set of reduced words on 𝑋 equipped with the binary operation for 𝛼 = (𝑎𝑛)
and 𝛽 = (𝑏𝑛):

𝛼 ∗ 𝛽 = red(concatenation of 𝛼 and 𝛽)
Example

𝛼 = (𝑥, 𝑦, 𝑧, 𝑥−1, 1, . . .) and 𝛽 = (𝑥, 𝑧−1, 𝑦−1, 𝑥−1, 𝑦, 1, . . .)

↝ (𝑥, 𝑦, 𝑧, 𝑥−1
Í ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ

𝛼

, 𝑥, 𝑧
−1
, 𝑦

−1
, 𝑥

−1
, 𝑦

Í ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ
𝛽

, 1, . . .)

↝ (𝑦, 1, . . .)
Example

IMAGE HERE - TRIPLE TORUS
𝜋1 of the triple torus with piece removed is the free group on 2 × 3 letters.

Proposition (Universal Mapping Property)

Let 𝑋 be a set and 𝐺 be a group.
Then there is a natural bijection

Fun(𝑋,𝐺) ∼

⟶
𝛼

Homgroup(𝐹 (𝑋), 𝐺)

Where Fun(𝑋,𝐺) is the collection of functions from 𝑋 to 𝐺.

Proof

Given 𝑓 ∈ Fun(𝑋,𝐺) (i.e. a function 𝑋
𝑓

⟶ 𝐺) let 𝛼(𝑓) be de�ned

𝛼(𝑓)(𝑎1, 𝑎2, 𝑎3, . . . , 1, 1, 1, . . .) = 𝑓(𝑎1)ÍÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÏ
𝐺

𝑓(𝑎2)ÍÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÏ
𝐺

𝑓(𝑎3)ÍÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÏ
𝐺

⋯ 1 ⋅ 1 ⋅ 1⋯Í ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ
ignored

𝛼(𝑓) is a homomorphism (skipped; see Robert Boltje's lecture notes).
Conversely, given 𝜑 ∈ Homgroups(𝐹 (𝑋), 𝐺), let

𝛽(𝜑)(𝑥) = 𝜑((𝑥, 1, 1, . . .))
Exercise: 𝛼 and 𝛽 are inverses.

Remark*:

In categorical terms, 𝐹 is adjoint functor to the forgetful functor from Groups→Sets.

Definition: Normal Generated Subgroup

Let 𝐺 be a group and 𝑆 ⊆ 𝐺 a subset.
Recall ⟨𝑆⟩ is the subgroup generated by 𝑆.
De�ne ⟨⟨𝑆⟩⟩ = ⟨𝑔𝑠𝑔−1 ∶ 𝑠 ∈ 𝑆, 𝑔 ∈ 𝐺⟩.
This is the normal subgroup generated by 𝑆.
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Definition: Presentation

Let 𝑥 be a set (of letters) and 𝑆 ⊆ 𝐹 (𝑋) a �relation�.
The quotient group 𝐹 (𝑋)/⟨⟨𝑆⟩⟩, denoted by ⟨𝑋 ∶ 𝑆⟩, is called a presentation of the group.

Example

Let 𝑋 = {𝑎, 𝑏, 𝑐} and 𝑆 = {𝑎𝑏𝑏𝑎, 𝑎𝑎, 𝑎𝑐−1}.

⟨𝑎, 𝑏, 𝑐 ∶ 𝑎𝑏𝑏𝑎, 𝑎𝑎, 𝑎𝑐−1, 𝑎𝑏𝑎𝑐⟩

refers to the qutioent group 𝐹 (𝑥)/⟨⟨𝑆⟩⟩.

Example*

IMAGE HERE - TRIPLE TORUS WITHOUT REMOVAL
𝜋1 of that is ⟨𝑎1, 𝑏1, 𝑎2, 𝑏2, 𝑎3, 𝑏3 ∶ [𝑎1, 𝑏1][𝑎2, 𝑏2][𝑎3, 𝑏3]⟩.

Proposition (Universal Mapping Property)

Let ⟨𝑋 ∶ 𝑆⟩ be a presentation of a group 𝐺 (where 𝐺 = 𝑋) and a group 𝐻,

Giving a group homomorphism 𝐺⟶ 𝐻 is equivalent to giving a function 𝑋
𝑓

⟶ 𝐻 such that

𝑆 ⊆ ker(𝛼(𝑓) ∶ 𝐹 (𝑋) → 𝐻)

November 16, 2023

Definition: Monoid

A group is a set 𝑀 equipped with a binary operation ∗ satisfying

1. 𝑎 ∗ (𝑏 ∗ 𝑐) = (𝑎 ∗ 𝑏) ∗ 𝑐, ∀𝑎, 𝑏, 𝑐 ∈𝑀

2. ∃𝑒 ∈ 𝐺 ∶ 𝑎 ∗ 𝑒 = 𝑎 = 𝑒 ∗ 𝑎, ∀𝑎 ∈𝑀

3. ∀𝑎 ∈ 𝐺 ∶ ∃𝑏 ∈ 𝐺 ∶ 𝑎𝑏 = 𝑒 = 𝑏𝑎///////////////////////////////////////////

Say 𝑀 is commutative if

1. ∀𝑎, 𝑏 ∈𝑀 ∶ ∶ 𝑎 ∗ 𝑏 = 𝑏 ∗ 𝑎

Examples

N0 = {0, 1, 2, 3, 4, . . .} equipped with + is a monoid.
N = {1, 2, 3, 4, . . .} equipped with × is a monoid.
Z with × is a monoid.
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Definition: Ring

A ring is a set 𝑅 equipped with 2 binary operations + and ⋅ such that

1. (𝑅,+) is a commutative group,

2. (𝑅, ⋅) is a monoid and,

3. ∀𝑎, 𝑏, 𝑐 ∈ 𝑅:

� 𝑎 ⋅ (𝑏 + 𝑐) = 𝑎 ⋅ 𝑏 + 𝑎 ⋅ 𝑐 and

� (𝑎 + 𝑏) ⋅ 𝑐 = 𝑎 ⋅ 𝑐 + 𝑏 ⋅ 𝑐

Notation

The additive neutral element is denoted by 0𝑅 = 0.
The multiplicative neutral element is denoted by 1𝑅 = 1.

Definition: Rng

If, instead, we drop the multiplicative identity requirement, we construct a rng or �ring without identity�.

Sources of Rings

Three main sources of rings (at least historically)

1. Numbers

2. Functions

3. Linear Operators

� Numbers
(Z,+, ⋅), (Q,+, ⋅), (R,+, ⋅), (C,+, ⋅) are rings.

Definition: Subring

A subset 𝑆 ⊆ 𝑅 is a subring if

1. (𝑆,+) is a subgroup of (𝑅,+) and,

2. (𝑆, ⋅) is a submonoid of (𝑅, ⋅).

i.e. 0𝑅 ∈ 𝑆, 1𝑅 ∈ 𝑆, and 𝑥, 𝑦 ∈ 𝑆 ⟹ 𝑥 + 𝑦, 𝑥 − 𝑦, 𝑥𝑦 ∈ 𝑆.
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Example: Gaussian Integers

Let 𝑅 = C (the operation notation is supressed when understood)
𝑆 ∶= {𝑎 + 𝑏𝑖 ∣ 𝑎, 𝑏 ∈ Z} ⊂ C (where 𝑖

2
= −1) is a subring of C since

1. 0 = 0 + 0𝑖

2. 1 = 1 + 0𝑖

3. 𝑧 = 𝑎 + 𝑏𝑖 and 𝑤 = 𝑐 + 𝑑𝑖 are in 𝑆, then

𝑧 ± 𝑤 = (𝑎 ± 𝑐Í ÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÏ
∈Z

) + (𝑐 ± 𝑑Í ÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÏ
∈Z

)𝑖

𝑧𝑤 = (𝑎𝑐 − 𝑏𝑑Í ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ
∈Z

) + (𝑏𝑐 + 𝑎𝑑Í ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ
∈Z

)𝑖

This subring is the Gaussian integers, denoted by Z[𝑖].

� Remark
To verify that 𝑆 ⊂ 𝑅 is a subring, we need NOT verify that 𝑥 ∈ 𝑆 ⟹ 𝑥

−1
∈ 𝑆.

e.g. 1
3+5𝑖

=
3−5𝑖

(3−5𝑖)(3+5𝑖) =
3−5𝑖
34

.

Rings of Numbers

Example: p-adics

Let 𝑚 ≥ 1 be an integer, 𝑅 ∶= Z/𝑚Z with + and ⋅ is a ring.
∗ (out of these, we can make �𝑝-adic numbers�)

Rings of Functions

Example: Functions

Let 𝑋 = R and 𝐴 = Fun(𝑋,R) = {𝑓 ∶ 𝑋 → R functions}.
Equip 𝐴 with pointwise + and ⋅: given 𝑓, 𝑔 ∈ 𝐴, de�ne

𝐴 ∋ 𝑓 + 𝑔 ∶ 𝑥↦ 𝑓(𝑥) + 𝑔(𝑥)
𝐴 ∋ 𝑓𝑔 ∶ 𝑥↦ 𝑓(𝑥)𝑔(𝑥)

0𝐴 ∈ 𝐴 is the constant function 0𝐴(𝑥) = 0R, ∀𝑥 ∈ 𝐴 and 1𝐴 ∈ 𝐴 is constant 1R.
Then Fun(𝑋,R) is a ring.

Example: Continuous Functions

Let 𝑋 be a topological space.
De�ne 𝐶(𝑋) = {𝑓 ∈ Fun(𝑋,R) ∣ 𝑓 is continuous at every 𝑥 ∈ 𝑋}, a subring of Fun(𝑋,R).

Example: Infinitely Differentiable Functions

Let 𝑋 be a manifold, e.g. 𝑋 = R.
De�ne 𝐶

∞(𝑋) = 𝑓 ∈ 𝐶(𝑋) ∣ 𝑓 is inde�nitely di�erentiable at every 𝑥 ∈ 𝑋} is a subring.
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Example: Periodic Functions

Let 𝑋 = R.
De�ne 𝐶2𝜋(R) = {𝑓 ∈ 𝐶(R) ∣ 𝑓(𝜃 + 2𝜋) = 𝑓(𝜃) for all 𝜃 ∈ R}.
e.g. 0, 1 ∈ 𝐶2𝜋(R).
For any 𝑛 ∈ 𝑍, cos(𝑛𝜃), sin(𝑛𝜃) ∈ 𝐶2𝜋(R).
Note that this is the collection of all functions with period dividing 2𝜋.

