Advanced Analysis
September 25, 2025

Suppose we have some function of the form —A + g € L(H) satisfying R4(1)(A—AI)~" bounded on Im(1) > 0 and not
surjective for Im(A) = 0.
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Waves: solutions to 8,1 + Au =0 on R".
Mathematical Tools
 Spectral theory of unbounded operators
+ Complex analysis
» Functional analysis
* Microlocal analysis
» Semiclassical analysis
Classical Resonances in ODEs
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A harmonic oscillator assuming no friction.

We have an acceleration force, mi(t) = —kx(r) which gives % + wgx = 0 with wp = \/g and has solution x(t) =
Acos(wgyt) + Bsin(wgt).

With forcing, i.e. m(t) = —kx(t) + Asin(wt), we have % + w3 A'sin(w?).

If |w| # |wgl, then x(t) ~ trig((”’_z’”“) t) ((%) t) the low and high frequencies respectively.
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If isntead |w| = |wyg|, then x(t) o< trig(wt)t.

In general, x+ Ax =0 for x € R", x(¢t) = exp(—tA) + x(0).
In the case where A is skew-adjoint, i.e. sp(A) € iR, (x, Ax) =0 Vx € R", then

L (xx) = (63) + (5,2) = (~Ax,x) = (,Ax) =0

Which implies that ||x(¢)|| is constant and the dynamics are norm perserving. .
To generate resonant solutions, if (iw, v) is an eigenpair of A (w € R), consider x + Ax = e '“'v. As an ansatz, we look
for a solution of the form x(¢) = a(t)v and the equation becomes (a(t) + iwa)v = e "“'v. Then

—iwti iwta) _ —iwt
dr -

d

E(elwta) — 1

a(t) = te ",

Resonances in PDEs

Consider one-dimensional waves on [0, L], L > 0.

at[u+axxu =0
uly=0=f x€[0,L]

Oruli=0=g x€[0,L]
u(0,t)=u(Lt)=0 VYt=0



We want to think about this as d,,u = Au = 0 where A is the Dirichlet Laplacian Au = —d,,u with Dirichlet boundary
conditions. We then want to find the spectral decomposition of A, Au—Au=0= —aiu - Au.

A=0. u(x)=A+Bx = A=B=0
A:—pz. u(x)=Ae" +be” = A=B=0
/1=p2. u(x) = Acos(px)+Bsin(px) = 0=u(0)=A 0=u(L)=Bsin(pl) = p=kn, keN

Therefore there are infinitely many eigenpairs 1,, = (”—L”)Z On(x) = sin(%).
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The family {¢,,, n € N} is dense in L*([0, L]) where the unbounded operator (—3%) with Dirichlet boundary conditions
is self-adjoint.

Other Prototypes

(of unbounded self-adjoint operators with discrete spectrum)

+ Laplace-Beltrami operators on compact manifolds without boundary.
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» On compact domains with boundary there is the Laplacian with Dirichlet boundary conditions.

The (Quantum) Harmonic Oscillator

H= —% +x° on R, on L*(R) with (f,g) = ij(x)g(x) dx.
H acts on the Schwarz space S(R) := {f € C”(R), Yk, £ 20, sup

k l
x (%) f(x)| <oo}.
« The action of H : S(R) is continuous.

« His Lz—symmetric: IR —f"§+ x2f§ dx=(Hf,g)=(f, Hg) = J'R —E"f + x2f§ dx (integrating by parts).
We seek eigenvalues Hu = Au. If (u,A) and (v, u) are eigenpairs, then

0=(Hu,v)—(u,Hv) = (Au,v) — (u,pv) = (A —u)(u,v)



Where if the difference is nonzero then (u, v) = 0.
We can write H=L"L™ + I where L = —% +xand L = % +xandalso [H,L"]=2L" and [H,L”] = —2L".
Note that H is a non-negative operators

(Hf.f) = chcf’)Z + 2 dx> 0

for f#0 and f € S(R). Thus sp(H) € (0,00). If Hv = Av, then H(L"v) = [H,L* v+ L™ (Hv) = (A +2)L" v. Similarly
H(L v)=(A-2)L v.

2
Now we want to solve L ¢q = 0. %cpo + x¢py = 0 tells us that ¢y(x) = ﬁe‘x /2 (L*-normalized). Therefore Hepg = ¢y
and the we have an eigenvalues of one. So we may construct ¢,, = m which gives an eigenvector of H with

eigenvalues 2n + 1. Note that ||(L™)"¢o|| = vV27nl.
2
Fact: ¢, = pp(x)e”” /2 where p» is the Hermite polynomial of degree n.

u = Guda) = | palxdpy(x)e™ dx
Theorem
{@n}nso is dense in L*(R) (if [, g, dx =0 for all n, then g = 0).
Proof (Sketch)

ForgeL® ¢ eR, Fy(¢) = J'R eix"tg(x)%(x) dx = gpo(&). We observe that

* Fgis real-analytic in ¢.

. Fék)(O) _ IR(_ix)kg(x)(/)o(x) dx = 0 by assumption.

So we have a real-analytic function where all derivatives vanish at a point. So F; =0, g¢o =0, and g = 0.

September 30, 2025

One of the overarching goals is to obtain large time asymptotics of the solution v(x, ) (x €R, ¢ > 0) to

-0 v—Pyv=F(x,t) onR,;x(0,00),

v(x,0)=0,v(x,0)=0, FeCx (Ryx(0,00),)
where Py = Di +V(x)=- (g)z +V(x)and D, = %%. The operator D, is symmetric and self-adjoint on appropriately
chosen domains. For f(x) and f(¢) = [, e ™ f(x)dx, Dof = Ef(E). V€ Leomp.(R) (i.e. compactly supported L*) is
the potential. If f,g € S(R), then (PVf’g)LZ([R) = (f, pVg)LZ(R)-
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Another way to look at this assuming v exists, we can consider u(x, 1) := [;° el

form of v) with A € C, Im(A) > 0. Write A = ¢ + ic, ¢ > 0, such that u(x,¢ +ic) = |,
e ““u(x,t))(x,—¢). Then u(x, 1) solves
S 1 S 1 .
f ot (—Onv—va)dt=J ¢ E(x, 1) = B(x, 1)
0 0

00 .
(12— Py) J e y(x, 1) di = B(x,A)
0

u(x,1)

which is an entire function in A.
To Do:

« Study solvability of (A* = Py)u = F(x,1).

« Return to v.

For frozen ¢, we can get v(x, t) back by Fourier inversion.

_ 1 ( —;
e ”l/(x,t)=E Re ”fu(x,cf+ic) dé
v(x,t) = 5 Re_”(éﬂc)u(x,é +ic)dé
s . A
Y0 e MDD
//
/ , ya /
// /' // P I R
yAEV4 Aam(A) ’-C_,%
/ | - s/
) g
; 'l
X X ’
X A

where the spectral problem is invertible.

v(x,t) dt (the Fourier-Laplace trans-
0oo eltfe—ctv(x, t)dt = ]:tr—»{(t -



1D Waves in the Time Domain

Suppose R > 0 is such that supp V C [-R,R] and supp F C [—R, R]%x(0,00). If | x| > R, the PDE looks like 8,,v—0,,v =
0=(0,+0,)(0,—0,)v. Setting ¢ = x+ t and u = x — ¢, then it follows that

0;0,v=0 = v=F({)+G(u)=F(x+1t)+G(x—1)
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On x > R, we can expect v(x,t) = Fy(x+1t)+ G, (x—1); on x < R, we expect v(x,t) =F_(x+1t)+G_(x—t). The
terms G, and F_ are outgoing whereas the terms F, and G_ are incoming and, given that we assumed a source, we
expect to be zero.

What does incoming/outgoing look like on the spectral side? (1*— P, )u = E(x,1) supported in |x| < R. For |x| > R,
(A% +0%)u =0 leads to u = Ae"™ + Be™™ . For x > R, u(x) = a,e™ 4 p, e ™M for x < R, u(x) = a_eMH 4
boe My s outgoing if and only if by = 0 and incomming if and only if a; = 0.

Py is an unbounded, symmetric operator on a Hilbert space. For z € C, sp(Py ) is the set on the complement of which
(Py — Z) is boundedly invertible. That is, V f, 3'u such that (Py —z)u = f and ||ul|| < ||f].

Waves in the Time Domain [Evans, §2.4]

Goal: if v solves

00 —0xxv=f(x,1)XER, £>0, f € Co (R (0,00))
v(x,0)=0,v(x,0)=0x R

then v(x,t) =1 [ [77 f(y,t - s) dyds. We look at

X

0, V=0, v=0~v(x,t)=F(x+1t)+G(x—1)
v(x,0) = g(x), 0,v(x,0) = h(x)

Initial conditions gives us

{F(x) +G(x) = g(x) {G%x) =1(g'(x) - h(x))
F'(x) - G'(x) = h(x) F'(x)=1(g'(x)+ n(x))

So

F(x)= 5 (g(x) + f h(s) ds) e

0

6(x) =3 (800~ ["nis s+ ¢y

v(x,t)=%(g(x+ t)+g(x—t))+%J' h(s)ds+C

x—t

6
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This has a finite speed of propogation in the sense that if we suppose supp(g, #) C [—R, R] then v(x, ) = 0 whenever
x>R+torx<—-R-t.

Now we want to go from the homogeneous problem to the inhomogeneous problem. The idea is to think about
v(x, t) = jot v(x, t;s) ds where v(x, t;s) solves the homogeneous problem

010(+,+58) = 0xxt(+,+58) =0
v(-,85)=0,0,v(-s5)=f(x,5)

Then

v 0 1 v v *
attv_axxl/—o — at(aty>_(6xx 0)(6tl/) and |:atl}i|t=8_|:*j|

So v(x, t;s) = %I;j((tt__j)) f(y,s)dsand v(x,t) = % I()t J'x_+ssf(y, t —s) dyds follows.

X
Going back to the original PDE, (—d,, — Py )v = F is equivalent to (8,; — 0, )v = —(V v + F) which leads to the conclu-

sion that v(x, 1) = —3 [o [Z75(Vu+ F)(y,t —s) dyds. For |x| > R, vis outgoing.
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October 2, 2025

Take come complex vector space and consider the Hilbert space (H, (,-)) with (-, ) satisfying

(Af,8)=Af8)
(f’)lg) = /l(f’g)

<(‘f’g)=(g»_f)
e (f,g)=:11fl* anorm
L(H, || - ||) complete with respect to the norm

+ Examples

- (C",(a,b) = Z;;l ajEj), a=(ay,...,a,), b= (by,...,by,)



- Lz(x,u) (e.g. [0,1] and the Lebesgue measure), (f,g) = jxﬁdp.

