
Advanced Analysis
September 25, 2025

Suppose we have some function of the form −∆+q ∈ L(H) satisfying RA(λ)(A−λI)−1 bounded on Im(λ)> 0 and not
surjective for Im(λ)= 0.

Waves: solutions to ∂t t u + Au = 0 on Rn .
Mathematical Tools

• Spectral theory of unbounded operators

• Complex analysis

• Functional analysis

• Microlocal analysis

• Semiclassical analysis

Classical Resonances in ODEs

A harmonic oscillator assuming no friction.

We have an acceleration force, mẍ(t) = −kx(t) which gives ẍ +ω
2
0x = 0 with w0 =

√
k
m

and has solution x(t) =
A cos(ω0t)+B sin(ω0t).
With forcing, i.e. mẍ(t)=−kx(t)+ A sin(ωt), we have ẍ +ω

2
0 A′ sin(ωt).

If ∣ω∣≠ ∣ω0∣, then x(t)∼ trig((ω−ω0

2
) t)((ω−ω0

2
) t) the low and high frequencies respectively.
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Beats (non-amplified)
If isntead ∣ω∣= ∣ω0∣, then x(t)∝ trig(ωt)t .

In general, ẋ + Ax = 0 for x ∈ R
n , x(t)= exp(−t A)+ x(0).

In the case where A is skew-adjoint, i .e. sp(A)⊆ iR, (x, Ax)= 0 ∀x ∈ R
n , then

d
d t

(x, x)= (ẋ, x)+ (x, ẋ)= (−Ax, x)− (x, Ax)= 0

Which implies that ∣∣x(t)∣∣ is constant and the dynamics are norm perserving.
To generate resonant solutions, if (i w, v) is an eigenpair of A (ω∈ R), consider ẋ + Ax = e−iωt v . As an ansatz, we look
for a solution of the form x(t)= a(t)v and the equation becomes (ȧ(t)+ iωa)v = e−iωt v . Then

e
−iωt d

d t
(e

iωt
a)= e

−iωt

d
d t

(e
iωt

a)= 1

a(t)= te
−iωt

.

Resonances in PDEs

Consider one-dimensional waves on [0, L], L > 0.

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

∂t t u +∂xx u = 0

u∣t=0 = f x ∈ [0, L]
∂t u∣t=0 = g x ∈ [0, L]
u(0, t)= u(L, t)= 0 ∀t ≥ 0
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We want to think about this as ∂t t u = Au = 0 where A is the Dirichlet Laplacian Au = −∂xx u with Dirichlet boundary
conditions. We then want to find the spectral decomposition of A, Au −λu = 0 =−∂2

x u −λu.

λ= 0. u(x)= A +B x ⟹ A = B = 0

λ=−p
2

. u(x)= Ae
px

+be
−px

⟹ A = B = 0

λ= p
2

. u(x)= A cos(px)+B sin(px) ⟹ 0 = u(0)= A 0 = u(L)= B sin(pl) ⟹ p = kπ, k ∈N

Therefore there are infinitely many eigenpairs λn = (nπ
L
)2

, φn(x)= sin(kπx
L
).

The family {φn , n ∈ N} is dense in L2([0, L]) where the unbounded operator (−∂2
x) with Dirichlet boundary conditions

is self-adjoint.

Other Prototypes

(of unbounded self-adjoint operators with discrete spectrum)

• Laplace-Beltrami operators on compact manifolds without boundary.

• On compact domains with boundary there is the Laplacian with Dirichlet boundary conditions.

The (Quantum) Harmonic Oscillator

H =− d 2

d x2 + x2 on R, on L2(R) with ( f , g)= ∫
R

f (x)g(x) d x.

H acts on the Schwarz space 𝒮(R) ∶= { f ∈C∞(R), ∀k,`≥ 0, supx∈R
»»»»»»xk ( d

d x
)` f (x)»»»»»»<∞}.

• The action of H ∶ 𝒮(R) is continuous.

• H is L2-symmetric: ∫
R
− f ′′g + x2 f g d x = (H f , g)= ( f , H g)= ∫

R
−g ′′ f + x2 f g d x (integrating by parts).