Example: Linear Combinations

Fix 𝑁 ≥ 1 and let

𝑃𝑁 = {𝑏0 +
𝑁

∑
𝑛=1

𝑏𝑛 cos(𝑛𝜃) +
𝑁

∑
𝑛=1

𝑐𝑛 sin(𝑛𝜃) ∣ 𝑏0, . . . , 𝑏𝑛, 𝑐0, . . . , 𝑐𝑛 ∈ R} ⊆ 𝐶2𝜋(R)

Constants 0 and 1 are in 𝑃𝑁 and 𝑓, 𝑔 ∈ 𝑃𝑁 ⟹ 𝑓 ± 𝑔 ∈ 𝑃𝑁 .
However, for 𝑓 = 𝑔 = cos(𝑁𝜃) ∈ 𝑃𝑁 ,

𝑓𝑔 = cos
2(𝑁𝜃) = 1 + cos(2𝑁𝜃)

2

Then 𝑓𝑔 ∈ 𝑃𝑛 ⟺ cos(2𝑁𝜃) ∈ 𝑃𝑛.
But, ∀𝑓 ∈ 𝑃𝑛, ∫ 2𝜋

0 𝑓 ⋅ cos(2𝑁𝜃) 𝑑𝜃 = 0 while ∫ 2𝜋

0 cos(2𝑁𝜃) ⋅ cos(2𝑁𝜃) 𝑑𝜃 ≠ 0.
So 𝑃𝑁 is not a subring.
But,

𝑃∞ = ⋃
𝑁≥1

𝑃𝑁

is a subring.
Need to show that 𝑃∞ is closed under ⋅.
By linearity, it is enough to show that ∀𝑚,𝑛 ≥ 1,

𝑃∞ ∋

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

cos(𝑚𝜃) cos(𝑛𝜃),
cos(𝑚𝜃) sin(𝑛𝜃),
sin(𝑚𝜃) sin(𝑛𝜃)

Since 𝑒
𝑖𝜃
= cos(𝜃) + 𝑖 sin(𝜃),

cos(𝑚𝜃) cos(𝑛𝜃) = (𝑒
𝑖𝑚𝜃 + 𝑒

−𝑖𝑚𝜃

2
)(𝑒

𝑖𝑛𝜃 + 𝑒
−𝑖𝑛𝜃

2
)

=
1

4
(𝑒𝑖(𝑚+𝑛)𝜃

+ 𝑒
𝑖(𝑚−𝑛)𝜃

+ 𝑒
𝑖(𝑛−𝑚)𝜃

+ 𝑒
−𝑖(𝑚+𝑛)𝜃)

=
1

4
(2 cos((𝑚 + 𝑛)𝜃) + 2 cos((𝑚 − 𝑛)𝜃))

=
1

2
cos((𝑚 + 𝑛)𝜃) + 1

2
cos((𝑚 − 𝑛)𝜃)

The rest follow similarly.
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Rings of Operators

Let 𝑉 be a (real) vector space and 𝐴 ∶= EndR(𝑉 ) = {𝑇 ∶ 𝑉 → 𝑉 ∣ 𝑇 is linear (MATH 21)}.
Then 𝐴 is a ring with 0𝐴 = the zero transform and 1𝐴 = the identity transformation.
When 𝑉 = R𝑛, we can choose a bsis (e.g. (𝑒1, . . . , 𝑒𝑛)) and identify 𝐴 =𝑀𝑛×𝑛(R).

Example

For 𝑉 = 𝑃𝑁 or 𝑉 = 𝑃∞,

𝑑

𝑑𝜃
∶ 𝑉 → 𝑉

is a linear opeartor., so 𝑑
𝑑𝜃

∈ 𝐴.
Note: unless dim(𝑉 ) = 0, 1, 𝐴 is not a commutative ring.

Definition: Commutator (Ring)

Let 𝐴 be a ring and 𝑥, 𝑦 ∈ 𝐴.
The commutator [𝑥, 𝑦] = 𝑥𝑦 − 𝑦𝑥.
So 𝑥 and 𝑦 commute if and only if [𝑥, 𝑦] = 0 in 𝐴.

Example

Let 𝑉 = 𝐶
∞(R) with coordinates 𝑥 and 𝐴 = EndR(𝑉 ).

For

𝑉 ∋ 𝑓(𝑥) 𝑇1
↝ 𝑥 ⋅ 𝑓(𝑥) ∈ 𝐴

𝑉 ∋ 𝑓(𝑥) 𝑇2
↝ 𝑓

′(𝑥) = 𝑑

𝑑𝑥
𝑓(𝑥) ∈ 𝐴

we have

[𝑇1, 𝑇2]𝑓(𝑥) = 𝑇1(𝑇2(𝑓(𝑥))) − 𝑇2(𝑇1(𝑓(𝑥)))
= 𝑥𝑓

′(𝑥) − (𝑥𝑓(𝑥))′

= −𝑓(𝑥)

So [𝑇1, 𝑇2] = −Id ∈ 𝐴.

Definition: Zero Divisor

Let 𝑅 be a ring.
An element 𝑟 ∈ 𝑅 is called a zero divisor if ∃𝑠 ≠ 0 ∈ 𝑅 such that 𝑟𝑠 = 0𝑅 or 𝑠𝑟 = 0𝑅.

Definition: Integral Domain

Say 𝑅 is an integral domain if 0𝑅 ≠ 1𝑅 and {zero divisors of 𝑅} = {0𝑅}.

Example

𝑅 = Z is an integral domain, since if 𝑛 ≠ 0 ∈ Z, then ∀𝑚 ∈ Z ∶ 𝑚𝑛 = 0 ⟹ 𝑛 = 0.
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Counterexample

𝑅 = Z/6Z is not an integral domain, since 2 (mod 6) is a nonzero zero divisors.
e.g. 2 ⋅ 3 = 0 and 3 ≠ 0.

Counterexample

𝑅 =𝑀2×2(R). Consider

𝐴1 = (1 0
0 0

) , 𝐴2 = (0 1
0 0

) , 𝐵1 = (0 0
0 1

)

Then 𝐴1𝐵1 = 0 = 𝐵1𝐴1 since 𝐴1 and 𝐵1 project onto the 𝑥 and 𝑦 axes respectively.
IMAGE HERE - PROJECTION OF V ONTO AXES
Similarly, 𝐴2 is a zero divisor since 𝐴2𝐴2 = 0.

Definition: Nilpotency

Let 𝑅 be a ring and 𝑟 ∈ 𝑅.
Say 𝑟 is nilpotent if ∃𝑁 ≥ 1 such that 𝑟

𝑁
= 0𝑅 in 𝑅.

(0 1
0 0

) is nilpotent (with 𝑁 = 2), but

(1 0
0 0

) is not nilpotent.

Proposition:

Let 𝑅 be a ring and 𝑟 ∈ 𝑅 be a non zero divisor.
Then ∀𝑎, 𝑏 ∈ 𝑅, 𝑟𝑎 = 𝑟𝑏 ⟹ 𝑎 = 𝑏 and 𝑎𝑟 = 𝑏𝑟 ⟹ 𝑎 = 𝑏.

Proof

By distributive law, 𝑟𝑎 = 𝑟𝑏 ⟹ 𝑟(𝑎 − 𝑏) = 0𝑅.
Let 𝑠 ∶= 𝑎 − 𝑏. Since, by assumption, 𝑟 is not a zero divisor, 𝑠 = 0 and 𝑎 = 𝑏.
The proof is similar in the other case.

Corollary

In an integral domain 𝑅, cancellation law 𝑟𝑎 = 𝑟𝑏 and 𝑟 ≠ 0𝑅 implies 𝑎 = 𝑏.

Remarks

If 𝑆 is a subring of 𝑅 and 𝑅 is an integral domain, then 𝑆 is also an integral domain.

� Example
Since C is an integral domain, so are Z and Z[𝑖].

Examples of Zero Divisors

Let 𝐴 = 𝐶(R)
If 𝑓 and 𝑔 are zero at all overlap, they are zero divisors.
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November 21, 2023

Definition: Ring

A ring is a set 𝑅 equipped with two binary operations + and ⋅ such that

1. (𝑅,+) is an abelian group.

� Additive neutral element: 0𝑅 = 0.

� Additive Inverse: −𝑥.

2. (𝑅, ⋅) is a monoid.

� Multiplicative neutral element: 1𝑅 = 1.

3. Distributive laws:

� 𝑎 ⋅ (𝑏 + 𝑐) = 𝑎 ⋅ 𝑏 + 𝑎 ⋅ 𝑐

� (𝑏 + 𝑐) ⋅ 𝑎 = 𝑏 ⋅ 𝑎 + 𝑐 ⋅ 𝑎

Examples

1. Numbers

2. Functions

3. Operators

Definition: Left/Right Inverse

Let 𝑅 be a ring and 𝑥 ∈ 𝑅
A left inverse of 𝑥 is an element 𝑙 ∈ 𝑅 such that 𝑙𝑥 = 1𝑅.
A right inverse of 𝑥 is an element 𝑟 ∈ 𝑅 such that 𝑥𝑟 = 1𝑅

Proposition: Bilateral Inverse

Suppose 𝑥 ∈ 𝑅 has both a left inverse 𝑙 and a right inverse 𝑟.
Then 𝑙 = 𝑟 is a 2-sided inverse.

Proof

𝑙 = 𝑙1𝑅 = 𝑙(𝑥𝑟) = (𝑙𝑥)𝑟 = 1𝑅𝑟 = 𝑟 ■

Definition: Unit

1. An element 𝑥 ∈ 𝑅 is called invertible or a unit in 𝑅 if 𝑥 has a (2-sided) inverse.

2. The inverse (multiplicative) of 𝑥 is denoted 𝑥
−1
.

3. 𝑅
×
= {units in 𝑅} forms a group with ⋅ as the binary operation called the unit group of 𝑅.
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Example 1: Numbers

Let 𝑅 = Z.
An integer 𝑛 ∈ Z if and only if ∃𝑚 ∈ Z ∶ 𝑚𝑛 = 1 if andonly if 𝑛 = 1 or 𝑛 = −1.
Therefore Z×

= {1,−1} is a cyclic group of order 2.

Example 2: Numbers

𝑅 = Q,R, or C ⟹ 𝑅
×
= 𝑅 \ {0𝑅}.

Recall R×
= R \ {0}.

Example 3: Numbers

𝑅 = Z/𝑝Z where 𝑝 is a prime.
Have shown that (𝑍/𝑝Z)× = (Z/𝑝Z) \ {0}.

Definition: Division Ring

Let 𝑅 be a nonzero ring (i.e. 1𝑅 ≠ 0𝑅).
Say 𝑅 is a division ring if 𝑅

×
= 𝑅 \ {0𝑅}.

Definition: Field

A �eld is a commutative division ring.

Examples

𝑅 = Q,R,C, and Z/𝑝Z are �elds.
But Z is not a �eld.

Example 5

Let 𝑅 = 𝑍[𝑖] = {𝑎 + 𝑏𝑖 ∣ 𝑎, 𝑏 ∈ Z} is a subring of C.
Q: 𝑅

×
= ?