T
Bounded Operators: T : H — H bounded if and only if éup||x||=1 || Tx|| < oo satisfying

B(H) the space of bunded operators on H (a complex vector space)
[|-]] is a norm on B(H), making it complete
There is a multiplication, B(#) > A,B+~ AB and || AB|| < || Al|||B]|

Adjoint: if A€ B(#), 3'1A* € B(H) suchthat V f,g € H, (Af,g) = (f, A" g) where A is symmetric/self-adjointif A= A™.

Thes notions are different in the world of unbounded operators.

+ Example
- H=C": T € M,(C) symmetric if and only if T is Hermitian. #;; = 7;.

— H=L7([0,1]), Tf(£) = tf(r). (Tf,g) = [, tf()g(r) de = [, f(r)1g(1) dt= ([, Tg).

— 7 = L*(R) with the Fourier transform. || f(x)||* = ¢|| F(£)||* (Parseval's Equality).

Finite Dimensional Spectral Theorem

If A€ M,(C) is Hermitian, there exists an orthonormal basis (¢;,...,¢,) of C" and real eigenvalues A,,...,1,, such
that Agbj = /1](/)]
Important observation: if A is Hermitian, then A; is real for each j, and (A¢;,¢;) = (¢}, Ap;) = (Apj,¢;) = A;] |¢j||2.

Soij= (ﬁZi’ﬁg) is real. If 1; # Ay, then (¢;,¢r) = 0 since (A, ) — (¢ Apr) = (A; —Zk)(%,(l)k)-
Notation: Let u, v € C", denote 1 ® 7 the operator (u® 7)w = (w, v)u.

With A as in the theorem, we can write A=""_ 1;¢; ® ¢; (I =) 10 ®$j). A second way of writing this is

- - —
a0 0, T, s
Ale -1l =(el-]e ],
[ [ A A
N\ e —_ e
A (A S

Where U* = U™! and A= UAU™. This allows us to construct a functional calculus for A where

A% = UNUYUAU* = UN U™
p(A)=U-p(A)-U", p apolynomial

Defining f(A) := U- f(A)-U”, we obtain a Banach algebra homomorphism. Then f € C([—||Al|,||A||]) is also a
Banach algebra with sup norm and pointwise multiplication.

ffoot)sem.p.. g ’FC?‘() o \ ¢
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Then we can map C([—||Al|],||Al|]) 3 f— f(A) € B(H). This is useful for solving ODEs.

* Prototypes

— Heat equation: d,u+ Au =0, u|,o = g, u(t) = e “uy.

— Schrodinger equation: id,u+ Au =0, u|,-q = ug, u(t) = e "y

— Wave equation: d,,u+ Au=0, u|,=¢ = ug, 0;u|;=¢ = u.

Write u(t) := Y}, u;()¢; with the PDE Y7 (uj +Aju;)p; = 0. Then uj + Aju; =0, u;(0) = ujo, and u;(0) =

uj1. Suppose A; >0 forall j. Then u;(r) = ujgcos(y/A;1)+ %sin(\//l_jt). So
]

n

u(t) = Zcos(\//l_jt)ujvo(/)j + Lsin(\//l_jt)uj'l(/)j
VAj

Jj=1

Therefore u = cos(tv/A)ug + A2 sin(tvVA) u.
Spectrum of a Bounded Operator

Take T € B(H). We say that T is invertible (within B(#)) if and only if 3S € B(*H) such that TS = ST = I.
Counterexample: take H = £*(Ng) = {u = (ttn) nso ° Y lun|® < 00} and Au = (%un 5o~ Then the proxy for Alu=
(nuy,)pso is Not bounded. -

Given T € B(H), the resolvent set of T'is p(T) ={A € C : (T — AI) is invertible}. Invertibility is equivalentto Vy € H,
'x such that Tx — Ax = y with an estimate ||x|| < ||y|.

For 1 € p(T), denote R(A) or Rp(A) = (T —AI) ™" € B(H) the resolvent of T. Properties of the resolvent set:

1. p(t) #0 (infact, if |[A| > ||T|| then A € p(T).
2. p(r) is open.

3. the map p(t) 3 A — Ryp(A) € B(H) is holomorphic in the sense that Yo € p(t), IRT(1o) € B(H) such that

A)— A
Ry ( /{_ZT( 0) _R'T(AO)H =0.

limi_,,lo

(0] k [o%) k
Fora.,if |A| > ||T||, Tx—Ax=y e (I-L)x=-2 e x=Y72)Jxy. Then Rp(1) =1 Y72 (£)" and
1 1 1
[|Rr(A)]] < <
' AL L =117 /Al (A= 1T

Forb., pick 1¢ € p(T) and find r > 0 suchthat [A-Ay| <r = A€ p(T). ThenTx—Ax=y e (T—1g)x—(A—2Ag)x =
y & x— (A= Ag)Rr(Ag)x = Rr(Ag)y where if ||(1 — Ag)RT(Ag)]|| < 1 it is boundedly solvable by Neumann series.
For c.,

Rr(A)=Rp(Ag) = (T = A1) =(T = AD) ™
(T=AL)(Rr(A) = Rr(Ao)) = I = (T = AoI + (Ag = A)I)(T = AgI) ™"
(T=AI)(Rr(A)=Rr(A)) =I1—-1+(A—2g)Rr(A)

Rr(A)=Rr(Ag) = (A= 2Ag)Rr(A)Rr (o)

So —RT(Ai:iz(AO) - RT(AO)Z = 0(/1 - Ao)

Then we define the spectrum o(T) := C\ p(T) which is closed since p(T) is open.



Lemma

If T € B(H) is self-adjoint, then o (T) < [—||T||, || T]||]-
» Proof

Firstwe know o(T) € {|A| < ||T||}. We want to show that it is real, and thatif A = a+iband b # 0then T—(a+ib)I
is invertible.
T — (a+ bi)I is injective.

[(T-(a+ ib))x||2 =(Tx—-(a+ib)x,Tx— (a+ib)x)
= || Tx||* + (a" + b*)||x||* = (Tx,(a+ ib)x) — ((a+ ib)x, Tx)
= || Tx||* + (a" + b))||x||° = (a— ib)(Tx,x) — (a+ ib)(x, Tx)
= ||Tx|[* + &’ | |x]|* — 2a(x, Tx) + b*[|x]|* = b°| | x| |
since ||Tx||* + a°||x||* - 2a(x, Tx) = Oby Cauchy-Schwarz. Therefore T — (a + ib) is injective and, by the open

mapping theorem, (T — (a + ib))* = T — (a— ib) is surjective. Similarly for T — (a — ib), and the norm estimate is

. -1
||(T—(d+lb)) | S%. Notethat%=m.

Note that the spectrum of T may no longer be made of eigenvalues in the non-finite case. There may ex-
ist A such that T — AI nont injective, 3v # 0 Tv = Av. Recall the example Tf(z) = ¢f(¢) with f € L*((-,-), dt).

T is self-adjoint, ||T|| < 1, and (Tf,f) = J'O1 t|f(£)|* dt = 0. So o(T) < [0,1]. For A €[0,1] is T — AI injec-
tive? Tf = Af < tf(t) = Af(r) = (r—2A)f(r) =0 which implies f = 0 in L*([0,1]). Is T — AI surjec-
tive? (r—A)f(r) = g(t) = f(t)= ff—;), so g(t) =1 € L*([0,1]) which implies f(¢) = L= is not L*([0,1]) and
o(T)=[0,1].

October 9, 2025

Spectral Resolution

Take H a hlibert space, and say that P € B(7L) is an orthogonal projection if P> = P and P* = P. Thenlet P(H) = {P €
B(H), P is an orthogonal projection}.

+ Examples

— peH, |Ipll =1, P:=p®p. Then Py = (y,¢)¢p and P’y = P(y,d)p = (y,d) (¢, d)p = Py.
- ¢1,...,¢, an orthonormal family with P = Y }'_, ¢x ® ;.
- H=0*(N),e;=(0,0,...,0,1,0,...) and I = Y 72 ¢; ® ¢;.
- H= LZ([R). Fix I an interval with y; the characteristic function for I. Then take Pf := y;f.
* PPf=xix1f=x1f =Pf.
* IRXIfgdx:IRfmdx'

« If I has a nonempty interior, then Range(P) = {f € L*(R), supp f C I} = LA(1).

10



Definition: Spectral Resolution

A spectral resolutionisa map R> A — E(A) € P(H) satisfying

1. YfeH,||E(L)f]| is increasing.
2. A[a,b] suchthat E(A)=0if A <aand E(1) =1dif A = b.
3. E(A) is right continuous. Thatis, Vf € H, A €R,

lim ||E(u)f - E(A)f]| =0
p—=a
u>A

Alternatively, we can require E(A)E(u) = E(min{u, A}).

Long story short: the collection of self-adjoint bounded operators is in one-to-one correspondence with the collec-

tion of spectral resolutions.

+ Examples

- A€ M,(C), A* = A, with eigencouples (11,¢1),...,(An ¢,) and simple spectrum A; < A, < -+ < A,,. Define

E(A):=) j,<10j®;
+ A=1gives E(A)=0forA<1and E(A)=1dfor A > 1.

1 0] .
" A=[0 2} gives E(1) =Idys; e; ® e; +1d) 55 e, ® €.

- If f = fier + foea, then ||E(A) £11 = 1dasi (M| A1 +1das2 ()| o]

Spectral Measures

A spectral resolution gives rise to spectral measures

fgeH Am(E(N)f.8)=F(A)eC

This defines a Lebesgue-Stielijes measure

pr : pp((a,b])=F(b)-F(a), VabeR

We can construct this as follows:

« When f =g, A+ (E(A)f, f) = (E(A)’f, £) = ||E(A) f1|? (increasing).

* When f # g,

(EQ)f.8) = (BA(S). E()g) = 3 (1B + &)I12 = 1B - )] 1P = il EQAY(F+ ig) P+ 1 EQY(f - ig)I )

{E(A)}1er defines a projection-valued measure Eq, Q C R a Borel set. Start with E,, ;] = E(b) — E(a). We would like

for Eq to satisfy Eq Eq, = Eq,nq,, Eg =0, Eg =1d.

11



Theorem: Spectral Theorem

For A € B(H) self-adjoint, there exist a, b € R and an A-dependent spectral resolution { E(A)},er such that

A= Jb AdE(A)

a_

in the sense that (Af, g) = jf_ Ad(E(ML)f,g) for all f,g € H. This is amenable to creating a functional calculus

C([-1All,]|A]|]) — bounded self-adjoint operators that commute with A

b
I h(A) = f h(A) dE(A)

a_

The idea is that E(1) = x(—c0,1](A). Once E is constructed, this leads to Eq for Q Borel. We say that a measure p is
supported in G (Borel) if for every Q Borel, u(Q) = u(Qn G). Then suppE C 0(A).