We seek eigenvalues Hu = λu. If (u,λ) and (v,µ) are eigenpairs, then

0 = (Hu, v)− (u, H v)= (λu, v)− (u,µv)= (λ−µ)(u, v)
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Where if the difference is nonzero then (u, v)= 0.
We can write H = L+L−+ I where L+

=− d
d x

+ x and L−
=

d
d x

+ x and also [H , L+]= 2L+ and [H , L−]=−2L−.
Note that H is a non-negative operators

(H f , f )=∫
R

(( f
′)2

+ x
2

f
2) d x > 0

for f ≠ 0 and f ∈ 𝒮(R). Thus sp(H) ⊆ (0,∞). If H v = λv , then H(L+v) = [H , L+]v +L+(H v) = (λ+2)L+v . Similarly
H(L−v)= (λ−2)L−v .

Now we want to solve L−
φ0 = 0. d

d x
φ0 + xφ0 = 0 tells us that φ0(x) = 1√

π
e−x2/2 (L2-normalized). Therefore Hφ0 = φ0

and the we have an eigenvalues of one. So we may construct φn =
(L+)n

φ0

∣∣(L+)nφ0∣∣ which gives an eigenvector of H with

eigenvalues 2n +1. Note that ∣∣(L+)n
φ0∣∣=

√
2nn!.

Fact: φn = pn(x)e−x2/2 where pn is the Hermite polynomial of degree n.

δnq = (φn ,φq)=∫
R

pn(x)pq(x)e
−x2

d x

Theorem

{φn}n≥0 is dense in L2(R) (if ∫
R

gφn d x = 0 for all n, then g = 0).

Proof (Sketch)

For g ∈ L2, ξ∈ R, Fg (ξ)= ∫
R

e i xξg(x)φ0(x) d x = ĝφ0(ξ). We observe that

• Fg is real-analytic in ξ.

• F
(k)
g (0)= ∫

R
(−i x)k g(x)φ0(x) d x = 0 by assumption.

So we have a real-analytic function where all derivatives vanish at a point. So Fg ≡ 0, gφ0 = 0, and g = 0.

September 30, 2025

One of the overarching goals is to obtain large time asymptotics of the solution v(x, t) (x ∈ R, t > 0) to

{−∂t t v −PV v = F(x, t) on Rx × (0,∞)t

v(x, 0)= ∂t v(x, 0)= 0, F ∈C∞
C (Rx × (0,∞)t)

where PV = D2
x +V (x)=−(∂

∂
)2

+V (x) and Dx =
1
i
∂
∂x

. The operator Dx is symmetric and self-adjoint on appropriately

chosen domains. For f (x) and f̂ (ξ) = ∫
R

e−i xξ f (x) d x, D̂x f = ξ f̂ (ξ). V ∈ L∞
comp.(R) (i.e. compactly supported L∞) is

the potential. If f , g ∈ 𝒮(R), then (PV f , g)L2(R) = ( f , PV g)L2(R).
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Another way to look at this assuming v exists, we can consider u(x,λ) ∶= ∫∞
0 e i tλv(x, t) d t (the Fourier-Laplace trans-

form of v) with λ ∈ C, Im(λ) > 0. Write λ = ξ+ i c, c > 0, such that u(x,ξ+ i c) = ∫∞
0 e i tξe−ct v(x, t) d t = ℱt↦ξ(t ↦

e−ct v(x, t))(x,−ξ). Then u(x,λ) solves

∫
∞

0
e

i tλ(−∂t t v −PV v) d t =∫
∞

0
e

i tλ
F(x, t)= F̂(x,λ)

(λ2
−PV )∫

∞

0
e

i tλ
v(x, t) d t

Í ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑ ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒ Ï
u(x,λ)

= F̂(x,λ)

which is an entire function in λ.
To Do:

• Study solvability of (λ2 −PV )u = F̂(x,λ).

• Return to v .