De�ne (a norm) 𝑁 ∶ 𝑅 → N0 (natural numbers with 0) by 𝑁(𝑎 + 𝑏𝑖) = (𝑎 + 𝑏𝑖)(𝑎 − 𝑏𝑖) = 𝑎2 + 𝑏
2(= ∣𝑧2∣).

𝑎

𝑏

𝑧

� Proposition
For 𝑅 = Z[𝑖], 𝑅×

= {1,−1, 𝑖,−𝑖} = ⟨𝑖⟩ is a cyclic subgroup of order 4.

1

𝑖

−1

−𝑖
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– Proof
Suppose 𝛼 = 𝑎 + 𝑏𝑖 ∈ 𝑅 is a unit in 𝑅 = Z[𝑖].
Say 𝛼𝛼

′
= 1 where 𝛼

′
= 𝑎

′ + 𝑏
′
𝑖 ∈ 𝑅.

Since 𝑁(𝛼𝛼′) = 𝑁(𝛼)𝑁(𝛼′) = 𝑁(1) = 1 and 𝑁(𝛼), 𝑁(𝛼′) ∈ N0.
By Example 1 (Integers) above, 𝑁(𝛼) = 1.

Example 6

Let 𝐴 = Z[
√
2] = {𝑎 + 𝑏

√
2 ∣ 𝑎, 𝑏 ∈ Z} ⊂ R.

Then 𝐴 is a subring of R, because 0, 1 ∈ 𝐴,
(𝑎 + 𝑏

√
2) ± (𝑎′ + 𝑏

′√
2) = (𝑎 ± 𝑎

′) + (𝑏 ± 𝑏
′)
√
2, and

(𝑎 + 𝑏
√
2)(𝑎′ + 𝑏

′√
2) = (𝑎𝑎′ + 2𝑏𝑏

′) + (𝑎𝑏′ + 𝑎
′
𝑏)
√
2 ∈ Z

if 𝑎, 𝑎
′
, 𝑏, 𝑏

′
∈ Z.

Q: Z[
√
2]× = ?

De�ne (a norm) 𝑁
′(𝑎 + 𝑏

√
2) = (𝑎 + 𝑏

√
2)(𝑎 − 𝑏

√
2) = (𝑎 + 𝑏

√
2)(𝑎 + 𝑏

√
2)∗ = 𝑎

2 − 2𝑏
2
.

So 𝑁
′ ∶ Z[

√
2] → Z.

Note: for 𝛼 = (𝑎 + 𝑏
√
2), 𝛽 = (𝑎′ + 𝑏

′√
2) ∈ 𝐴,

𝑁
′(𝛼)𝑁 ′(𝛽) = (𝑎 + 𝑏

√
2)

ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑ ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒ Ï
𝛼

(𝑎 − 𝑏
√
2)

ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑ ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒ Ï
𝛼∗

(𝑎′ + 𝑏
′√
2)

ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ
𝛽

(𝑎′ − 𝑏
′√
2)

ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ
𝛽∗

= 𝛼𝛽𝛼
∗
𝛽
∗

� Proposition
Z[

√
2]× = {𝑎 + 𝑏

√
2 ∣ 𝑎2 − 2𝑏

2
= ±1}

– Proof
(⊆) Suppose 𝛼 = 𝑎 + 𝑏

√
2 ∈ 𝐴

×
, say ∃𝛽 ∈ 𝐴: 𝛼𝛽 = 1.

Take 𝑁
′
of both sides, and get

𝑁
′(𝛼)𝑁 ′(𝛽)

ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ
∈Z

= 𝑁
′(1) = 1

Therefore 𝑁
′(𝛼) ∈ Z×

= {±1} and 𝑎2 − 2𝑏
2
= ±1.

(⊇) If 𝑎
2 − 2𝑏

2
= ±1, then for 𝛼 = 𝑎 + 𝑏

√
2 and 𝛽 = 𝑎 − 2𝑏

√
2, we have 𝛼𝛽 = ±1.

So either 𝛼𝛽 = 1 or 𝛼(−𝛽) = 1.
And either 𝛽 or −𝛽 is the sought inverse of 𝛼.

So Z[
√
2]× 1−1

⟷ (𝑥, 𝑦) ∈ Z2
such that 𝑥

2 − 2𝑦
2
= ±1.

History: India in the 12th Century; later Pell's Equations

1

𝛼
2

𝛼

𝛼
3
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𝛼
2
= (1 +

√
2)(1 +

√
2) = 3 + 2

√
2

𝛼
3
= (3 + 2

√
2)(1 +

√
2) = 7 + 5

√
2.

– Fact (MATH 223A; Aglebraic Number Theory)
Dirichlet's Unit Theorem
Z[

√
2]× = {±(1 +

√
2)𝑛 ∣ 𝑛 ∈ Z}

Example 7: Operator

Let 𝐴 be a commutative ring (e.g. 𝐴 = Z,R,C,F𝑝 = Z/𝑝Z) and 𝑛 ≥ 1 integer.
Let

𝑅 =𝑀𝑛×𝑛(𝐴) =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑎11 ⋯ 𝑎1𝑛
⋮ ⋱ ⋮
𝑎𝑛1 ⋯ 𝑎𝑛𝑛

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
∣ 𝑎𝑖𝑗 ∈ 𝐴

⎫⎪⎪⎪⎬⎪⎪⎪⎭
With �usual� matrix + and ⋅. 𝑅 is a ring with

0 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
1𝑅 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
Q: 𝑅

×
= ?

𝐵 ∈ 𝑅 is a unit if and only if ∃𝐶 ∈ 𝑅 ∶ 𝐵𝐶 = 𝐼𝑛 = 𝐶𝐵.
�Recall� (MATH 21 or 117) det(𝐵) can be de�ned as over R, and
De�ne 𝐷 ∈ 𝑅 ∶ 𝑑𝑖𝑗 = (−1)𝑖+𝑗 det((𝑗, 𝑖) −minor of 𝐵).
And we have 𝐵𝐷 = det(𝐵) ⋅ det 𝐼𝑛 = 𝐷𝐵 e.g.

𝐵 = (𝑎 𝑏
𝑐 𝑑

) ⟹ 𝐷 = ( 𝑑 −𝑏
−𝑐 𝑎

)

So 𝐵 ∈ 𝑅
×
if and only if det(𝐵) ∈ 𝐴×

(take 𝐶 =

∈𝐴
×

Ì ÒÒÒÒÒÒÒÒÒÒÒÒÐÒÒÒÒÒÒÒÒÒÒÒÒÎ
1

det(𝐵) ⋅𝐷)

De�ne:

GL𝑛(𝐴) =𝑀𝑛×𝑛(𝐴)× = {𝐵 ∈𝑀𝑛×𝑛(𝐴) ∣ det(𝐵) ∈ 𝐴×}

For example,

GL2(Z) = {(𝑎 𝑏
𝑐 𝑑

) ∣ 𝑎, 𝑏, 𝑐, 𝑑 ∈ Z, 𝑎𝑑 − 𝑏𝑐 = ±1}

GL2(F𝑝) = {(𝑎 𝑏
𝑐 𝑑

) ∣ 𝑎, 𝑏, 𝑐, 𝑑 ∈ F𝑝, 𝑎𝑑 − 𝑏𝑐 ≠ 0 in F𝑝}

IMPORTANT FACT: ∣GL2(F𝑝)∣ = 𝑝(𝑝 − 1)2(𝑝 + 1) and

{(1 𝑏
0 1

) ∣ 𝑏 ∈ F𝑝}

is a 𝑝-Sylow.
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Definition: Quaternions

(Numbers of Operators)
H = R4

= {(𝑎, 𝑏, 𝑐, 𝑑) ∈ R4} but write 𝑎 + 𝑏𝑖 + 𝑐𝑗̂ + 𝑑𝑘.

Complex Arithmetic

Addition and Subtraction as vectors.

𝑣

𝑤⃗

Multiplication:

1. �Force� distribution law.

2. 𝑟 ∈ R commutes 𝑖 ∶ 𝑟𝑖 = 𝑖𝑟.

3. 𝑖
2
= −1

Quaternion Arithmetic

Addition and Subtraction as vectors.
Multiplication:

1. �Force� distribution law.

2. 𝑟 ∈ R commutes 𝑖̂, 𝑗̂, 𝑘 ∶ 𝑟𝑖̂ = 𝑖̂𝑟

3. 𝑖̂
2
= 𝑗̂

2
= 𝑘

2
= −1

𝑖̂

𝑗̂𝑘

𝑖̂𝑗̂ = 𝑘 = −𝑗̂ 𝑖̂
𝑗̂𝑘 = 𝑖̂ = −𝑘𝑗̂
𝑘𝑖̂ = 𝑗̂ = −𝑖̂𝑘

Example

(2 + 3̂𝑖)(5̂𝑖 − 7𝑗̂) 1
= 2(5̂𝑖) + 2(−𝑡𝑗̂) + (3̂𝑖)(5̂𝑖) + (3̂𝑖)(−7𝑗̂)
= 10̂𝑖 − 14𝑗̂ + 15̂𝑖

2
− 21̂𝑖𝑗̂

= −15 + 10̂𝑖 − 14𝑗̂ − 21𝑘
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Definition: Quaternion Conjugate

Let 𝑞 = 𝑎 + 𝑏𝑖 + 𝑐𝑗̂ + 𝑑𝑗̂ ∈ H.
The quaternion conjugate 𝑞

∗
= 𝑎 − 𝑏𝑖 − 𝑐𝑗̂ − 𝑑𝑗̂ ∈ H

Note (𝑞∗)∗ = 𝑞
De�ne 𝑁

′′(𝑞) = 𝑞𝑞∗𝑎2 + 𝑏
2 + 𝑐

2 + 𝑑
2
= 𝑞

∗
𝑞 ∈ R≥0.

Proposition: Quaternions Form a Division Ring

H is a division ring (not a �eld, since 𝑖̂𝑗̂ ≠ 𝑗̂ 𝑖̂)

Proof

Let 𝑞 ∈ H be nonzero, then 𝑁
′′(𝑞) = 𝑟 > 0 is a real number.

Then 𝑞𝑞
∗
= 𝑟 = 𝑞

∗
𝑞. Multiplying through by 1/𝑟, which commutes with both 𝑞 and 𝑞

∗
,

𝑞 (𝑞∗ 1𝑟) = 1 and (1𝑟 𝑞
∗) 𝑞 = 1

So
𝑞
∗

𝑁 ′′(𝑞) is the 2-sided inverse.

Example

(1 + 2̂𝑖 + 3𝑗̂ + 4𝑘 =
1

12+22+32+42
(1 − 2̂𝑖 − 3𝑗̂ − 4𝑘).

November 28, 2023

Definition: Center of a Ring

Let 𝑅 be a ring.
The center (or centre or zentrum) 𝑍(𝑅) = {𝑟 ∈ 𝑅 ∣ 𝑟𝑥 = 𝑥𝑟,∀𝑥 ∈ 𝑅}.
Fact: 𝑍(𝑅) is a subring of 𝑅.
Sketch of Proof: 0𝑅, 1𝑅 ∈ 𝑍(𝑅), 𝑥, 𝑦 ∈ 𝑍(𝑅) ⟹ 𝑥 ± 𝑦, 𝑥𝑦 ∈ 𝑍(𝑅).