Functional Calculus

We want to make sense of h(A) for h in a large enough class. If p is a polynomial, we can make sense of p(A) =
Y, axA* which is self-adjoint and bounded.

For h € C(—||All,||Al]]), h is uniformly approximated by polynomials. We want to show that p,, is uniformly Cauchy
which implies that p,,( A) converges to some h(A).

For h = x(~c0,1], We proceed by approximation by tent functions.

S\~

Definition: Positive Operator
If S is a self-adjoint, bounded operator on H, we say that S is positive (S = 0) if (Sf,f) =0, Vf € H. For S;, S, self-

adjoint and bounded, we say that S; = S, if and only if S — S, = 0.
For T € B(H), self-adjoint, set a := infj| ¢|=1(Tf, f) and b :=supy|=1(Tf, f). Then ald < T < b1d.

(T=ald)f, f) = (Tf.f) - alf. ) = (ﬁf)((TH—j{”,ﬁ)—a) >0

We want to show that if p is a polynomial on [ || A[[, | A]|], then (inf{_||a||,)a)) P)1d < p(A) < (Sup[_|a[},| [} P) 1d-
Lemma

If T; and T, are postive and commute, then T;T» = 0.

12



Square Root Lemma

If A= 0 (i.e. bounded, self-adjoint, and positive), then 3!B = 0 such that B = A and B comutes with any operator that
commutes with A.

* Proof
Use the power series of z— 1 —z at z=0.

= k
1+ Z Cr2
k=1

We can find that ¢ < 0 for all k = 1 and that the series converges uniformly on {|z| < 1}.
Now let A = 0 which implies that 0Id < I — A < 11d. Without loss of generality, suppose supp || A|| < 1. The idea
is to write

B=\/Z:\/I—(I—A):I+ick(I—A)k
k=1

which converges strongly because the series converges uniformly. Then B*=A. Weseethat B=0 using the fact
that sign(cx) < 0 which implies ) ., cx = —1. The proof of uniqueuness can be found in the text.

Proof of Lemma

Assuming the square root lemma, write T, = B®. Then since [T;,T>]=0,[B,T;]=0. Then

(MTof, )= (T1B°f, ) = (BTBf, f) = (Ty(Bf), Bf) 2 0
Weaker Version
Instead of (inf{_||aj|,||aj| P)1d < p(A) < (Sup[_|a||,||a]| P)Id, we have that if min[_||),|4]|]7P = 0, then p(A) = 0.
Proof
If p=0o0n[—||A]l|,||A||], we can factor it as a product of positive pieces
ri<=l1All s;z[1A]l
p(x)=[ [Ge=r) (s - 0)((x—a;)* + 1)

p(A) =] [(a-1;)(s; - A)((A-a;)°b;
=0 =0 =0

Using the previous lemma, we have that P(A) = 0.

Proof

Finally, to show that (inf{_| 4|,|jaj| P)Id < p(A) < (sup[_4)|,j14| P) 1d, we see that p—infp and supp f — p are positive
polynomials and apply the weaker version to them.

13



Definition

We can define h(A) for h € C(—||Al|,||A||) by Weierstrass approximation. There exist p,, polynomials such that
S STPTRIPATY |pn - hl _o)o 0. Then Pn is uniformly Cauchy, so
n—

inf(p, — pm)Id < p,(A) = pm(A) <sup(p, — pm)Id

which implies that

[|pn(A) = pp-1(A)|| < max(sup(p, — ppm), —inf(p, — pn)) — 0.

n,m—oo

So p,(A) is Cauchy in (B(#),]|| - ||) which means it converges. We call h(A) =lim,,_, o p,(A). We still want to show
that h(A) is bounded and self-adjoint.

October 14, 2025
Spectral Theorem for Bounded Self-Adjoint Operators

If A e B(H) is self-adjoint such that al||f||* < (Af, f) < b||f||* Y € H, then there exists a spectral resolution
{E(A}1cq such that A= [7 1 dE(A).

Proof (Continued)

We would like that E(1) = cpA(A) where cpl = X(—o0,1], hOwever </>A is not continuous so instead we can approximate it
as

1, x<A
A . 1
¢y :=1linearon | 1,1+ ;]
0, xzA++

mna_de.

-
>

To demonstrate this, we need the following proposition.

Proposition

If T, is a sequence of positive operators and T,, = T;,.; = 0, then there exists some T =0suchthat T,f - Tf, Vf € H.
Proof

Fix f € H, and consider (T,,F, f) which is decreasing, bounded from below, and therefore converges and is Cauchy.
Now as an estimate, we can say that if S € B(#) is self-adjoint where 0 < S < M1, then V f € H we know that

1SFIP < (£, )M 7).

14



To see this, we look at t - (S(S+tI)f,(S+tI)f) =0since S=0. Then

(S(S+tI)f,(S+tI)f) = (S°f,Sf) +2t|[SFI|* + £°(SF, f)

So A < 0if and only if

IISFI* = (S° £, SF(SF.f) <0
IISFII* < (SF, F)(S°F,SF)
< (SH OIS FINNSEI]

ME||f] 12

We apply this to T,, — T}, = S where T,, — T}, < Ty for all n < m. Then

(T =T FI1 < (T = T £ 1) AN Tl P2

Since (T, f, f) is Cauchy, T, f is Cauchy and therefore converges. It remains to check that T is linear, positive, satis-
fies, T < Ty, etc.

Spectral Theorem Proof Continued

For each n, (pﬁ(A) makes sense and is positive since gbfl(t) > 0. Since </>2 > </>2+1, (pﬁ(A) > (pﬁH(A). Thus, by the
preceding proposition, ¢A(A) :=1lim,, 00 (pfl(A) exists as a bounded, self-adjoint, positive operator.
It remains to check the spectral resolution properties.

The final property to check is that V f € H, (Af, f) = J':, Ad(E(A)f, f). The idea is to approximate multiplication by ¢
with piecewise constant functions. We fix a partition a = Ay < -+ < Ax = b such that sup(A;4; —1;) < 8. Then

k

" (1) = r=¢" () + ) 1(¢" (1) =" (1))

j=1

foralla<t<b.

O\
R

R\
(&)

Then

A l<r<d)

M7 = M) < 1M - gy < AT (9 - M)
ko k ko
N G e B N A A ED WA C AR
j=1 j=1 =1

J

Y

<YL (W =8)(¢hi =)

15



Adding )Lo(pl", we see that

k
t< oo™ + Z?L]((,b/lf —¢M Y <t+6
j=1

as

’” B m 4 ..-"n-\

When we apply this to A,

k
A< AE(Ao)+ Y A(E(A;)=E(Aj-)) < A+61
j=1

Finally, we see that
As one refines the partition, § - 0 and (A, f, f) = J':, Ad(EL)F, f).

Then if p € C([-||Al], [|]11), p(A) = [ (1) dE(A).

k .
(AL )= A(E(A0)f )= ) A (EA)S 1) = (B f )| <ol

J

Functional Calculus

We observe that for g € C&*(C), g(w) = L [ —L-0:g(z) d°z. Then f(A):=L [ (A-z)7'0:f(2) d’z where d;f =

O((Im(z)") for n =3 as Im(z) — 0.

w

Proposition

For every f € H, the Lebesgue-Stieltiesmeasure corresponding to F(A1) = (E(Af, f) is supported on o (A).
Since o(A) € [a,b] is closed, [a,b]\ o(A) is open (i.e. |J,cn Jk for open intervals Ji). We want to show that F(A) is
constant on each J; (equivalently: j]k dF(A) = 0.

16



Tk

Q
)
Y

'\J

R
\~\

FiX Jk 3 Xo. Then Ra(xo) = (A—xoI) ™" exists, and we can pick € > 0 such that V¥ z € B.(x,), ||Ra(2)|| < M. Then for
z € Be(x9) +Im(z) # 0,

Ra(z) = (A—zI)"" = ¢, (A)

and ¢.(t) = - € C([a,b]). Consider

Ra(2)Ra(Z) = v2(A) = j dE()

1
|A-z|?

with w,(t) = ﬁ It follows that for all z € B.(xp) \ R,

j ! dm)s[ L 4F(1) = (Ra(2)RA(D)S, ) < M2 | I

e |A=2z|? A - z|?

which stays true for all z € B.(x,). In particular for x € (xg — €, xg + €),

Xo+€ Xo+€ 1 5 )
j de AF(A) < 2eM?||f]|

Xo—E Xo—E |A—Z|2

dx = 00, 50 it must be the case that "¢ dF(A) = 0.

Xo—&

Since Fubini holds, we observe that [7*"* —1

Xo—€& |A—x|2

Discrete Spectrum vs Essential Spectrum

Recall the spectral measure of A, Eq(A) for Q C R Borel where E(, ;] = E(b) — E(a). We say that A € 04(A) (the
discrete spectrum of A) if there exists £ > 0 such that dim(range(E(y—¢ 1+¢))) < 00. Likewise, A € 0¢s(A) (the essential
spectrum) if Ve > 0, dim(range(E(y—¢ 14¢))) = ©0.

As an example, take H = £°(N) with (Au), = ”7 and A= Z}'Zl %ej ®e;j.

Lt
Vb B2y 4
v
' R [ ) l
~ WL V4
o g ]

Discrete spectra include eigenvalues of finite multiplicity.

Essential spectra include accumulation points of eigenvalues, eigenvalues of infinite multiplicity, absolutely continuous
spectrum, s.c. spectrum.

Another example if Af(t) = tf(t) on L*([0,1]). Then E(A)f(r) = X(=00,A1f(2), and E(qp1f(t) = X(ap)f(1). VX €
[0,1], we have that range(E(x, ¢ x, +¢) = L*((x0— & x0+€)).

17
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October 16, 2025

Compact Operators and Analytic Fredholm Theorem
Definition: Spectral RAdius

For A € B(H), we say that the spectral radius of Ais r(a) =supeq(a|A| <00
Theorem
1. if A€ B(H), then r(A) =limsup,,_, o, ||A"|[*/".

2. If Ais, in addition, self-adjoint, then r(A) = || A|.

As a non-example, consider A = [8 (1)} Then o(A) = {0}, but r(A) =0 ||A]].

Proof

Recall Hadamard’s Formula: Zzo:o akzk has radius of convergence R computed by % =limsup,,_, |an|1/". This holds
even when a; are members of a Banach algebra (e.g. B(H)).