For frozen c, we can get v(x, t) back by Fourier inversion.

e
−ct

v(x, t)= 1
2π

∫
R

e
−i tξ

u(x,ξ+ i c) dξ

v(x, t)= 1
2π

∫
R

e
−i t(ξ+i c)

u(x,ξ+ i c) dξ

v(x, t)= 1
2π

∫
Im(λ)=c

e
−i tλ

u(x,λ) dλ

where the spectral problem is invertible.
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1D Waves in the Time Domain

Suppose R > 0 is such that suppV ⊂ [−R, R] and supp F ⊂ [−R, R]×(0,∞). If ∣x∣> R, the PDE looks like ∂t t v−∂xx v =

0 = (∂t +∂x)(∂t −∂x)v . Setting ξ= x + t and µ= x − t , then it follows that

∂ξ∂µv = 0 ⟹ v = F(ξ)+G(µ)= F(x + t)+G(x − t)

On x > R, we can expect v(x, t) = F+(x + t)+G+(x − t); on x < R, we expect v(x, t) = F−(x + t)+G−(x − t). The
terms G+ and F− are outgoing whereas the terms F+ and G− are incoming and, given that we assumed a source, we
expect to be zero.
What does incoming/outgoing look like on the spectral side? (λ2 −Pv)u = F̂(x,λ) supported in ∣x∣ ≤ R. For ∣x∣ > R,
(λ2 + ∂

2
x)u = 0 leads to u = Ae i xλ + Be−i xλ. For x > R, u(x) = a+e iλ∣x∣ + b+e−iλ∣x∣ for x < −R, u(x) = a−e iλ∣x∣ +

b−e−iλ∣x∣. u is outgoing if and only if b± = 0 and incomming if and only if a± = 0.
PV is an unbounded, symmetric operator on a Hilbert space. For z ∈ C, sp(PV ) is the set on the complement of which
(PV − Z) is boundedly invertible. That is, ∀ f , ∃!u such that (PV − z)u = f and ∣∣u∣∣≲ ∣∣ f ∣.

Waves in the Time Domain [Evans, ğ2.4]

Goal: if v solves

∂t t v −∂xx v = f (x, t)x ∈ R, t > 0, f ∈C
∞
C (R× (0,∞))

v(x, 0)= ∂t v(x, 0)= 0x ∈ R

then v(x, t)= 1
2
∫ t

0 ∫
x+s
x−s f (y, t − s) d yd s. We look at

{∂t t v −∂xx v = 0 ↝ v(x, t)= F(x + t)+G(x − t)
v(x, 0)= g(x), ∂t v(x, 0)= h(x)

Initial conditions gives us

{F(x)+G(x)= g(x)
F ′(x)−G ′(x)= h(x) {G ′(x)= 1

2
(g ′(x)−h(x))

F ′(x)= 1
2
(g ′(x)+h(x))

So

F(x)= 1
2
(g(x)+∫

x

0
h(s) d s)+C1

G(x)= 1
2
(g(x)−∫

x

0
h(s) d s)+C2

v(x, t)= 1
2
(g(x + t)+ g(x − t))+ 1

2
∫

x+t

x−t
h(s) d s +C
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This has a finite speed of propogation in the sense that if we suppose supp(g , h) ⊂ [−R, R] then v(x, t) = 0 whenever
x > R + t or x <−R − t .
Now we want to go from the homogeneous problem to the inhomogeneous problem. The idea is to think about
v(x, t)= ∫ t

0 v(x, t ; s) d s where v(x, t ; s) solves the homogeneous problem

{∂t t v(⋅, ⋅; s)−∂xx v(⋅, ⋅; s)= 0

v(⋅, s; s)= 0, ∂t v(⋅, s; s)= f (x, s)

Then

∂t t v −∂xx v = 0 ⟺ ∂t (
v
∂t v

)= ( 0 1
∂xx 0

)( v
∂t v

) and [ v
∂t v

]
t=s

= [∗
∗
]

So v(x, t ; s)= 1
2
∫ x+(t−s)

x−(t−s) f (y, s) d s and v(x, t)= 1
2
∫ t

0 ∫
x+s
x−s f (y, t − s) d yd s follows.

Going back to the original PDE, (−∂t t −PV )v = F is equivalent to (∂t t −∂xx)v =−(V v +F) which leads to the conclu-
sion that v(x, t)=−1

2
∫ t

0 ∫
x+s
x−s (V v +F)(y, t − s) d yd s. For ∣x∣> R, v is outgoing.