Example 0:

If 𝑅 is commutative if and only if 𝑍(𝑅) = 𝑅.

Example 1:

𝑅 = H = {𝑎 + 𝑏𝑖 + 𝑐𝑗̂ + 𝑑𝑘 ∣ 𝑎, 𝑏, 𝑐, 𝑑 ∈ R}
What is 𝑍(H)?
By construction, 𝑍(H) ⊇ R = {𝑎 + 0̂𝑖 + 0𝑗̂ + 0𝑘 ∣ 𝑎 ∈ R}.
Claim: 𝑍(H) = R.

� Proof
(⊆) Let 𝑎 + 𝑏𝑖 + 𝑐𝑗̂ + 𝑑𝑘 ∈ 𝑍(H).
Then

1. (𝑎 + 𝑏𝑖 + 𝑐𝑗̂ + 𝑑𝑘)̂𝑖 = 𝑖̂(𝑎 + 𝑏𝑖 + 𝑐𝑗̂ + 𝑑𝑘)
2. (𝑎 + 𝑏𝑖 + 𝑐𝑗̂ + 𝑑𝑘)𝑗̂ = 𝑗̂(𝑎 + 𝑏𝑖 + 𝑐𝑗̂ + 𝑑𝑘)
3. (𝑎 + 𝑏𝑖 + 𝑐𝑗̂ + 𝑑𝑘)𝑘 = 𝑘(𝑎 + 𝑏𝑖 + 𝑐𝑗̂ + 𝑑𝑘)
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Expand 1.

−𝑏 + 𝑎𝑖̂ + 𝑑𝑗̂ − 𝑐𝑘 = −𝑏 + 𝑎𝑖̂ − 𝑑𝑗̂ + 𝑐𝑘

Therefore 𝑐 = 0 and 𝑑 = 0.
Left as an exercise: expand 2. and 3. to demonstrate 𝑏 = 0. ■

Definition: Ring Homomorphism

Let 𝑅 and 𝑆 be rings.
A function 𝑓 ∶ 𝑅 → 𝑆 is called a ring homomorphism if

1. 𝑓(𝑟1 + 𝑟2) = 𝑓(𝑟1) + 𝑓(𝑟2),∀𝑟1, 𝑟2 ∈ 𝑅.
(implies that 𝑓(0𝑅) = 0𝑆 and 𝑓(−𝑟) = −𝑓(𝑟), ∀𝑟 ∈ 𝑅)

2. 𝑓(𝑟1𝑟2) = 𝑓(𝑟1)(𝑓(𝑟2),∀𝑟1, 𝑟2 ∈ 𝑅 and 𝑓(1𝑅) = 1𝑆 .
(implies 𝑓(𝑟−1) = (𝑓(𝑟))−1,∀𝑟 ∈ 𝑅×

)

Example 0:

𝑅
Id
⟶ 𝑅 is a ring homomorphism.

Fun exercise: If R
𝑓

⟶ R is a ring homomorphism, then 𝑓 = Id.

Example 1:

If 𝑅
′
is a subring of 𝑅, then the inclusion 𝑖 ∶ 𝑅′

↪ 𝑅 is a ring homomorphism.

e.g. Z[
√
2] incl.

⟶ R

Example 2:

In general, a ring homomorphism does not need to be injective or surjective.
Let 𝑅 = Z[

√
2].

De�ne 𝑓 ∶ 𝑅 → 𝑅 by 𝑓(𝑎 + 𝑏
√
2) = 𝑎 − 𝑏

√
2.

Then 𝑓 is a ring homomorphism (automorphism).
Need to check that ∀𝑎1, 𝑎2, 𝑏1, 𝑏2 ∈ Z:

1. 𝑓((𝑎1 + 𝑏1
√
2) + (𝑎2 + 𝑏2

√
2)) = 𝑓(𝑎1 + 𝑏1

√
2) + 𝑓(𝑎2 + 𝑏2

√
2).

2. 𝑓((𝑎1 + 𝑏1
√
2)(𝑎2 + 𝑏2

√
2)) = 𝑓(𝑎1 + 𝑏1

√
2)𝑓(𝑎2 + 𝑏2

√
2)

3. 𝑓(1 + 0
√
2) = 1 + 0

√
2

� Proof of 1

𝑓((𝑎1 + 𝑏1
√
2) + (𝑎2 + 𝑏2

√
2)) = 𝑓((𝑎1 + 𝑎2) + (𝑏1 + 𝑏2)

√
2

= (𝑎1 + 𝑎2) − (𝑏1 + 𝑏2)
√
2

= (𝑎1 − 𝑏1
√
2) + (𝑎2 − 𝑏2

√
2)

= 𝑓(𝑎1 + 𝑏1
√
2) + 𝑓(𝑎2 + 𝑏2

√
2)
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� Proof of 2

𝑓((𝑎1 + 𝑏1
√
2)(𝑎2 + 𝑏2

√
2)) = (𝑎1𝑎2 + 2𝑏1𝑏2) − (𝑎1𝑏2 + 𝑎2𝑏1)

√
2

= (𝑎1 − 𝑏1
√
2)(𝑎2 − 𝑏2

√
2)

= 𝑓(𝑎1 + 𝑏1
√
2)𝑓(𝑎2 + 𝑏2

√
2)

� Proof of 3
1 + 0

√
2 = 1 − 0

√
2

� Remark
Id and 𝑓 are the only ring homomorphisms Z[

√
2] 𝑔

⟶ Z[
√
2].

Prove: 𝑔(
√
2) =

√
2 or −

√
2.

Example 3

Let 𝑋 and 𝑌 be topological spaces (e.g. 𝑋 ⊆ 𝑅
𝑚
, 𝑌 ⊆ 𝑅

𝑛
)

Let 𝜑 ∶ 𝑋 → 𝑌 be a continuous map.

We have the map 𝐶(𝑋) 𝜑
∗

⟵ 𝐶(𝑌 ) = {𝑓 ∶ 𝑌 → R ∣ continuous everywhere}.
If 𝑓 ∶ 𝑌 → R, then 𝑓 ◦ 𝜑 = 𝜑

∗(𝑓) ∶ 𝑋 𝜑
⟶ 𝑌

𝑓
⟶ R.

Then 𝜑
∗
is a ring homomorphism.

� Proof of Addition
Left as an exercise.

� Proof of Multiplication
Let 𝑓1, 𝑓2 ∈ 𝐶(𝑌 ) and want to verify that 𝜑

∗(𝑓1𝑓2) = 𝜑∗(𝑓1)𝜑∗(𝑓2).
Both sides are elements in 𝐶(𝑋), so need to verify

[𝜑∗(𝑓1𝑓2)](𝑥) = [𝜑∗(𝑓1)𝜑∗(𝑓2)](𝑥),∀𝑥 ∈ 𝑋

((𝑓1𝑓2) ◦ 𝜑)(𝑥) = (𝑓1𝑓2)(𝜑(𝑥)ÍÒÒÒÒÒÒÒÑ ÒÒÒÒÒÒÒÒÏ
∈𝑌

)

= 𝑓1(𝜑(𝑥))𝑓2(𝜑(𝑥))
= ( 𝜑∗𝑓1Í ÒÒÒÒÒÒÒÑ ÒÒÒÒÒÒÒÒÏ

∈𝐶(𝑋)

)(𝑥)( 𝜑∗𝑓2Í ÒÒÒÒÒÒÒÑ ÒÒÒÒÒÒÒÒÏ
∈𝐶(𝑋)

)(𝑥)

= [(𝜑∗𝑓1)(𝜑∗𝑓2)](𝑥)

Example 4

IMAGE HERE - DOUBLE TORUS SYMMETRIC ABOUT AN AXIS

Then 𝐶(𝑋) 𝜑
∗

⟵ 𝐶(𝑋).

Non-example 4’

Let 𝑅 = H and let 𝑓 ∶ 𝑅 → 𝑅 be de�ned by 𝑓(𝑞) = 𝑞∗.
That is, if 𝑞 = 𝑎 + 𝑏𝑖 + 𝑐𝑗̂ + 𝑑𝑘 then 𝑞

∗
= 𝑎 − 𝑏𝑖 − 𝑐𝑗̂ − 𝑑𝑘.

� Proof of Addition
𝑓(𝑞1 + 𝑞2) = 𝑓(𝑞1) + 𝑓(𝑞2),∀𝑞1, 𝑞2 ∈ H (cf. Z[

√
2])
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� Failure of Multiplication
𝑓(𝑞1𝑞2) ≠ 𝑓(𝑞1)𝑓(𝑞2) in general.
If 𝑞1 = 𝑖̂ and 𝑞2 = 𝑗̂, then

(̂𝑖𝑗̂)∗ = (𝑘)∗ = −𝑘 ≠ 𝑘 = (−𝑖̂)(−𝑗̂)

So 𝑓 = ∗ is not a ring homomorphism.

Definition: Ring Anti-Homomorphism

Addition is unchanged, but 𝑓(𝑟1𝑟2) = 𝑓(𝑟2)𝑓(𝑟1).

Example

Claim ∗ = 𝑓 above is an antihomomorphism.
First, 1

∗
= 1.

If 𝑞1 = 𝑞
′
1 + 𝑞

′′
1 and if we know (𝑞′1𝑞2)∗ = 𝑞

∗
2 (𝑞′1)∗ and (𝑞′′1𝑞2)∗ = 𝑞

∗
2 (𝑞′′1)∗, then we conclude

(𝑞1𝑞2)∗ = 𝑞
∗
2 𝑞

∗
1 ,∀𝑞1, 𝑞2 ∈ H

by adding the two and using the distributive law.
Similarly for 𝑞2 = 𝑞

′
2 + 𝑞

′′
2.

Therefore, it is enough to show that 𝑞1 ∈ {𝑎, 𝑏𝑖, 𝑐𝑗̂, 𝑑𝑘} and 𝑞2 ∈ {𝑡, 𝑥𝑖̂, 𝑦𝑗̂, 𝑧𝑘}.
Many cases are trivial (e.g. 𝑎 commutes with everything).
Consider 𝑞1 = 𝑐𝑗̂ and 𝑞2 = 𝑧𝑘, then

((𝑐𝑗̂)(𝑧𝑘))∗ = (𝑐𝑧𝑖̂)∗ = (−𝑐𝑧)̂𝑖 = 𝑐𝑧𝑘𝑗̂ = (−𝑧𝑘)(−𝑐𝑗̂ = (𝑧𝑘)∗(𝑐𝑗̂)∗

Proposition:

Let 𝑢 ∈ 𝑅
×
.