Set z = % such that 0 < |z| < ﬁ and implies the rexistence of
1 13! o — k k
RA(E)=(A—EI> =—(1-24)"" ==z} A%"
k=0
1 _qs ky1/k
So we have that r(A) = % = limsup,_, [[A™|[7"".
Now if A is self-adjoint, ||4°|| = ||A||* since ||4%|| < |]A||* by submultiplicativity and || A*|| 2 supy|y=; (x, A%x) =
supy|jj=1 ||Ax||* = [| A]|* using Cauchy-Schwarz.

k k
By induction, || A% ||*/2

= || A|| which implies that r(A) = || A]|.
Another Spectral Decomposition

For T : H — H bounded, we say that A is in the point spectrum of T if T — AT is not-injective. We say that A is in the
residual spectrum of T if T — AI is injective but does not have dense range.

T~
7T ./ N\ T)
e p " T\
( Gseneie (Ypert )
\ — N\ G /
_— ___— wdty
7—- TN
Sy, T N
oppentich N1 el 2|
oo tonge.
L~ v

18



Self-adjoint operators have no residual spectrum (RS, Thm VI.8).

Definition: Compact Operators

K € B(H) is compact if K maps bounded sequences to sequences with a limit point. Equivalently, if By = {x € H :
[|x|| <1} then K is compact if K(By;) has compact closure (i.e. is precompact).
K(H), the collection of compact operators on H, is a closed linear subspace of B(#) since if T,S € K(H), then
T+ S e K(H). We have also that IC(#) is a 2-sided ideal of B(# ) since when T is compact and S is bounded, ST and
TS are compact.
Examples

« For a finite-rank operator A : H — H, range(A) < co. The general form of Ais A= Z?zlgbj ®y;forg;,y;eH.

« Strong limits of finite-rank operators.

2
* (Au), = +u, on ¢°(N). Note that A, = Y7, iej ® e; shows that ||A— 4, || < —=.

« The inclusion i' < ¢* where k' = {uec" : Z;‘;lj2|uj|2 < oo}

Proposition
If H is separable, all compact operators arrise as limits of finite-rank operators.

Proof

We want to show that for A € K(H), Ve > 0, A, finite-rank such that ||A— A.|| < e.

Let € > 0 be given. Since A(By,) is precompact, it is totally bounded. Thatis 3y;,...,y, € A(By) suchthat Vx € A(By),

min<j<pn |[x - y)l] <e.

Let P, be the orthogonal projection onto span{y;,...,y,}, and set A, = P, A. Then for f € By, and x = Af € A(By),
147 = Acfl] = llx = Pex]| < min [[x~y,|| <e

So ||A-Ag|| <e.
Exercise: confirm whether this argument needs separability.

Theorem: Analytic Fredholm Theorem

Let D c C be open and connected. Let f: D — B(H) be an analytic, operator-valued function such that f(z) € K(H)
forall ze€ D. Then

1. either (I— f(z))™" exists for no z € D

2. or (I-f(z)) " exists for all z€ D\ S, where S is a discrete set (finite-rank, no accumulation points) in D.

Then (I- f(z))~" is meromorphic in D, analytic in D \ S, residues at poles are finite-rank, and if z € S, f(z)y = w
has a nonzero solution for v € H.

Application

If K is compact, consider f(z) = zK. At z=0, I — f(z) = I so this is invertible which implies that the theorem holds for
-1
1 €C (taking D = C\ {0}). We have Rg(1) = -+ (I— f(%)) . Note that K is not necessarily self-adjoint. Note that K

19



is not necessarily self-adjoint.

Proof

We want to prove that either (a) or (b) hold locally for any zy € D.
Fix zy € D, r >0 such that || f(z) — f(z)]] < % for z € D,(zy). Choose F = Z;-lzlgbj ® y; a finite-rank operator such

that || f(zo) — F|| < 3. Then Yz € D,(z),

[1/(2) = FIl <1 f(2) = f(20)l| + 1 (20 = F|| <1

which implies that (I—(f(z) —F))™" exists and is holomorphic on D,(z).
F

Define g(z) = F(I—f(2)+F) ™", and observe that (I—f(z)) = (I-g(2))(I-f(2)+F) = I f(2)+F—g(2)(I - f(2) + F).
Write

g(2)=) ¢;87; (I-f(2)+F) " =) ¢;0y;(2)

J J

where v;(z) = ((I- f(z) +F)_1)*wj is holomorphic in z. Then I — f(z) is invertible if and only if I — g(z) is invertible.
We claim that this holds if and only if d(z) # 0 for some holomorphic function d.

When is I — g(z) invertible?

Injectivity: if g(z)¢ = ¢, we expect ¢ = Z;’zl Bjd;j. So g(z)¢p = ¢ if and only if

Z(bj(Zﬁk(kaWj) = Zﬁﬂ/’j
j=1 k=1 j=1

where ;=Y i, Bi(dr v (2)). If Aji(2) := (¢x,v;(2)), then this has a solution if and only if det(I - A(z)) = 0. Call
d :=det(I— A(z)). Moreover, if d(z) #+ 0 then I — g(z) is invertible. We can solve (I — g(z))¢ =y for ¢ given v € H.
So ¢ = v + g(z)¢ which motivates an ansatz ¢ = v + Z;?:l Bj¢;. Then

(I-8(2))p=I-g(2)w+ ) (Bj—AjPi)p;=v)
=1

J

If and only if

Z(ﬁj —AjiBr)p; = Z(llfﬂ//j(z))%
= '

j=1

which is boundedly invertible as long as d(z) # 0.

October 21, 2025

Definition: Unbounded Operator

Let (#H,(-,-)) a Hilbert space. An unbounded operator is a linear map A: D(A) —» H, D(A) g?—[ (D(A) the domain of
A).

Hypothesis: m =H.

Why “unbounded?” BEcause, generally, sup rep()\ 0}
Examples

[Af]]
711

= 0OQ.
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1. H =L*(R), Af(t) = tf(z). Then A(#) ¢ L*(R), and D(A) = Co(R). Consider f,(t) like

Peeade

N

/-3 \

>

2

1. H=I*(R), Af(x) =D, f(x) = %%f(x). Then D(A) = S(R), and we can see unboundedness from f(x) = e T

for o > 0.
2 T 2"
f(x)dx=|e cdx = o|e ™ dy
2 2 =—*_
4x- _ < V=T 1 2 —2°
J(f')z(x) dx=| —e 7dx = —J4y e dy
o Vo
Afll® _ ¢
SOIHE = o oo

Definition: Extension of an Unbounded Operator

We say that B extends A (and write A € B) if D(A) C D(B) and B|p(a) = A. We have that A= Bwhen ACBand B € A.

Definition: Closed Operator

To recover a notion of continuity, we look at closed operators.

We say that (A,D(A)) is closed if and only if Vu, € D(A) such that u,, » u€ H and Au,, > v e H, ue D(A) and
v=Au.

Equivalently, A is closed if the graph of A, T(A) = {(u, Au) : u€ D(A)}, is closed in H X H.

We say that A is closable if there exists some B such that A € B.

Example

* (RD(P),H) = (D, CZ (R), L*(R).
— Pis not closed, because there exists u, € Co (R) such that u,, = u € H, Dyu, — v € H, yet u ¢ Co (R).

- Take u€ H' \ CZ(R), u, € C (R) converging to u in H'.
* Recall that

— H'@®R) = {f € 2®) : £1(x) € PR, 1A = L1 aggy + 11£] gy
- CX(R) is dense in H'(R).

- H'(R) is complete.

Exercise: prove that if D(B) := H'(R) and Bf = D, f, then B is closed and Blce(w) = P
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Adjoints of Unbounded Operators

In the bounded case, we have A € B(H), u € H and define ¢,(v) = (u, Av) € H' (H' the dual space). By Riesz
Representation Theorem, 3w := A% u such that Vv e H, (A u,v) = (u, A*v).

In the unbounded case, we need to define A* and D(A™).

For u € H, set £, = (u, Av), v € D(A). If £, extends to an element of ' (i.e. if we can prove an estimate |£,(v)| <
c||v||x), then by Riesz Representation Theorem J!w € #, called A*u, such that Yv € D(A), (A u,v) = (u, A% v).
Then

D(A*)={ueH : g{g;f) extends to an element of H'}.

Example

« (RD(P),H) = (Dy, C&(R), L*(R).

— Observe that V f,g € Co (R), (D f,g) = (f, Dyg).

Take f € H and g € CZ°(R). Thenif f e C or f € H'(R), g~ (f,Dyg) = (Dyf,g) and

[(Dxf, &) < lID:f 2wyl &l 2wy < 1 F ety 1181 | 22 (w)

Then B(f,g) = D«f,g) — (f,Dxg).

So D(P*) 2 CX(R) and, in fact, D(P*) = H'(R).

P* is closed (this is always true of any adjoint).

P c P*, we say that P is symmetric.

Generally, if (4, D(A)) is an unbounded operator, then T'(A™) = ]((F(A))l) where J: HXH —» HXH by J(u,v) =
(—v,u). Recall that (1"(A))L is always closed, so A* is always clsoed.

Definitions:

We say that P is symmetric if P € P*.

We say that P is self-adjoint if P = P*. B
We say that P is essentially self-adjoint if P* = P.

Important Questions

1. Given a symmetric operator (P < Ii*), to find a self-adjoint opeartor A such that P € A= A* ¢ P*. We call A
self-adjoint extension of P. If P* = P (essentially self-adjoint), then it must be the unique extension.

2. How to find or parameterize all self-adjoint extensions? (This problem is hard.)

Example

« P=(D,, Hy([0,1]),L%(0,1)) (where elements of Hy([0,1]) vanish on the boundary).

22



- P*=(D,, H'([0,1])) S P.

— There exists a “circle” of self-adjoint extensions, parameterized by any point on the unit circle.

General Principle

If @ c R” is open, bounded and withs mooth boundary 0Q (H = L*(Q)), and P is some differential operator (e.g. P = A)
suchthat V f,g € C& (Q). (Pf,g) = (f,Pg). By Green’s Identity,

JQ(Afg— fAg) dx rQV((Vf)g(—f(Vg)) dx

r

=| (gVf-fVg)-vds
0Q

[ of .0g
= m(ga‘fa)‘“

(.

(&

Examples

e P=(P=ACP(Q),I2(Q)).

P symmetric.

D(P*)={ue*(Q: Auel?}.

Let Poin = (P.CZ (Q) and define Ppay = Ponin- Then D(Pray) = {u € L*(Q) : Pu e L*(Q)}.

The self-adjoint extensions lie inbetween.
* (D Hy([0,1]) = {u € H'([0,1]) : u(0) = u(1) = 0}, L*([0,1])).

— Observe that the evaluation map C®([0,1]) 3 f ~ f(0) extends boundedly to 7 : H'([0,1]) — C.

— For f,g e C*([0,1]),

(0us.8)-(10:8)= [ 157 1(3¢) =1 | 0B = F00RD) - r0)E0)
* Then if g € D(Ppin),
1 - DU U
(£, D:8)| = (D, ) + + (F(DE(1) - F(0)5(0)
<[l llglle

« Therefore D(Pri) = D(Pmay) = Hl([O, 1]), and we note that Py = Pmin.

Now suppose that T is a self-adjoint extension of P (Ppin & T S Pmax- If T is self-adjoint, then Vf,g € D(T) <

H'([0,1]), £(0)g(0) - f(1)g(1) =0.
For f =g, |f(0)|2 = |f(1)|2 for some fixed f, then Ja € S' such that f(1) = af(0). Then for any other g,

0=£(0)(g(0) - ag(1) = af(0)(ag(0) — g(1)
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Therefore g(1) = ag(0) for the same fixed a.

October 23, 2025

Definition: Resolvent Set and Spectrum of and Unbounded Operator

For (A,D(A),H) unbounded and closed, the resolvent set of A, p(A), is the set of 1 € C such that (A—1) : D(A) - H
is bijective with bounded inverse R4(1) := (A— /1)_1.

The spectrum of A, 0(A),is 0(A) =C\ p(A). If p(A) is open, then a(A) is closed.

Example

. Take P = (D,, Hy([0,1]),L%(0,1)) and define two closed extensions P, and P;

- D(Py) ={ue H'([0,1]) : u(0) =0}

Dyu+Au=f
u(0)=0
« Sou(x) = ie M ;eimf(t) dtand o(Py) = @.

« For1ec, feL'([0,1]), we solve {

- D(Py) = H'([0,1])

+ For L eC, ker(D, —A)nL*([0,1]) # @. So o(P;) =C.

Proposition

If (A,D(A)) is self-adjoint, then 0(A) € R, o(A) # @, and we have a resolvent estimate ||R4(2)|| < m for
Im(z) #0.
The proof of real value and the estimate are the same as in the bounded case.
To show that o(A) # @, by contradiction if o(A) = @ then A™' = R4(0) exists and is bounded. We claim that this
requires o(A™") = {0} and pick A # 0, such that

(A =Au=f

(k==

But 5 ¢ o(A) implies u = —RA(%) TAf. Therefore Ry-1(A) = —%ARA(%) and A ¢ o(A™"). Therefore A~ = 0 which
contradicts the assumption that A'A= Idp(a)-

Generalizing Spectral Resolution

We can extend {E; } s<1<p t0 a = —00 and b = oo by setting strong limits E_s, =0 and Ee, = I.
Example

« On L*(R), Exf(£) = x(—ooy(2) £(2).
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Theorem: Spectral Theorem for Unbounded Self-Adjoint Operators

Theorem 8.15 Helffer.
Any self-adjoint operator A on a Hilbert space H admits a spectral decomposition {E; }, such that Vx,y € H,

(Ax,y) = [RA d(Exx,y)
Ax = J' Ad(Eyx)
R

Proof

Largely, we will use the proof for the bounded case.

Suppose A is semibounded from below (i.e. Ju € R, Vx € D(A), (Ax,x) = p||x||°) ten Ra(1) exists for Ay <
(((A=A)x,x) = (u—=Ao)||x||* coercive in the sense that (i — ) > 0). Then it is also a self-adjoint bounded operator
which implies that R4(1¢) has a spectral representation. Then A = f(Ra(Ag)), f(x) = Ao+ i We can work with a

general case (A—i)~".
Example

. Take (D, H'(R), L*(R)), and define the Fourier transform f(x) — Ff = f(¢) = [w e~ £(x) dx. Then D f(¢) =
Ef (&), and we have the following commutative diagram

H'(R) -2 [X(R)
7 7
1 2

H®) pud ®

* SO Eof = F ' y(—eo)Ff-

- (D% HA(R), I*(R)). Then D2f(¢) = & f(¢), o(D2) = [0,00) and DA f = F & FF.

— SO Ef=0for A<0; Exf=F 'yeeer(&)FF.

. (Di + V(x),CZO([R),LZ([R)), V € C(R;R) bounded from below. Then Di + V is semibounded from below and the
spectrum depends drastically on V.

— V=0gives g =[0,00).
- V=x"giveso={2n+1: n=0}

— Ve Cc(R) gives 0 =[0,00)

Proposition

If for some zy € p(A) NR R4(zg) is compact, then A has purely discrete spectrum (z,,) 1, | 2,| = 00 as n — oo.
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Proof

R4(zy) is compact and self-adjoint, so there exists a basis for % made of normalized eigenvectors (¢,,) ,en With eigen-
values |A,| N 0.

(A=20)""bn = Antpy
Ay = (Zo + /%n)%
’H={u=Zun¢n : Z|un|2< oo}
2
D(A) = {u= Z%‘/’n : Z|un|2(zo+/%n> < oo}
Applications
« Laplacian (Leplace-Beltrami Operator) on closed Riemann manifolds or Dirichlet Laplace-Beltrami if 0M # 0.

+ Dirichlet Laplacian (A = — Zzzlaik) on bounded domains in R” (Q open in R", regular, 4Q smooth).

- Ap = (A,Hé(Q) N HZ(Q),LZ(Q)) where H& ={ue Hl(Q) : ulsa = 0} (u]sq makes sense due to a trace
theorem from Evans 5.5) and H*(Q) = {u € L*(Q) : 0;0;ue 1% d;uel? Vi, j}.

— [o|VfI? dx=(Af, f) 2 0 (Green's Theorem)

— Claim: Ap + 1 has compact inverse.

+ Solvability of Ap +1

Au+u=
Our goal is, given f € Lz, to find u €? such that { ! . We have a weak formulation, if v € HO1 we multiply

uloo =0
by v and get an IBP

[Vqu+Juv:va

B(u,v)

where |[ fu| < [Ifllzllvllz < |1 f]12(B(v, v))'/2. By Riesz Representation Theorem, there exists some unique
u € Hy such that Yv € Hy, B(v,v) = [ fv. Moreover, we can recover H? regularity on u. Also, |B(u, u)| = || ful <

1/2 . . -1 -1 2 1
11122 (B(wu))'? it and only i [1(Ap + 1) Fll sy = Hull ey < |1£112. Therefore (Ap+1)7": 13(Q) - Hy(Q)
is bounded. By Rellich Compactness, Hy (Q) — L*(Q) compactly. Hence (Ap +1) " : L* - L is compact.

Theorem

On R, H'(R) does not embed compactly into L*(R). For example, f € H' with supp f C [0,1] defined by f,(x) =
f(x—n).

So if H c L*(R) where ||ul|3 = |15 + ||a(x) " ul |iz for a(x) > 0 and lim| |0 a(x) = 0, then H embeds compactly
in L°.

It follows that D% + x*has compact resolvent and discrete spectrum. || u||%; = ||d, ul |iz + || xu| |iz.
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October 30, 2025

Friedrichs Extension

Let (A,D(A),H) be symmetric, bounded from below in the sense that there exists a € R such that Vx € D(A) we have
2
(Ax,x)3 = a | x| |7

Theorem:

If (A, D(A),H) is densely defined, symmetric, and bounded below, then A admits a self-adjoint extension (S, D(S)).
The procedure for producing this extension is the Friedrichs Extensions.

Proof

Assume that a = 1, otherwise consider A — AT for some well-chosen A. Define the symmetric quadratic form

ga(u,v) = (Au,v), (u,v)€D(A)XD(A).

Note that g4 (u, u) = (Au, u) = ||u||3,, so this form is coercive. Next, we construct V ¢ H by taking p(u) = (g.(u, u))l/2

and letting u € D(A) belong to V if Ju,, € H such that | |u,, — u||x — 0 and {u,} is p-cauchy (i.e. Ve >0, AN, m,n >
n—

N = p(u,—u,) <e).

Then we can define anorm on V: ||u||y :=1im,,_ 0 p(u,) where u, . wand u, is p-Cauchy.

Exercise: show that this definition does not depend on {u,,}.

We also define (u, v)y :=1lim,_ o ga(uy, vy,) for u, and v, similarly converging and p-cauchy.

So (V,|]-||v) is complete and p(u,) = ||u,|| becomes ||u||v = ||u||y as n — oo. Hence V — H is continuous.

. — ‘l #
Sy N\

( (-
| )V
\\ \‘ y //
\ o,
\ Wy -/ //
N i

We now construct S starting with a domain D(S) ={u €V : V3 v g4(u, v) satisfies an continuity estimate of the form <
Cl|v||%}. For u e D(S), the map v~ ga(u,v) extends to an element of ' (bilinear functionals on ). By Riesz-
Representation Theorem, there exists some w := Su such that Vv e V, ga(u,v) = (Su, v)y.

It remains to show that S is self-adjoint, D(S) > D(A), S|p(a) = A. Self-adjointness is left as an exercise. If u € D(A),
then

laa(u, v)| = (Au, v)| < ||Aul|3|[v]]%
so u € D(S) and Su = Au.

Remark

We could start with a quadratic form g(u, v) which is sesquilinear, coercive and D(q) C H densely. This construction
produces a self-adjoint operator as well.
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Example (Dirichlet Laplacian)

A=Y, d°, with @ = R" open, bounded, and regular.
(A= -AD(A) = CZ(Q),H = L*(Q)). For ue D(A),

_
(Au,u)= | —Au-udx
JQ
s

=| =V(Vu-u)+Vu-Vudx
Q

=0
——
-

= —avuds+J VuVudx=0
J0Q Q

So Friedrich’s procedure produces a self-adjoint extension

ga(u,v) :J VuVudx, u,veCq(Q)
Q

o'(Q

)
which leads to V = CZ°(Q) = Hy(Q) (that is the H' closure of C&°(Q)). What about D(S)?

N =
/// M/ /’7(' \
Sy = NN
( N e D) S
N | "a)) /)
N\ T/
\\ < [/

Forve Ca (Q), [,Vu-Vudx=[,—Au-v=C||v||;2. Then we have

D(S)={u€ Hy(Q) : AueL*(Q)} = Hy(Q)n H*(Q)
Example (Neumann Laplacian)

Start from a quadratic form g(u, v) = jQV u-Vv+uvdx with u,v e C°(Q). Then V = HI(Q). We compute D(S) by
first recalling that for u, v € C*(Q),

[ —Au?dx=[ Vu-V?dx—J 0,uv dx
Q Q 0Q

We sense that Au € LZ(Q), so we at least need u e W(Q) ={u € HI(Q) :Aue LZ(Q)}. How do we make sense of
the Neumann trace on W(Q)?