Then the map

Int(𝑢) ∶ 𝑅 → 𝑅

𝑥↦ 𝑢𝑥𝑢
−1

is a ring homomorphism.

Proof:

1. Addition

Int(𝑢)(𝑟1 + 𝑟2) = 𝑢(𝑟1 + 𝑟2)𝑢−1 = (𝑢𝑟1 + 𝑢𝑟2)𝑢−1 = 𝑢𝑟1𝑢−1 + 𝑢𝑟2𝑢
−1

= Int(𝑢)(𝑟1) + Int(𝑢)(𝑟2)

2. Product

𝑢𝑟1𝑟2𝑢
−1

= (𝑢𝑟1𝑢−1)(𝑢𝑟2𝑢−1)

𝑢1𝑢
−1

= 1

Note Int(𝑢−1) is the 2-sided inverse of Int(𝑢).
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Example 5

Let 𝑅 = H.
Recall

𝑁 ∶ H×
→ R>0

𝑞 ↦ 𝑁(𝑞) = 𝑞𝑞∗ = 𝑞
∗
𝑞

𝑁 ∶ 𝐻×
→ R>0 is a group homomorphism.

i.e. 𝑁(𝑞1𝑞2) = 𝑁(𝑞1)𝑁(𝑞2),∀𝑞1, 𝑞2 ∈ H×
.

Proof

𝑁(𝑞1𝑞2) = (𝑞1𝑞2)(𝑞1𝑞2)∗

= (𝑞1𝑞2)(𝑞∗2 𝑞∗1 )
= 𝑞1(𝑞2𝑞∗2 )𝑞∗1
= 𝑞1 𝑁(𝑞2)ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÏ

∈R=𝑍(H)

𝑞
∗
1

= 𝑞1𝑞
∗
1𝑁(𝑞2)

= 𝑁(𝑞1)𝑁(𝑞2)

Definition:

H×1
= ker(H× 𝑁

⟶ R>0) = {𝑎 + 𝑏𝑖 + 𝑐𝑗̂ + 𝑑𝑘 ∣ 𝑎2 + 𝑏
2 + 𝑐

2 + 𝑑
2
= 1} = 𝑆3

is a (mult) group.
Note, for 𝑢 ∈ 𝐻

×1
, 𝑢

−1
= 𝑢

∗
.

Definition:

𝑉 = {𝑞 ∈ H ∣ 𝑞 + 𝑞
∗
= 0} = {𝑥𝑖̂ + 𝑦𝑗̂ + 𝑧𝑘 ∣ 𝑥, 𝑦, 𝑧 ∈ R} = R3

.

Proposition:

For 𝑢 ∈ H×1
, write 𝑅(𝑢) = Int(𝑢).

Then 𝑅(𝑢) ∶ H → H is a linear map (MATH 21) and 𝑅(𝑢)𝑉 ⊆ 𝑉 .

Proof

Since Int is a ring automorphism, for 𝑎1, 𝑎2 ∈ R and 𝑣1, 𝑣2 ∈ H,

𝑅(𝑢)(𝑎1𝑣1 + 𝑎2𝑣2) = [𝑅(𝑢)(𝑎1)][𝑅(𝑢)(𝑣1)][𝑅(𝑢)(𝑎2)][𝑅(𝑢)(𝑣2)] = 𝑎1𝑅(𝑢)(𝑣1) + 𝑎2𝑅(𝑢)(𝑣2)

So 𝑅(𝑢) is linear.
Let 𝑞 ∈ 𝑉 (i.e. 𝑞 + 𝑞

∗
= 0). Then

(𝑅(𝑢)𝑞) + (𝑅(𝑢)𝑞)∗ = 𝑢𝑞𝑢
∗
+ (𝑢𝑞𝑢∗)∗ = 𝑢𝑞𝑢

∗
+ 𝑢𝑞

∗
𝑢
∗
= 𝑢(𝑞 + 𝑞

∗)𝑢∗ = 0

Proposition:

Let 𝑢 ∈ H×1
, write 𝑢 = (cos(𝜃)) + (sin(𝜃))𝑣 where 𝜃 ∈ R and 𝑣 ∈ 𝑉 ∩H×1

= 𝑆
2
.

Then 𝑅(𝑢) ∶ R3
= 𝑉 → 𝑉 = R3

is the rotation of R3
with the axis 𝑣 by the angle 2𝜃.

78



November 30, 2023

Definition: Ideal

Let 𝐼 be an additive subgroup of a ring 𝑅. Say that 𝐼 is

1. a left ideal of 𝑅 if ∀𝑥 ∈ 𝐼, ∀𝑟 ∈ 𝑅, 𝑟𝑥 ∈ 𝐼 (i.e. closed under left multiplication by 𝑅)

2. a right ideal of 𝑅 if ∀𝑥 ∈ 𝐼, ∀𝑟 ∈ 𝑅, 𝑥𝑟 ∈ 𝐼 (i.e. closed under right multiplication by 𝑅)

3. a (bilateral) ideal of 𝑅 if 𝐼 is both a left ideal and a right ideal.

Remarks

1. When 𝑅 is commutative, the three notions coincide.

2. The only subring that is a left or a right ideal is 𝑅.

Example 0

Let 𝑋 ⊆ 𝑅 be a subset.
The left ideal generated by 𝑋

𝑅𝑋 = 𝑅(𝑋) = {
𝑛

∑
𝑖=1

𝑟𝑖𝑥𝑖 ∣ 𝑛 ∈ N0, 𝑟𝑖 ∈ 𝑅, 𝑥𝑖 ∈ 𝑋}

By convention, when 𝑛 = 0 nothing is summed.
The right ideal generated by 𝑋

𝑋𝑅 = (𝑋)𝑅 = {
𝑛

∑
𝑖=1

𝑥𝑖𝑠𝑖 ∣ 𝑛 ∈ N0, 𝑥𝑖 ∈ 𝑋, 𝑠𝑖 ∈ 𝑅}

The (bilateral) ideal generated by 𝑋

(𝑋) = {
𝑛

∑
𝑖=1

𝑟𝑖𝑥𝑖𝑠𝑖 ∣ 𝑛 ∈ N0, 𝑥𝑖 ∈ 𝑋, 𝑟𝑖, 𝑠𝑖 ∈ 𝑅}

Definition: Principle Ideal

If 𝑋 = {𝑥}, then write (𝑋) = ({𝑥}) = (𝑥) and call it the principle ideal generated by 𝑋.

Proposition:

Let 𝐷 be a division ring (e.g. R,F𝑝,H).
Then the only left (respectively right) ideals of 𝐷 are {0} and 𝐷.
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Proof

Let 𝐼 be a nonzero left ideal, so ∃𝑥 ∈ 𝐷 such that 𝑥 ∈ 0 and 𝑥 ∈ 𝐼.
Then since 𝐷 is a division ring, 𝑥 has an inverse 𝑦 such that 𝑥𝑦 = 1𝐷 = 𝑦𝑥.
Since 𝐼 is a left ideal, take 𝑟 = 𝑦 and 𝑥 = 𝑥 ∈ 𝐼.
In the de�nition, we get 1𝐷 ∈ 𝐼, but then for any 𝑟 ∈ 𝐷, 𝑟 = 𝑟1𝐷 ∈ 𝐼.
The argument for right ideals follows similarly. ■

Proposition:

Let 𝑅 = Z.
Then the ideals of Z are exactly 𝑎Z where 𝑎 ∈ N0.

Proof

For any 𝑎 ∈ Z, the additive subgroup 𝑎Z = {𝑛𝑎 ∣ 𝑛 ∈ Z} is indeed an ideal since ∀𝑟 ∈ Z, ∀𝑛𝑎 ∈ 𝑎Z,
𝑟(𝑛𝑎) = (𝑟𝑛)𝑎 ∈ 𝑎Z.
Conversely, if 𝐼 is any ideal of Z, it is an additiive subgroup of Z; in Group Theory we have shown that 𝐼 = 𝑎Z for
some 𝑎 ≥ 0. ■

Definition: Principle Ideal Domain (PID)

Let 𝑅 be an integral domain (0𝑅 ≠ 1𝑅 and the only zero divisors of 𝑅 is 0𝑅).
Say that 𝑅 is a principle ideal domain (PID) if any ideal in 𝑅 is a principle ideal.

Example 1

Following from the previous proposition, Z is a PID.

Example 2

Let 𝐹 be a �eld (e.g. C or F𝑝) and 𝑅 =𝑀2×2(𝐹 ) = {[𝑎 𝑏
𝑐 𝑑

] ∣ 𝑎, 𝑏, 𝑐, 𝑑 ∈ 𝐹} is a noncommutative ring.

𝐼1 = {[𝑥 0
𝑦 0

] ∣ 𝑥, 𝑦 ∈ 𝐹} 𝐼2 = {[0 0
𝑥 𝑦

] ∣ 𝑥, 𝑦 ∈ 𝐹}

are additive subgroups of 𝑅.
Then 𝐼1 is a left ideal but NOT a right ideal of 𝑅 while 𝐼2 is only a right ideal.

Let 𝑟 = [𝑎 𝑏
𝑐 𝑑

] and 𝑧 = [𝑥 0
𝑦 0

] ∈ 𝐼1 be arbitrary. Then 𝑟𝑧 = [𝑎𝑥 + 𝑏𝑦 0
𝑐𝑥 + 𝑑𝑦 0

] ∈ 𝐼1.

However, for 𝑧 = [1 0
0 0

] and 𝑟 = [𝑎 𝑏
𝑐 𝑑

], 𝑧𝑟 = [𝑎 𝑏
0 0

] /∈ 𝐼1 if 𝑏 ≠ 0𝐹 .

Exercise: Prove 𝐼2 is a right ideal but not a left ideal.

Proposition:

The only (bilateral) ideals of 𝑀2×2(𝐹 ) are {0} and 𝑅.

Sketch of Proof

Let 𝐼 be a nonzero, bilateral ideal, say ∃ [𝑎 𝑏
𝑐 𝑑

] ≠ 0 in 𝐼.

Note [0 1
1 0

] [𝑎 𝑏
𝑐 𝑑

] = [𝑐 𝑑
𝑎 𝑏

] while [𝑎 𝑏
𝑐 𝑑

] [0 1
1 0

] = [𝑏 𝑎
𝑑 𝑐

] and [0 1
1 0

] [𝑎 𝑏
𝑐 𝑑

] [0 1
1 0

] = [𝑑 𝑐
𝑏 𝑎

].
So, without loss of generality, we may show that 𝑎 ≠ 0 gives
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[1 0
0 0

] [𝑎 𝑏
𝑐 𝑑

] [1 0
0 0

] = [𝑎 0
0 0

] ⟹ [
1
𝑎

0

0 0
] [𝑎 0

0 0
] = [1 0

0 0
] ∈ 𝐼

Repeating this trick gives

[1 0
0 0

] , [0 1
0 0

] , [0 0
1 0

] , [0 0
0 1

] ∈ 𝐼

Therefore, 𝐼 = 𝑅.