 Lemma
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— The restriction map C(Q) — C(dQ) extends to a bounded surjective “Dirichlet trace” 7 : H' (Q) — Hl/z(aﬂ)
with bounded right inverse R.

+ Example

- ifQ=D,0Q=S5" feC®(S") o f(6)Y ey fie'™ where fi = = jnf(e)e_ike de, we can for each s € R
define

H(s") = {feD'(s)) : Y (1+K)Ifil* <00} = D((~05)"?)
kez

» Fact
- Fors=0, H °(0Q) = (H°(6Q))".
- lffeH ", gec®(s),

2\s/2
(f,8)oo= J(f,g) =cy fkﬁ% < C(Z(l - kz)_s|fk|2)(Z(1+k2)s|gk|2>

kez ( kez kez

Returning to the Neumann Laplacian, the Neumann trace C'(Q) — C(8Q) by f 0, f extends to a bounded oper-
ator 7y : W(Q) —» H %(60).

* Proof
If ue w(Q), set
@u(v):zj —Au?dx—J Vu-Vvdx, veHl(Q)
Q Q
< [[Aullz[Tvllz + [V ull 2] Vo]l

Using R: H'/?(3Q) » H'(Q), w e H''*(00),

| (Rw)| < ([[Aullrz + [ Vullz) |Rwl|m < ([Aullz + | Vull2) [w]] giegq)

1/2

which implies that there exists some h € H '“(0Q) such that ®,(Rw) = (h, w) ;112 tp /2.

We want to extend

[ —Au?dx=J Vu'Vﬂdx—J 0, uv dx
Q Q o)

toue W(Qand ve H (Q). First, if v € Hy(Q) then

J' —Auﬂdx=J Vu-Vvdx
Q Q

(by passing to the limit with a sequence v, € C&(Q) converging to v in H').
Next, if v € H', we write v = vy + RTpv with vy € Hy. Then

=0

f —Auv—-Vu-Vvdx= f —Auvy —Vu-Vigdx+®,(Rtpv) = (TNU,TpV) y1/2 /2
Q Q
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We conclude that for each u € W(Q), v € H' (Q)

J' —Au-vdx= f Vu-Vvdx+ (TNM,TDU>H—1/2yH1/2
Q Q

Therefore we have

q(u,v) = [ (—Au+u)vdx+{TNU,Tpv) y-1/2 tp/2
Q

and v~ q(u,v) is L*-bounded if and only if v — (Tyu,Tp V) giiz gl 08 L*-bounded which holds if and only if
Tyu=0.So

D(S)={ue H'(Q) : —Auel’ tyu=0}={ue H(Q) : Tyu=0}

Observation

The form domains satisfy D(gp") € D(gn").

November 04 and 06, 2025

See class notes on variational principles for eigenvalues and Weyl’s criterion for essential spectrum.

November 13, 2025

Consider (D5 —1%)™" = Ry(A), the “outgoing” resolvent and let V be in C¢” (R, R) or Logmp(R,R). Then we may define
Ry(A) = (DfC +V - /12)_1. We want to show that —Ry (1) makes sense for Im(1) > 0 as an *>1° operator and
extends meromorphically to either {Im(A) >0} as an I? - I* bounded operatororto C as a Liomp - Lfoc opeartor.

Recall that Lﬁomp ={felL’: supp f compact} and L;,. = {f :R— R : VK compact, IK | f]? < o0}

— / /. L, / / 7
w4 INE A /// s A
// Kv L / // I/_L / { /
~ ' R |
)
m— X ;, 'y A‘ y /7
' V
xox \

We will further see that there are no poles (embedded eigenvalues) on R\ {0}.

Outgoing/Incoming Solution

ilx —ilx

We have that (D% — A°)u = 0 if and only if u(x) = Ae
outgoing if x > 0 implies that u(x) = A, e

+ Be """. A solution to (Di — A u=f e CP(R) is said to be
and x < 0 implies that u(x) = Bye ™.
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AN
~ 1
NN A
\\ /
—— ,)('
/ 4 Y
;7, /A ‘7M{' ey / .
4 // / § \

1

Likewise, the solution is incomming if x >> 0 implies u(x) = B_e”"** and x < 0 implies u(x) = A_e'**.

We have seen previously that the D’Alembert Solution to

(07 =05+ V)u=f
u|t=0 = atu|t=0 =0

is outgoing.

We will find that an outgoing solution to (D2 —=A*)u = fis Ry(A) f := uy = ﬁ Ja 7)™ 4y, The incoming solution,
then, is u_(x,1) = —ﬁ J'[Raf(y)e_wx_y| dy.

Note that u, (x,1) = u_(x,—1) = u_(x, 1). Note also that the outgoing solution is in L*(R) if and only if Im(1) > 0, and

the incoming solution if and only if Im(A) < 0.
The above solution may be derived via Fourier transform. Namely

(&= A2)a(e) = }(€) = [R ¢ f(x) dx

f(&)

i if and only if dist(1%,[0,00)) > 0. Considering the outgoing solution, this occurs only

which implies that (&) =
when Im(A) > 0.

Note, that with respect to Plancherel Theorem giving ||u| |2 = c||@(&)]] 2,

1

1 il P — 2—1 2
llulliz = 12Ol = g oS IOl = 2171

ix¢ d¢
52_12 .

This gives continuity estimates for Ry(1). Then u(x) = hy(x) * f(x) where hy(x) = J'Re
il x|

We claim, computing

by residue theorem, that h; (x) = ;e
Exercise: do the residue computation.

So we have Ry(A) = ﬁ J[Rf(y)emlx_yI dy with Schwarz kernel Ry(x,y,1) = ﬁe"’llx_yl. When x and y are frozen, this
looks mermorphic in A witha simple pole at A = 0 and residue % This stil makes sense as a map C.°(R) —» C*(R) or
Leomp(R) = Lige(R).

Alternativey, we can formulate this as ¥p € C&(R), pRop : L°(R) — L*(R) extends meromorphically to C. Then
pRy(A)p has Schwarz kernel ﬁp(x)p(y)emlx_yl.

Exercise: if 1 # 0, this is L* — L* bounded. '

Then Ry(A) = §+Q(/1) where Pf(x) = é J'R f(y)dy, P=¢®¢pand ¢(x) = % Here Q: Lﬁomp(R) - L% .(R) is entire.

Compactly Supported Potential

Take V € Lgfjmp(lﬂz), where Uess(D)Zc + V) =[0,00)+(possibly negative eigenvalues)+(embedded eigenvalues).
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Theorem:
The outgoing resolvent (D5 + V — 1) " extends mermorphically to C with no poles at A € R\ {0}.
Proof

Goal: when can we solve (D +V —A%)u= f?
We start with the identity (D> + V — A%)Ry(A) = I+ VRy(A). For Im(1) > 0, ||VRo(A)||20p2 < % So if
Im(A) > 1, |[VRy(A)|| 2012 < 1. Then

Ry (A)

A

(D2 +V =1V Ro(1) Y (~VRo(A))P = I
p=0

So Ry (1) is an inverse for D>+ V —A% on Im > 1, bounded with operator norm below || Ry(A)]]
outgoing solutions due to its factored form.

Now, to extend Ry, (1) mermorphically as Liomp - leoc, we look at pRy(1)p for p € C& (R) such that pV = V. Then for
Im(A) >0,

1
VR It produced

[e0]

Ry(A)p = Ry(A)(I+VRy(A) " p=Ro(M)p ) (VRo(A)p)” = Ro(A)p(I+VRo(2)p) ™"
p=0

Therefore

pRy(A)p = pRo(A)p(I+pVRy(A)p) ™"

We claim that A — pVRy(A)p is a meromorphic on C \ {0} family of compact operators (at least on V € C¢ (R)).

To see this, we use Ry(A) : L*(R) — H*(R), then PVRy(A)p: L*(R) > {u € H*(R) : suppu C supp V} embeds com-
pactly into L*(R).

By analytic Fredholm theory, since I+ pVRy(A)p is invertible for Im(1) > 1, it is invertible on C\ {0} outside of a
discrete set with finite-dimensional obstructions at that discrete set.

To upgrade this to a meromorphic extension of Ry (1) : Lﬁomp - LIZOC, pick an increasing sequence of cutoff func-
tions. If p; is such that p;p = p, then p;Ry(1)p; extends pRy(A)p in the sense that Ry (A)p1f = Ry(A)pf when
supp f € {p =1}.

Claim: if A € R\ {0}, then A is not a pole of Ry (1).

» Step 1: if 1 is a pole, then there exists an outgoing solution to (Di +V- Az)u =0.
. Step 2: if A € R\ {0}, and u is an outgoing solution to (D% + V — A*)u = 0, then u has compact support.

+ Step 3: if u is a compactly supported solution of (Di +V- /lz)u =0, then u=0.

Step 1. If A = A; is a pole, we may write Ry (1) = (AP—A’V)N + oo+ /130
—Mo
2

Leomp = Line- If A # Ag, then

+ Q(A) near A = A, where each term is

1

(=0 (D24 V= 22)Ry(A) = (D24 V = 2%) Py + (A = Ag) ()
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Then as A — Ay, (Di +V - AZ)Pn =0. So Py produces outgoing solutions in leoc.

Step 2. If A € R and u solves (D% +V —A*)u = 0, then u also solves (D2+V-A*)u=o0. .

Since u has compact support, write u(x) A+e’“ +B_e ™ when x>0 and u(x) = A_e™ + B, e when * 0.
n—

Compute the Wronskian, W(u, %) = u%t' — u'ti and —W(u )= ul' — u'"u=0. We find that this is |A+| —|B- | for
x> 0and |A_|* —|B,|* for x < 0.

Therefore |A,|*+ |B.|* = |[A_|* + |B_|*. Thatis, if u is outgoing then A_ = B_ =0 and A, = B, = 0.

Step 3 is insane.

—il

* Lemma

If we take u € L°(R), (D + W)u =0 where W € L (R), then if u =0 on (—00,0) then u = 0.

Fix h>0and let v=e "y
e ™" (hDy)* e v]| 12 = ||(h*D% = 2ihD, —1)v|| 2
N2 A
= 1(hé - 1)%0] |2

= ||o]] .
2
=lvll%

Equivalently

||e—x/h h

2 —
ull 2 < K|l " D2ul| < B2\ W ||| u] | 2

November 25, 2025

Recall

For V e CZ(R), Ry (A) is the scattering resolvent (Im(1) > 0, Ry/(1) = (D% +V —21%)7")

This is meromorphic on {Im(1) > 0} as a L* —» L* bounded family. Similarly, it is mermorphic on C\ {0} as a

2 2 .
Lcomp = Lioc famlly

Then ey (x,4) = e¥** — R, (1) (Ver') are two solutions of (D% + V = A*)u =0.