Definition: Quasisimple Ring

Say a ring 𝑅 is quasisimple if the only ideals in 𝑅 are {0} and 𝑅 (e.g. division rings, 𝑀2×2(𝐹 )).

Construction:

Let 𝐼 be an ideal of 𝑅. Then 𝑅/𝐼 (the quotient group for +) has a natural ring structure:

(𝑟1 + 𝐼)(𝑟2 + 𝐼) ∶= 𝑟1𝑟2 + 𝐼

Well-de�ned: If 𝑟
′
1, 𝑟

′
2 ∈ 𝑅 satisfy (1) 𝑟

′
1 + 𝐼 = 𝑟1 + 𝐼 and (2) 𝑟

′
2 + 𝐼 = 𝑟2 + 𝐼, then we want 𝑟

′
1 + 𝑟

′
2 + 𝐼 = 𝑟1𝑟2 + 𝐼.

(1) says 𝑟
′
1 − 𝑟1 = 𝑥 ∈ 𝐼 and (2) says 𝑟

′
2 − 𝑟2 = 𝑦 ∈ 𝐼. So 𝑟

′
1 = 𝑟1 + 𝑥 and 𝑟

′
2 = 𝑟2 + 𝑦. Then

𝑟
′
1𝑟

′
2 = (𝑟1 + 𝑥)(𝑟2 + 𝑦) = 𝑟1𝑟2 + 𝑟1𝑦 + 𝑥𝑟2 + 𝑥𝑦

𝑟1𝑦 ∈ 𝐼, since 𝐼 is a left ideal; 𝑥𝑟2 ∈ 𝐼 since 𝐼 is a right ideal; 𝑥𝑦 ∈ 𝐼 since it is an ideal.
Since 𝐼 is an additive subgroup, 𝑟

′
1𝑟

′
2 + 𝐼 = 𝑟1𝑟2 + 𝐼.

Need to verify the axioms for a ring:

((𝑟1 + 𝐼)(𝑟2 + 𝐼))(𝑟3 + 𝐼) = (𝑟1 + 𝐼)((𝑟2 + 𝐼)(𝑟3 + 𝐼))

This follows from (𝑟1𝑟2)𝑟3 = 𝑟1(𝑟2𝑟3).
1𝑅 + 𝐼 is the multiplicative neutral element.
Distribution laws: similarly follow from the distribution laws of 𝑅 itself.

Definition: Canonical Quotient Homomorphism

The canonical quotient homomorphism

𝑅
𝜋

⟶ 𝑅/𝐼
𝑟 ⟼ 𝑟 + 𝐼

Definition / Proposition: Kernel of a Ring Homomorphism

Let 𝜑 ∶ 𝑅 → 𝑆 be a ring homomorphism.
The kernel of 𝜑 is ker(𝜑) = {𝑟 ∈ 𝑅 ∣ 𝜑(𝑟) = 0𝑆} is a bilateral ideal.

cf. 𝐺
𝜑

⟶ 𝐻 group homomorphisms, ker(𝜑) ⊴𝐺.
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Proof

ker(𝜑) is an additive subgroup and if 𝑥 ∈ ker(𝜑) and ∀𝑟 ∈ 𝑅, then 𝜑(𝑟𝑥) = 𝜑(𝑟)𝜑(𝑥) = 𝜑(𝑟)0 = 0 and similarly
𝜑(𝑥𝑟) = 0. ■

Theorem: Universal Mapping Property (Rings)

Let 𝑅 be a ring and 𝐼 a bilateral ideal.
Then for any ring 𝑆, there is a natural correspondence

{𝑓 ∈ Homring(𝑅,𝑆) ∣ ker(𝑓) ≥ 𝐼} ↔ Homring(𝑅/𝐼, 𝑆)

Sketch of Proof

(⟶) Given such 𝑓 , de�ne the function 𝑓 ∶ 𝑅/𝐼 → 𝑆 by 𝑟 + 𝐼 ↦ 𝑓(𝑟). Show well-de�ned and is a ring homomor-
phism.

(⟵) given 𝑅/𝐼 𝜑
⟶ 𝑆, 𝑓 = 𝜑 ◦ 𝜋.

� Recall: Universal Mapping Property (Groups)
𝐺 ⊵𝑁 , then for any group 𝐻

{𝑓 ∈ Homgroup(𝐺,𝐻) ∣ ker(𝑓) ≥ 𝑁} ↔ Homgroup(𝐺/𝑁,𝐻)

Theorem: Correspondence & 2nd Isomorphism for Ideals

Let 𝐼 be an ideal of 𝑅.

Part 1

{bilateral ideals 𝐽 of 𝑅 that contain 𝐼} ↔ {bilateral ideals of 𝐽 of 𝑅/𝐼}

𝐽 ↦ 𝐽/𝐼 and 𝐽 ↦ 𝜋
−1(𝐽).

Part 2

𝑅/𝐽 ∼

⟶ (𝑅/𝐼)/(𝐽/𝐼) as rings.
Proof omitted.

Operations on Ideals

Let 𝐼 and 𝐽 be ideals of 𝑅.

1. 𝐼 ∩ 𝐽 is an ideal of 𝑅.

2. 𝐼 + 𝐽 = {𝑥 + 𝑦 ∣ 𝑥 ∈ 𝐼, 𝑦 ∈ 𝐽} is an ideal of 𝑅.

3. 𝐼𝐽 = {∑𝑛
𝑘=1 𝑥𝑘𝑦𝑘 ∣ 𝑛 ∈ N0, 𝑥𝑘 ∈ 𝐼, 𝑦𝑘 ∈ 𝐽} is an ideal of 𝑅.
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Example 3

Let 𝑅 = Z, 𝐼 = 𝑎Z and 𝐽 = 𝑏Z where 𝑎, 𝑏 ≥ 0.
Then 𝐼 ∩ 𝐽 = {𝑛 ∈ Z ∣ 𝑎∣𝑛 and 𝑏∣𝑛} = lcm(𝑎, 𝑏)Z.
𝐼𝐽 = {∑𝑛

𝑘=1(𝑎𝑥𝑘)(𝑏𝑦𝑘) ∣ 𝑛 ∈ N0, 𝑥𝑘, 𝑦𝑘 ∈ Z} = (𝑎𝑏)Z.
𝐼 + 𝐽 = {𝑎𝑥 + 𝑏𝑦 ∣ 𝑥, 𝑦 ∈ Z} = gcd(𝑎, 𝑏)Z (MATH 110).

� Example 4: Euclidean Algorithm
If 𝑎 = 8 and 𝑏 = 22, then 22 = 2(8) + 6 and 8 = 1(6) + 2.
Then 2 = 8 − 6 = 8 − (22 − 2(8)) = 3(8) + (−1)22.

December 5, 2023

Recall

For 𝑅 = Z,

1. Let 𝑎, 𝑏 ∈ Z. Say 𝑎 divides 𝑏 (and write 𝑎∣𝑏) if ∃𝑐 ∈ Z such that 𝑏 = 𝑎𝑐.

Note that in noncommutative rings, one must specify left or right divisibility.

2. Let 𝑎, 𝑏 ∈ Z and 𝑚 ∈ Z (�modulus�). Write 𝑎 ≡ 𝑏 (mod 𝑚) if 𝑚∣(𝑎 − 𝑏).

≡ is an equivalence relation and, for any 𝑐 ∈ Z, 𝑎 ± 𝑐 ≡ 𝑏 ± 𝑐 (mod 𝑚) and 𝑎𝑐 ≡ 𝑏𝑐 (mod 𝑚).
Z/𝑚Z is a ring.

3. 𝑝 > 0 in Z is a prime number if 𝑝 ≠ 1 and satis�es the two equivalent conditions:

(a) if 𝑝 = 𝑎𝑏 for some 𝑎, 𝑏 ∈ Z, then either 𝑎 = ±1 or 𝑏 = ±1.

(b) if 𝑝∣𝑎𝑏 for any 𝑎, 𝑏 ∈ Z, then 𝑝∣𝑎 or 𝑝∣𝑏.

The equivalence between (3a) and (3b) relies on

Theorem:

Any nonzero integer 𝑛 can be uniquely written:

𝑛 = ±2
𝑒2 ⋅ 3

𝑒3 ⋅ 5
𝑒5 ⋅ ⋯ ⋅ 𝑝

𝑒𝑝 ⋅ ⋯

where 𝑒𝑝 ∈ N0 are exponents, and all but �nitely many equal zero.
This can be generalized to general rings, such as
:

Z [𝑒2𝜋 i/p]
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(𝑒2𝜋𝑖/5)0

(𝑒2𝜋𝑖/5)1

(𝑒2𝜋𝑖/5)2

(𝑒2𝜋𝑖/5)3

(𝑒2𝜋𝑖/5)4

If an analogue of the theorem holds for 𝑅𝑝, then we get Fermat's Last Theorem.

On Commutative Rings

Let 𝑅 be a commutative ring

1. Let 𝑎, 𝑏 ∈ R. Say 𝑎 divides 𝑏 (and write 𝑎∣𝑏) if ∃𝑐 ∈ 𝑅 such that 𝑏 = 𝑎 ⋅ 𝑐.

Note that in noncommutative rings, one must specify left or right divisibility.

2. Let 𝑎, 𝑏 ∈ 𝑅 and 𝐼 ⊆ 𝑅 an ideal (�modulus�). Write 𝑎 ≡ 𝑏 (mod 𝐼) if 𝐼 ∋ (𝑎 − 𝑏).

≡ is an equivalence relation and, for any 𝑐 ∈ 𝑅, 𝑎 ± 𝑐 ≡ 𝑏 ± 𝑐 (mod 𝐼) and 𝑎𝑐 ≡ 𝑏𝑐 (mod 𝐼).

3. Let 𝜋 ∈ 𝑅{0} and suppose 𝜋 ∉ 𝑅
×
.

(a) Say 𝜋 is an irreducible element if 𝜋 = 𝑎𝑏 for some 𝑎, 𝑏 ∈ 𝑅, then 𝑎 ∈ 𝑅
×
or 𝑏 ∈ 𝑅

×
.

(b) Say 𝜋 is a prime element if 𝜋∣𝑎𝑏 for any 𝑎, 𝑏 ∈ 𝑅, then 𝜋∣𝑎 or 𝜋∣𝑏.

Proposition:

Let 𝑅 be an integral domain and let 𝑥 ∈ 𝑅 be a nonzero unit element.
If 𝑥 is a prime element, then 𝑥 is irreducible.