IMAGE 1

Then we take S(A), the scattering matrix, defined wherever possible such that

sl ][5 o=l )
Computing Wronskians gives

R_(A) = =R (-M)T(1)/T(-

S(-1) = JS(A)* 7, 1:[2 H

S(A)JS(-AM)J=1

Last time, we defined ¢, (x, 1) = e+(x -A) and ¢_(x, )L) ye- (x,1).

T(A
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IMAGE 2

We have that ehse solve Di +V—-1=0,s0 Vx, R A ¢pi(x,A) is tempered. Therefore, we may take its Fourier

transform in A.

1 .
As(n) = 55 [ galui)e™ ar
R
makes sense as a tempered distribution.

Claim

Ay is a distributional solution of (D2 + V) A4 (x,y) = Df,AJ_r(x,y). That is, if we define Ay f(x) = [ A+ (x,¥)f(y) dy,

then (D3 +V)o Ay =Aso D%. We compute

2 il

1
D2A4(x,y) = ijcpi(x,/l)/l e™ an

1 .
(D2 +V)As(x7) = 5 J'[R 2y (x,1)e™ dn

In addition, A4 satisfies A+ (x,y) = 6(x—y) for +x > 0 where we can think of the Dirac deltaas 6 (x—y) = # I

Now, our goal is to get an alternative expression for S(1). We can achieve this by looking at ¢_(x, 7).

IMAGE 3
IMAGE 4

We have that clos(supp(V)) C [a, b]. By pictures, for x > b,

1 i
0,A_(x,y)=x(y—x)+y(x+y)= o JR</>_(x,/1)i7Le Y ax

for x and y distributions. Via Fourier transform in y, this implies that

iAp_ (1) = JR M (X(y—x)+ Y (x+y)) dy=e MR(A) + TN

Exercise: show that supp(X) c [-2(b—1),0] and supp(Y) C [2a,2b].
Copying expressions, we have that

1 X() A
GONT "™ xm
R_(A) _¥Y(1) _ Y
T(A) A R‘(A)_X(A)

It follows that

T(A) _ Y() A K(=A) _ ¥ (=)
T(-1)  X(A) X(A) -—il XA

R.(1)=-R_(=1)

34
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The bottom line, then, is that we may write

1 il Y(A)
SW=gzmlicn i ]

Notation: recall that 2' are distributions, &' are distributions with compact support, and ,5”_' are tempered distribution.
Then, since X, Y € £'(R), X and ¥ are entire on C. It follows that X(1) = ﬁz(b—a) X(x)e M dx = <X, e_m>.

If X(1) =0, then idg_(x,A) = e ¥ (). Then also ¢_(x, 1) € L*(R) if Im(1) > 0 which implies an eigenfunction.

Wave Operators

1

If H is a self-adjoint operator, for r € R, e~ "M makes sense.

—itH % (=itH)* itH —itH\-1
(e ) =e =e =(e )

H g unitary. For u € L*(R), v(¢) := e "y solves (id, — H)v=0, v|;= = u.

soe
Given Hy= Dy and Hy = D>+ V, V€ Lﬁgmp(u&), the idea is that Vu € L*(R) u L {eigenfunctions of H}. There exists
uy € L*(R) where e "My~ o7y,
IMAGE 5
as t - too.
Theorem

With the above setting, if u € L*(R), the following strong limits Wiu=1lim; 400 o' Hv g7ttty

Also, we have W, Hy = Hy W, and || Wy ul| = ||u||. W4 are partial isometries intertwining Hy and Hy, .
Then define the scattering operator S : L*(R) — L*(R) by S = W} W_.
The connection between scattering/vertex operators comes from defining

@ : L*(R) = (L*([0,00]))

u(x) o (u‘z(_’;))> 120

Theorem
S:i=d*S(N\)d=W;W_.
Proof: Existence

2 itHy —itH,
ForueL”, v(t)u=e""e ""u.

—itH,
‘u—e

d . itHy
T v(t)u)=i(e " Hye

So

t
. isHy, , —isH,
v(t)u:u+zJ e"ve " Muds
0
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We want to show that

[|[Ve Mull,2

A

J e H e My | 2 ds < oo
R

. . 5 ) )
ltHo u, we Want to ShOW that ut(x) = % IR el(Xf—tf )a(f) dé’ NO’[e that el(Xf_tf ) — ( 1

s d \2 i(x¢-te)
If u;(x)=e i(x—2t€)d_-f) € |

Proof of Quantum-Classical

If v e C°(R), define u:= ®*S(1)®v and we want to show u = W, W_v if and only if W, u = W_v. Write

w(x) = 5 Loo(h(x,mm) Fe (x,A)0(~1)) dA

w(x) = 5 Loo(e+(x,—A)a(—;L) re_(x,-A)a(1)) dA

S
I

S
I
==

< <

where the last equality implies that

(es(x,A),e_(x,AS(A) 1)

@(3) = 55 [ Cerlrmnye (1) §) | da = i)

So

—itH, 1 (7 i
. vw=_J' e ™ (s (1, 1) D(A) + e (x, 1) B(=A)) dA
0

27
:fl
-Ry(A)(ve™ —Ry(A)Ve ™)
itH, 1 TOO —A—
=y 4o (F(oA) oA+ F(xA) D(=1))dA
0

To show that lim,_, o I(t) = 0, deform A € [0,00) to {u+ iu : u=0}. Then

—itA* —it(ptip)? 204t
e = g iturip)” _ 2t

December 2, 2025

IMAGE 1

Theorem:
Let V € Leomp (R, R), and suppose w(x, r) solves
(D? —Py)w(x,t)=0 on RxR

1
wlt:O =wp € Hcomp([R)
2
atw|t=0 =w; € Lcomp(R)
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IMAGE 2

Then, for any A > 0,

~Resyoa, ((iRy (1) wi iRy (1) wn)e™)

’mR(/lj)l
w(xt)= ) S e () +Ea(r)
Im(/lj)>—A /=0

where mp(A;) = rankgSARV(f) dé and the integral is about a small contour isolating A. Note that ZIm(Aj)>—

sum.
We also have that (Py — A?)fj,g =0. Then Yk >0, supp(w;) C (=k, k), 3Ci, a, Tk, 4 Such that

HEACO| | m2([-k,k]) < Ck,Ae_tA(l lwo | + [ wr]|12)
IMAGE 3
Returning to the Meromorphic Continuation pb for Im(A) > 1

We have

Ry(A) = Ry(A) (I + VRy(A)) ™

4 Is a finite

which is ok via Neumann series, since ||Ry||;2-;2 — 0 as Im(1) — oo0. Fix p € C& (R), pV = V which implies

(1-p)V =0. Then

I'+VRy(A) =T+ VRo(A)p+VRy(A)(1=p)=(I+VRo(A)(1=p))(I+VRy(A)p)

Notice also that (I — VRy(A)(1—p)(1+ VRy(A)(1—p)) = I. Therefore

Ry(A = Roy(A)(I+VRy(A)p) ™ (I- VRy(A)(1-p))

and poles of Ry, (1) occur when I+ VRy(A)p is not invertible. We have an estimate on VRy(A)p = VpRy(A)p of

[[VRy(M)pll 22 = [|V]]eo||oRo(A)p || 1212

Write Ry(A) f(x) = & [ f(x)e* 1" ay and, by Cauchy-Schwarz,

21 )

[ . 2
lpRo(A)pf (x)|° = ‘ﬁp(x)fp(y)f(y)e”x_m dy o) 17115 Jpz(y)e‘”m“)'x‘y' dy

4|ﬂ»|2

where suppp C [—R,R] and p < 1. Computing, we may find that

T(Im(/l)),

lloRo(M)pfll1z < = lll 71122

where x_ = max{0, —x}.
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Question:

Whenis [[VRy(A)p| |25z < 5?

LTUm()- _ 1
|/1| =9
< 5= |Al if and only if Im(1) = —A - 6log(1 + |A|) with A,6 > 0.

This happens if and only if == if and only if x* + y* = Ce*™. If Im(1) = 0, then |A| = 2C; if Im(A) < 0,

then ¢~ Im(Y)

Claim (Exercise)

For every A' > 0, the above estimate implies that Q4 = {4 : Im(1) > —A'—6log(1 + |A]) has finitely many resonances.
Claim: Q4 N Q4 is compact?

Left-Right Symmetry of Resonances
2

Since Py is self-adjoint, (Py —2) = Py —z, hence it is involutively stable under z = z. If z =
Ry(=1) = (Ry(A))" is true for Im > 0. Hence A is not a pole if and only if —A is not a pole.

A%, Z = (-1)* and

Stone’s Formula

If E= E(P) is the spectral measure of some self-adjoint operator P, then

1 b -1 . a1
3B D)+ E(ab)]= | (P=(r+ie))™ = (p=(r=ie) ™ ar
IN Gess, dEj = -=(Ry(A) — Ry(—1))A dA.

Expression of the Wave Solution

sm( IPV)

Py is self-adjoint, so it admits a functional calculus. So w = cos(tPy)wy + —5—~ w,. Write

K )
PV=Z_.Uin®Vk+J' zdE,
k=1 0

where we observe that the summands are multiplicty 1 (boy ODE theory and outgoing conditions), genuinely L? bounded
and normalized states. We can restict to the case where wy =0 and w; € H”. In this case

. K . o s
tP t A
0 w, = Z sin(zp) (w1, v) v + L sin(#A)

Py Ki A dEA(WI)

k=1

Then, applying Stone’s Formula,

OoSin(M)dE( )_i 0<)M(R (A) = Ry (=A))w, dA
0 A/ A W1 _l.T[ 0 2l 14 174 wl

- lim —itA

m 5 (Rv(A) = Ry(-1))w; dA
€—0 R\(—e,e)

We write fg (. = J5. +],, and compute

IMAGE 4
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1. (21 Rl
= —lim e —w dA=—i Togw;
M 27 €50 O, A

Then define T ={A—i(A+e+6log(1+|A])) : AL €R} and fix R > 0.

IMAGE 5

Then m4(t) := —iZMEQA Res|,1=,1j(pRV(/l)pe_Mt). By residue theorem, pV(t)p = —img(0)mop + w4 (t) + Er, () +
E:(1)+Eyx(1). So

B(0):= g | ¢ p(R() =Ry (-1)pun ad

As R — 0o, E,:(1), Eyz (1) — 0 and Ep, (1) - Ep(1) = 0(e™ ™).
December 4, 2025
Operators of Interest on Riemannian Manifolds
+ Laplace-Beltrami: A, > 0 (in the Euclidean case Ay = — Y }_, 85)
+ Shrédinger: Ag + V (where V is the potential)

+ Dirac (prototypes of 1st order, elliptic, differential operators)

IA

If M is closed, then Ag has one self-adjoint realization with compact resolvent. This implies that o(Ag) = {4
AL <0 > 00},
If oM + @, then AgD (Dirichlet boundary conditions) we can define a counting function N(A) =#{j : 1; < A}.

Trace Class Operators

Let H separable and Hilbert, and Q € B(H.).
We say Q is trace class if 3{e, },=0 on orthonormal basis of H such that

call this tr(Q)

> (|Qlemen)y <00, |Ql=VQQ*
n=0

When tr Q exists, it does not depend on choice of basis.

Example: Matrices

If A€ M,(C), tr(A) =3 ; Aj; =), (Aej e5).
If Ais a self-adjoint, nonnegative, compact operator, then denote (ej, 1;)4>0 @ complete eigenset. Then A is traceless
if and only if )" 72, A; < oo.

If 352, A? < oo, this is Hilbert-Schmidt; if )" 72, /15.’ < 0o, it is p-Schetten class.
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Example

Computing these can extract analytic information.
If 7 = L*(M, ) and Q is self-adjoint, compact, nonnegative, and (ej(x),A}) is an eigenset, then

Schwartz kernel 00 ’ <f:‘ej> N
ortx)= [ K] sy au()= Aj(jMﬂy)e—jdu)ej(x)
=0

j=

Recall that KC(x, y) = )72, Aje;(x)e;(y), and notice that

> 4 | Kny) dutx) =no

How to generate trace class opeartors out of our favorite ones?

Take P self-adjoint, nonnegative with compact resolvent (1o < A < --- — 00). Usually P = A.

Example: Heat Trace

0,u+Pu=0 (heatequation)
ul=0 = up

Set u(t) = e~ P up with eigenvalues ™™, ..., e ™ ... Then tr(e”F) = > o e~ > 0. This is trace class thanks to

dim(M)

Weyl's law (N(1) ~CA ™

Example: “Half-Wave” Trace

%atu — Pu = 0. Any solution solves d;; = 0;(iPu) = iP(0,u) = —P?uord,;u+Au=0where Au=-— Zai},.

Then u(t) = e'* uy which leads to tr(e'") = > 2o e for t ER.

Counting Functions

Consider H = —3° + V(x) on [a, b].
1/2
Tr;en N(A) ~ ﬁj’:\//l—v(x) dx as A — oo. Writing /A—V(x) = 11/2(1—@) / , we also see that N(1) ~
Az—n(b —a) as A grows large.
We can consider an “open” analogue H = —8> + V(x) on R. Taking Ry (1) a meromorphic continuation of the out-

going resolvent for A € C and defining mz(1) = rankj’/lRV(E) dé. By Proposition 1.9 in the Tang-Zworski notes,

mpg(1) = ﬁ $, % d¢ which is the order of vanishing of X at A.

We have a counting function

2| chsupp V|
T

N(r)=) {ma(A) : Al <r} = r(1+0(1))

where chsupp V is the convex hull of the support of V.
IMAGE 1
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Titchmarsh’s Theorem

If fe Liomp(ﬂ%), then | chsupp f| = b — a. Tang-Zworski upgrades this to f € &' (R).
Then N (r) := #{zeros of f in Dg(0) with multiplicity} = %(r +0(r)).

Poisson Summation Formula

Let H = I*(Sp) = {f : R > C : T-periodic, T|f(x)|2 dx < oo} and P = D, = 19, with eigen decomposition
0 i

ej(x)= \/i?eiij, w= 27” Aj=jwfor j€Z. Then e_”Pf(x) = f(x—1).
For any ¢ € S(R),

r(¢p(P))

> @(jw)=T) @(kT)

jE€zZ kez

where ¢(¢&) = ﬁ j eiqu)(x) dx. Then the left hand side is the spectral story while the right is the Schwarz kernel side.
We can compute

o)) = [ p ar s

= [ =i ar
(k+1)T
=y [ ra-

kez
=¢(1)
T I—A—
= J f(x—1t) Z @(t+kT) dt
0 kez
K(x,s)

T I_Aﬁ
=j0 F(8)P(x—s) ds

Therefore

tr(¢(P))
—_———

T
> (i) = | Klxnx) dx=T10(0)

jez
At the distributional level,

Z 5= % z oK

jez kez

where 6 j,, is the Dirac comb.
In 1975 Duistermaat and Guilleman generalized this to manifolds in the study of singular supports and the wave trace.

An Open Analogue

If Ve LSZmP(IR,IRe), Py =—08>+V, Py = -0, we have for f € S(R) that f(Py) — f(P,) is trace class (!) and

00 r -1 K
w(r(r) = ge) = [ S 42 S )+ 5 (me(0) -1)1(0)
k=1

41



T(A) R_(A)

where S(A) is the scattering matrix S(1) = [R (1) T()
+

of

1 1 Im/lj
——=|chsuppV|-=) ———
7l'| pp | ﬂ;'l_/ljlz

with j the resonances quantity.
Theorem (DZ, 2.21)

Let f;(s)cos(t++/s). Then for any ¢ € CZ (R),

[me(cos(t\/P_V) ~ cos(ty/Py)) di

is trace class and

2tr((cos(ty/Py) — cos(1+/Py) = p.v. Z mR(/l)e_Mlt| — 2| chsupp V|6y—1

A resonances

where

—iA;|t] — 1 —iAj|t]
<p.V.Z€ ,(p>. Rh_r)r;o JR(p(t)e dt

December 11, 2025
Inversion of the Fourier Transform via Riemann-Hilbert Problems

For ¢, 9% € L'(R), G(k) := [e """ g(x) dx, we want to prove that g(x) = .= [, e"*g(k) dk.
Consider the differential equation

d .
E—ikp=q(x)
p=0, |x| = o0

By integrating factors, %(e_ikxu(x)) = ¢ " g(x). Soif u(—o0) = 0, we get

—ikx * —iky
’ u(x)=[ e g(y) dy

— 00

T ik(x—y)
mx,k):j ) g4y dy

— 00

IMAGE 1

If instead pu(+o0) =0,

p(x,k) = —J eV a(y) dy

X

42

} and we have the Breit-Wigner approximation for () _0,5(1))
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It follows that for k € R
4(x)= lim e (x k) = lim e (xk)
For Im(k) = 0, write k =Im(k) + iIm(k) = kg + i k; and notice
K= y) _ ikr(x=y) —ki(x-y)

where e ¥17Y) < 1 jf x — y =0 and k; = 0. It follows that u, (x, k) makese sense on C, as a holomorphic function on
{k; > 0} with continuous limits at k € R. Likewise, u_(x, k) is the same on C_ and {k; < 0} respectively.
Notice also that g(k)e’™ = 4 (x, k) — u—(x, k), k € R. With x frozen, u(x, k) := uy (x, k) on C3. satisfies

 u is sectionally analytic on C with left and right limits as k — R.
o up(x,k)—p_(x, k)= é](k)e””C := ¢, (k) (prescribed jump condition)

* limyg) o0 4 (X, k) = 0

To see the third point,

%ieik("_y) ig(x) bounded on €
T ik(x—y) [ ) iI;(x—y) (Y ik(aey) ‘
ki (x, k) = ke q(y)dy=[q(y)ie I..- ie q(y)dy

— 00 — 00

So py(x, k) < x)+c . We find that the solution to the Riemann-Hilbert Problem is unique and given by
~ il{x
o) f(e)e’
27[1[ % R ¢k dl, keC\R

Then

_ 1 N ilx 1 1 A ilx
Inverse Scattering

Lu=-%%-V(x)uwith Ve CC (R), 0(L) = 0ess(L) = [0+ 00), and A = 5°.
Define four solutions to Lu = su for s € R,

Wp(x;8)=eisx, x>0 580 v |_1,£
<Pp(x;s)=eisx, xxo S v |32
um(xs)=e % x>0 3] v |34
dm(xis)=e ™%, x>0 2L v |3E
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Since they are four solutions of a second order ODE, they must be related.

[t W’“S)}s( ) o ]

Yn(%5) W(x;s) (x:5)  Pm(xss)
where
_[wp(xs) wylxs) 1 Pm(xs)  —pp(x;5)
5(s) [wm(x-s> wm<x-s>}W(¢p(x-s> rm el IR ¢p’2x;s>}
_ [W(wp(xS) dm(x55))  W(pp(x;s), u/p(xS))}
C2is [ W(Wm(%55),om(x55)) W(Pp(x55),wm(x;5))
=[A<s> B(s)}
b(s) af(s)
Note also that ¥, = ¥, ¢p = P, SO a(s) = A(s) and b(s) = B(s). We have a reflection coefficient p(s) := (—;

We observe that v, and ¢, can be analytically continued to C_ while ¢, and v, extend to C,.

+ Example

@y (x2) @y (7;2
. izx 1 * 2iz(x—T) izt
Pm(xz)e™ =1-5 ] (1-e v(2) pm(7;2)e

which is still solvable for z € C,.

So [ ¢p] = [Pm vp1G(s) where

b(s) 1
A(s) A(s)

__ B(s)b(s) _ B(s)
G(s){““) AC) A(s)}

but we have a problem: G(s) has monodromy (i.e. det G(s) has nonzero winding number). We renormalize

izx

e
[Wm (»bp]|: 0 e—izx -

), 2| = 00

(=)
| IS
|
—
p—

—
[I—"
+
—
n|—

izx

(S LA B PRI RS

0

and instead look at

(25 ®o]=[om a5]6)

for s € R where

1= p(s)(s) —B(s)
G(“)z[ o(s) 1 }
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and det G(s) = 1. Now we define

D ::[U/_am (»bp]|:e e—?zx:|’ Cs

0
P(z) := eizx 0
+ . v
o =g, 7’7][ . e“'“}’ C-
Normalizing ®(c0) =[1 1], we have a jump
deE:I

®+(s)=®_(s)[e-0 eﬁx}c;(s)[eo 0}

Riemann-Hilbert theory tells us that there exists a unique solution @ to this problem and gives us a way to compute it

1

——t—

_ _oj ro _ D (x;2)V
0, (z);=e ZIZXJ e 2lZTV(T)d>1 (1;2) dt ~ 1(+i(x)
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