Proof

Suppose 𝑥 is a prime element and that (1) 𝑥 = 𝑎𝑏 for some two 𝑎, 𝑏 ∈ 𝑅.
Then 𝑥∣𝑎𝑏, since 𝑎𝑏 = 𝑥 ⋅ 1. By assumption of primarlity, 𝑥∣𝑎 or 𝑥∣𝑏.
Without loss of generality, we may assume that 𝑥∣𝑎. Say (2) 𝑎 = 𝑥 ⋅ 𝑐 for some 𝑐 ∈ 𝑅.
Combine (1) and (2), and get 𝑥 = (𝑥𝑐)𝑏 = 𝑥(𝑐𝑏).
Since 𝑥 ≠ 0 and 𝑅 is an integral domain, we can cancel 𝑥 and get 1 = 𝑐𝑏 = 𝑏𝑐.
Therefore 𝑏 ∈ 𝑅

×
. ■

Converse

The converse (irreducible implies prime) is generally false.

� Example
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𝑅 = Z[
√
5𝑖] = {𝑎 + 𝑏

√
5𝑖 ∣ 𝑎, 𝑏 ∈ Z} is a subring of C = Z[𝑖].

2 3

𝜆

𝜆

De�ne 𝑁 ∶ 𝑅 → N0 by 𝑁(𝑎 + 𝑏
√
5𝑖) = ∣𝑎 + 𝑏

√
5𝑖∣2 = 𝑎2 + 5𝑏

2
.

Note that 𝑁(𝛼𝛽) = 𝑁(𝛼)𝑁(𝛽), ∀𝛼, 𝛽 ∈ 𝑅.
{𝛼 ∈ 𝑅 ∣ 𝑁(𝛼) = 1} = {±1} = 𝑅×

There are no elements of 𝑅 with norm 2 or 3.
Then 2, 3, 𝜆, 𝜆 are irreducible elements of 𝑅 = Z[

√
5𝑖], but not prime elements.

Proof (Irreducibility)

Start with 𝜆. Suppose 𝜆 = 𝛼𝛽 for some 𝛼, 𝛽 ∈ 𝑅. Take 𝑁 .

𝑁(𝜆 = 𝑁(𝛼)𝑁(𝛽)
6 = 𝑁(𝛼)

ÍÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÏ
∈N0

𝑁(𝛽)
ÍÒÒÒÒÒÒÒÒÒÒÑ ÒÒÒÒÒÒÒÒÒÒÒÏ
∈N0

Therefore, (𝑁(𝛼), 𝑁(𝛽)) ∈ {(1, 6), (2, 3), (3, 2), (6, 1), but no elements of 𝑅 are of norm 2 or 3.
So 𝑁(𝛼) = 1 or 𝑁(𝛽) = 1, which implies 𝛼 ∈ 𝑅

×
or 𝛽 ∈ 𝑅

×
.

As an exercise, show that 𝜆, 2, 3 are irreducible.

Proof (Primacy)

2 is not a prime element of 𝑅 = Z[
√
5𝑖].

𝜆𝜆 = 6 = 2 ⋅ 3, so 2∣𝜆𝜆, but if 2∣𝜆 or 2∣𝜆 then, by the multiplicativity of 𝑁 we would have

4 = 𝑁(2)∣𝑁(𝜆) = 𝑁(𝜆) = 6

in Z, which is absurd.
Therefore 2 is not a prime element.

Definition: Associates

Let 𝑅 be an integral domain.
Two elements 𝑥 and 𝑦 are associates in 𝑅 and we write 𝑥 ∼ 𝑦 if 𝑥∣𝑦 and 𝑦∣𝑥.
Equivalently, 𝑥 = 𝑦 ⋅ 𝑢 for some 𝑢 ∈ 𝑅

×
.

Equivalently, 𝑥, 𝑦 ∈ 𝑅 lie in the same orbit in the action of 𝑅
×
on 𝑅 by multiplication.

In dealing with divisibility, an element is as good as any of its associates.
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Proposition:

Let 𝑅 be an integral domain, 𝑟, 𝑠 ∈ N0, and 𝑝1, . . . , 𝑝𝑟, 𝑞1, . . . , 𝑞𝑠 prime elements of 𝑅. Suppose

(∗) 𝑝1⋯𝑝𝑟 = 𝑞1⋯𝑞𝑠

Then 𝑟 = 𝑠 and, after renumbering, we have 𝑝𝑖 ∼ 𝑞𝑖, 𝑖 = 1, . . . , 𝑟.

Remark

The proposition becomes false when �prime� is replaced with �irreducible�.

Proof

Induction on 𝑟.
If 𝑟 = 0, 1 = 𝑞1(𝑞2⋯𝑞𝑠), which implies (if 𝑠 > 0), that 𝑞1 is a unit which is absurd.
Suppose we know the proposition for all the values smaller than 𝑟.
Note 𝑝1∣𝑞1⋯𝑞𝑠 ⟹ 𝑝1∣𝑞𝑖 for some 𝑖 = 1, . . . , 𝑠.
Then 𝑞1 = 𝑝𝑟𝑥, ∃𝑥 ∈ 𝑅. But 𝑞1, being prime, is irreducible. Hence 𝑥 ∈ 𝑅

×
.

Therefore, 𝑝𝑟 ∼ 𝑞𝑖 for some 𝑖. So reorder the 𝑞's, and we may assume that 𝑝𝑟 ∼ 𝑞𝑠 so 𝑝𝑟 = 𝑞𝑠 ⋅ 𝑢. Substituting and
canceling gives

𝑝1⋯𝑝𝑟−1𝑝𝑟 = 𝑞1⋯𝑞𝑠−1𝑞𝑠

𝑝1⋯𝑝𝑟−1𝑞𝑠𝑢 = 𝑞1⋯𝑞𝑠−1𝑞𝑠

𝑝1⋯(𝑝𝑟−1𝑢) = 𝑞1⋯𝑞𝑠−1

Using the inductive hypothesis, we get 𝑟 − 1 = 𝑠 − 1. Therefore 𝑟 = 𝑠 and after renumbering, 𝑝𝑖 ∼ 𝑞𝑖 for all 𝑖.

Definition: Unique Factorization Domain (UFD)

Let 𝑅 be an integral domain.
Say 𝑅 is a unique factorization domain if every nonzer, nonunit𝑥 ∈ 𝑅 can be written as some product PRIME
elements.

Definition: Maximal Ideal

Let 𝑅 be a commutative ring, and 𝐼 ⊂
≠
𝑅 an ideal.

Say 𝐼 is a maximal ideal if for any ideal 𝐽 ⊇ 𝐼, we necessarily have 𝐽 = 𝐼 or 𝐽 = 𝑅.
Equivalenetly, 𝑅/𝐼 is a �eld.

Definition: Prime Ideal

Let 𝑅 be a commutative ring, and 𝐼 ⊂
≠
𝑅 an ideal.

Say 𝐼 is a prime ideal if 𝑅/𝐼 is an integral domain.
Equivalently, ∀𝑎, 𝑏 ∈ 𝑅, 𝑎𝑏 ∈ 𝐼 ⟹ 𝑎 ∈ 𝐼 or 𝑏 ∈ 𝐼.

Definition: Ascending Chain of Ideals

Let 𝑅 be a ring.
An ascending chain of ideals is

𝐼1 ⊆ 𝐼2 ⊆ 𝐼3 ⊆ ⋯ ⊆ 𝐼𝑛 ⊆ ⋯

where each 𝐼𝑘 is an ideal of 𝑅.
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Definition: Noetherian Ring

Say 𝑅 is a Noetherian ring if every ascending chain of ideals is stationary.

∃𝑁 >> 0 ∶ 𝐼𝑁+𝑘 = 𝐼𝑛, ∀𝑘 ≥ 0

Theorem: A Principle Ideal Domain is a Unique Factorization Domain

Lemma

Let 𝑅 be a PID, 𝑥 ∈ 𝑅 \ {0}, 𝑥 ∉ 𝑅
×
. Then the following are equivalent

1. (𝑥) is maximal.

2. (𝑥) is a prime ideal.

3. 𝑥 is a prime element.

4. 𝑥 is an irreducible element.

� Proofs
(1) ⟹ (2) since a �eld is an integral domain.
(2) ⟹ (3) since 𝑎𝑏 ∈ (𝑥) ⟺ 𝑥∣𝑎𝑏, 𝑎 ∈ (𝑥) ⟺ 𝑥∣𝑎, and 𝑏 ∈ (𝑥) ⟺ 𝑥∣𝑏.
(3) ⟹ (4) has been proven above.
(4) ⟹ (1)
Let 𝑥 be an irreducible element and 𝐼 ∶= (𝑥).
Suppose 𝐽 is an ideal containing 𝐼. Since 𝑅 is a PID, 𝐽 = (𝑦) for some 𝑦 ∈ 𝑅.
So 𝑥 ∈ (𝑥) ⊆ (𝑦) = {𝑦𝑟 ∣ 𝑟 ∈ 𝑅}.
Write 𝑥 = 𝑦𝑟 for some 𝑟 ∈ 𝑅.
Since 𝑥 is irreducible, either 𝑦 ∈ 𝑅

×
or 𝑟 ∈ 𝑅

×
.

If 𝑦 ∈ 𝑅
×
, then 𝐽 = (𝑦) = 𝑅; if 𝑟 ∈ 𝑅×

, then 𝑥 ∼ 𝑦 ⟹ 𝐼 = (𝑥) = (𝑦) = 𝐽 .
Therefore 𝐼 is maximal.

Proposition: A PID is Noetherian

Say 𝐼1 ⊆ 𝐼2 ⊆ ⋯ ⊆ 𝐼𝑛 ⊆ ⋯ is an ascending chain.
Write it as (𝛼1) ⊆ (𝛼2) ⊆ ⋯ ⊆ (𝛼𝑛) ⊆ ⋯.
Claim: ⋃∞

𝑛=1 𝐼𝑛 is an ideal of 𝑅.

� Proof of Claim
Let 𝑥, 𝑦 ∈ 𝐽 and 𝑟 ∈ 𝑅 be arbitrary.
By de�nition, 𝑥 ∈ 𝐼𝑛 and 𝑦 ∈ 𝐼𝑚 for some 𝑚,𝑛 ∈ N
Take 𝑘 ∶= max{𝑚,𝑛} and 𝑥, 𝑦 ∈ 𝐼𝑘.
Since 𝐼𝑘 is an ideal, 𝑥 ± 𝑦, 𝑟𝑥 ∈ 𝐼𝑘 ⊆ 𝐽 .

� Proof of Proposition So

𝐽 =

∞

⋃
𝑛=1

(𝛼𝑛) =
𝑅=PID

(𝛽) ∋ 𝛽

for some 𝛽 ∈ 𝑅. But then 𝛽 ∈ (𝛼𝑚) for some 𝑚 ∈ N0.
Therefore 𝐽 = (𝛽) ⊆ (𝛼𝑚) = 𝐼𝑚, and 𝐼𝑀+𝑘 = 𝐼𝑚, ∀𝑘 ≥ 0.
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December 7, 2023

Theorem: PID is UFD.

A Principle Ideal Domain is a Unique Factorization Domain.

Lemma 1:

In a Principle Ideal Domain, an element 𝑥 ∈ 𝑅 is prime if and only if 𝑥 is irreducible.

Lemma 2:

Any Principle Ideal Domain is Noetherian.

Proof

Let 𝑅 be a Principle Ideal Domain. We need to prove every 𝑥 ∈ R \ ({0} ∪𝑅
×) admits a prime decomposition.

Thanks to Lemma 2, we only need to show that 𝑥 is a product of irreducibles.
Towards a contradiction, assume that 𝑥 is not the product of any irreducibles.
In particular, 𝑥 is not irreduicble. So ∃𝑥2, 𝑦2 ∈ 𝑅 \ ({0} ∪𝑅

×) such that 𝑥 = 𝑥2𝑦2.
Then (𝑥) ⊆ (𝑥2) and (𝑥) ⊆ (𝑦2). If both 𝑥2 and 𝑦2 were products of irreducibles, then so would be 𝑥.
We may assume, without loss of generality, that 𝑥2 is not a product of irreducibles.
Repeat the same argument, and we have 𝑥2 = 𝑥3𝑦3 with 𝑥3 not being any product of irreducibles, and (𝑥2) ⊂

≠
(𝑥3).

Repeat again and again, and we get an ascending chain of ideals

(𝑥) ⊂
≠
(𝑥2) ⊂

≠
(𝑥3) ⊂

≠
⋯ ⊂

≠
(𝑥𝑛) ⊂

≠
⋯

which contradicts Lemma 2. ■

Definition: Euclidean Norm

Let 𝑅 be an integral domain.
A Euclidean norm on 𝑅 is a function 𝑁 ∶ 𝑅 → 𝑁0 with properties

1. 𝑁(0𝑅) = 0.

2. For any 𝑎, 𝑏 ∈ 𝑅, 𝑏 ≠ 0, ∃𝑞, 𝑟 ∈ 𝑅, 𝑎 = 𝑞𝑏 + 𝑟 such that either 𝑟 = 0 or 𝑁(𝑟) < 𝑁(𝑏).

Definition: Euclidean Domain

A Euclidean domain is an integral domain that admits a Euclidean norm.

Example A

𝑅 = Z and 𝑁(𝑚) = ∣𝑚∣.
Condition (1) is clearly satis�ed, and, for (2), use the division algorithm.

𝑎 = 𝑞𝑏 + 𝑟, 0 ≤ 𝑟 ≤ ∣𝑏∣

In practice, a slightly more e�cient way for 𝑏 > 0 is

𝑎 = 𝑞
′
𝑏 + 𝑟

′
, −

∣𝑏∣
2

≤ ∣𝑟∣ < ∣𝑏∣
2
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Where 𝑞
′
= 𝑞 if 𝑟 ∈ [0, ∣𝑏∣

2
) and 𝑞′ = 𝑞 + 1 if 𝑟 ∈ [ ∣𝑏∣

2
, ∣𝑏∣) with 𝑟′ = 𝑟 − ∣𝑏∣.

Example B

𝑅 = Z[𝑖] and 𝑁(𝑎 + 𝑏𝑖) = 𝑎2 + 𝑏
2
.

To verify (2), let 𝛼, 𝛽 ∈ Z[𝑖] and 𝛽 ≠ 0.
Then consider 𝛼

𝛽
∈ C

×

×

1

1

Choose 𝑞 ∈ 𝑅 be the closest corner of the square to 𝛼
𝛽
.

Note

»»»»»»»
𝛼

𝛽
− 𝑞

»»»»»»»
≤

1√
2

∣𝛼 − 𝑞𝛽∣ ≤ 1√
2
∣𝛽∣

Then 𝛼 − 𝑞𝛽 = 𝑟 ∈ 𝑅, 𝛼 = 𝑞𝛽 + 𝑟 and 𝑁(𝑟) = ∣𝑟∣2 ≤ 1
2
∣𝛽∣2 = 1

2
𝑁(𝛽).

Example C

Let 𝐹 be a �eld and 𝑅 = 𝐹 [𝑥] = {polynomials in 𝑋 with coe�cients in 𝐹} = {𝑎0+ 𝑎1𝑋 +⋯+ 𝑎𝑑𝑋
𝑑 ∣ 𝑑 ∈ N0, 𝑎𝑖 ∈

𝐹}.

De�ne 𝑁(𝑓(𝑥)) = {deg 𝑓(𝑥) if 𝑓(𝑥) is not the zero polynomial

0 if 𝑓(𝑥) is the zero polynomial
.

Note: On Hierarchy

Euclidean ⟹ PID ⟹ UFD

Theorem: Euclidean is PID

A Eucliedean domain is a Principle Ideal Domain.

Proof

Let 𝑅 be a domain and 𝑁 ∶ 𝑅 → N0 a Euclidean norm.
Let 𝐼 be an ideal of 𝑅. If 𝐼 = {0𝑅} , 𝐼 = (0𝑅).
So assume 𝐼 ≠ {0𝑅}. Then consider the nonempty subset

𝑆𝐼 = {𝑁(𝑏) ∣ 𝑏 ∈ 𝐼 \ {0𝑅}} ⊆ N0

Let 𝑎 ∈ 𝐼 \ {0𝑅} be such that 𝑁(𝑎) is the smallest element in 𝑆𝑖.
Claim: 𝐼 = (𝑎).
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� Proof of Claim

Clearly, 𝐼 ⊇ (𝑎).
For ⊆, let 𝑏 ∈ 𝐼 be arbitrary and apply axiom 2 to get 𝑞, 𝑟 ∈ 𝑅 such that 𝑏 = 𝑞𝑎 + 𝑟 with either 𝑟 = 0 or
𝑁(𝑟) < 𝑁(𝑎).
If 𝑟 = 0, 𝑏 ∈ (𝑎). Note 𝑟 = 𝑏 − 𝑞𝑎 ∈ 𝐼, so unless 𝑟 = 0 we get a contradiction.

Definition: Cartesian Product of Rings

If 𝑅 and 𝑆 are rings, then the cartesian product 𝑅 × 𝑆 = {(𝑟, 𝑠) ∣ 𝑟 ∈ 𝑅, 𝑠 ∈ 𝑆} is a ring with compontentwise
binary operations.

(𝑟1, 𝑠1) + (𝑟2, 𝑠2) = (𝑟1 + 𝑟2, 𝑠1 + 𝑠2)
(𝑟1, 𝑠1) ⋅ (𝑟2, 𝑠2) = (𝑟1 ⋅ 𝑟2, 𝑠1 ⋅ 𝑠2)

Example

If 𝑋 and 𝑌 are topological spaces, then 𝐶(𝑋∐𝑌 ) = 𝐶(𝑋) × 𝐶(𝑌 ).

Chinese Remainder Theorem

Recall: two ideals 𝐼 and 𝐽 are said to be coprime if 𝐼 + 𝐽 = (1) = 𝑅.
If 𝐼 and 𝐽 are coprime ideals in 𝑅, then the natural map

𝑅/𝐼 ∩ 𝐽
𝑓

⟶ 𝑅/𝐼 ×𝑅/𝐽
(𝑟 + 𝐼 ∩ 𝐽) ⟼ (𝑟 + 𝐼, 𝑟 + 𝐽)

is an isomorphism of rings.

Proof

Start with

𝑅
𝑓

⟶ 𝑅/𝐼 ×𝑅/𝐽
(𝑟 + 𝐼 ∩ 𝐽) ⟼ (𝑟 + 𝐼, 𝑟 + 𝐽)

which is a ring homomorphism where

ker(𝑓) = {𝑟 ∈ 𝑅 ∣ 𝑟 ∈ 𝐼 and 𝑟 ∈ 𝐽} = 𝐼 ∩ 𝐽

. Therefore, it is enough to show that 𝑓 is surjective. Since 𝐼 and 𝐽 are coprime, 𝐼 + 𝐽 = (1), so there exist 𝑥 ∈ 𝐼
and 𝑦 ∈ 𝐽 such that 𝑥+ 𝑦 = 1𝑅. Now let (𝑎+ 𝐼, 𝑏+ 𝐽) ∈ (𝑅/𝐼)× (𝑅/𝐽) be arbitrary. We want to �nd 𝑟 ∈ 𝑅 such
that 𝑟 ≡ 𝑎 (mod 𝐼) and 𝑟 ≡ 𝑏 (mod 𝐽).

𝑎 (mod 𝐼) ≡ 𝑏𝑥 + 𝑎(1 − 𝑥) = 𝑏𝑥 + 𝑎𝑦 = 𝑏(1 − 𝑦) + 𝑎𝑦 ≡ 𝑏 (mod 𝐽)

Useful in Number Theory

Theorem (Lagrange):

Every natural number is the sum of four squares of integers.
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Example

15 = 3
2 + 2

2 + 1
2 + 1

2
.

Idea of Proof

1. For every prime 𝑝, solve 𝑝 = 𝑎
2
1 + 𝑎

2
2 + 𝑎

2
3 + 𝑎

2
4.

2. If 𝐴 = 𝑎
2
1+𝑎

2
2+𝑎

2
3+𝑎

2
4 = 𝑁(𝑎1+𝑎2𝑖̂+𝑎3𝑗̂+𝑎4𝑗̂) = 𝑁(𝑞1) and𝐵 = 𝑏

2
1+𝑏

2
2+𝑏

2
3+𝑏

2
4 = 𝑁(𝑏1+𝑏2𝑖̂+𝑏3𝑗̂+𝑏4𝑗̂) = 𝑁(𝑞2),

then 𝑎𝑏 = 𝑁(𝑞1𝑞2).
For 3 = 𝑁(1 + 𝑖̂ + 𝑗̂) and 5 = 𝑁(2 + 𝑖̂), (1 + 𝑖̂ + 𝑗̂)(2 + 𝑖̂) = 1 + 3̂𝑖 + 2𝑗̂ − 𝑘 and 15 = 1

2 + 3
2 + 2

2 + 1
2
.

Hurwitz’s Quaternions

{𝑡 + 𝑥𝑖̂ + 𝑦𝑗̂ + 𝑧𝑘 ∣ either 𝑡, 𝑥, 𝑦, 𝑧 ∈ Z or 𝑡, 𝑥, 𝑦, 𝑧 ∈ Z + 1
2
}

Theorem: Classification of Finitely Generated Abelian Groups

Any �nititely generated abelian group 𝐺 is isomorphic to

𝐺 ≅ Z × ⋅ × ZÍ ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ
𝑟 copies

×Z/(𝑎1) × ⋅ × Z/(𝑎𝑘)

where 0 < 𝑎1∣𝑎2∣⋯∣𝑎𝑘 and (𝑎𝑖) are invariant facotrs uniquely determined by 𝐺. e.g.

(Z × Z × Z) × Z/(2) × Z/(12) × Z/(84) × Z/(420)

This will be proven in MATH 201 using module theory over principle ideal domains.
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