October 2, 2025

Take come complex vector space and consider the Hilbert space (ℋ,(⋅, ⋅)) with (⋅, ⋅) satisfying

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(λ f , g)= λ( f , g)
( f ,λg)= λ( f , g)
( f , g)= (g , f )
f ↦ ( f , g)=∶ ∣∣ f ∣∣2 a norm

(ℋ, ∣∣ ⋅ ∣∣) complete with respect to the norm

• Examples

– (Cn ,(a, b)=∑n
j=1 a j b j), a = (a1, . . . , an), b = (b1, . . . , bn)
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– L2(x,µ) (e.g. [0, 1] and the Lebesgue measure), ( f , g)= ∫X f g dµ.

Bounded Operators: T ∶ℋ→ℋ bounded if and only if

∣∣T ∣∣Ì ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÐÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÎ
sup∣∣x∣∣=1 ∣∣T x∣∣<∞ satisfying

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

ℬ(ℋ) the space of bunded operators on ℋ (a complex vector space)

∣∣ ⋅ ∣∣ is a norm on ℬ(ℋ), making it complete

There is a multiplication, ℬ(ℋ)∋ A, B ↦ AB and ∣∣AB∣∣≤ ∣∣A∣∣∣∣B∣∣

Adjoint: if A ∈ℬ(ℋ), ∃!A∗
∈ℬ(ℋ) such that ∀ f , g ∈ℋ, (A f , g)= ( f , A∗g) where A is symmetric/self-adjoint if A = A∗.

Thes notions are different in the world of unbounded operators.

• Example

– ℋ = C
n : T ∈ Mn(C) symmetric if and only if T is Hermitian. ti j = t j i .

– ℋ = L2([0, 1]), T f (t)= t f (t). (T f , g)= ∫ 1
0 t f (t)g(t) d t = ∫ 1

0 f (t)t g(t) d t = ( f , T g).

– ℋ = L2(R) with the Fourier transform. ∣∣ f (x)∣∣2
= c∣∣ f̂ (ξ)∣∣2 (Parseval’s Equality).

Finite Dimensional Spectral Theorem

If A ∈ Mn(C) is Hermitian, there exists an orthonormal basis (φ1, . . . ,φn) of Cn and real eigenvalues λ1, . . . ,λn such
that Aφ j = λ jφ j .

Important observation: if A is Hermitian, then λ j is real for each j , and (Aφ j ,φ j ) = (φ j , Aφ j ) = (Aφ j ,φ j ) = λ j ∣∣φ j ∣∣2.

So λ j =
(Aφ j ,φ j )
∣∣φ j ∣∣2 is real. If λ j ≠ λk , then (φ j ,φk)= 0 since (Aφ j ,φk)− (φ j Aφk)= (λ j −λk)(φ j ,φk).

Notation: Let u, v ∈ C
n , denote u ⊗ v the operator (u ⊗ v)w = (w, v)u.

With A as in the theorem, we can write A =∑n
j=1λ jφ j ⊗φ j (I =∑n

j=1φ j ⊗φ j). A second way of writing this is

Where U∗
=U−1 and A =UΛU∗. This allows us to construct a functional calculus for A where

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

A2
=UΛU∗UΛU∗

=UΛ2U∗

An
=UΛnU∗

p(A)=U ⋅p(Λ) ⋅U∗, p a polynomial

Defining f (A) ∶= U ⋅ f (Λ) ⋅U∗, we obtain a Banach algebra homomorphism. Then f ∈ C([−∣∣A∣∣, ∣∣A∣∣]) is also a
Banach algebra with sup norm and pointwise multiplication.
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Then we can map C([−∣∣A∣∣, ∣∣A∣∣])∋ f ↦ f (A)∈ℬ(ℋ). This is useful for solving ODEs.

• Prototypes

– Heat equation: ∂t u + Au = 0, u∣t=0 = u0, u(t)= e−t Au0.

– Schrödinger equation: i∂t u + Au = 0, u∣t=0 = u0, u(t)= e−i t Au0.

– Wave equation: ∂t t u + Au = 0, u∣t=0 = u0, ∂t u∣t=0 = u1.

Write u(t) ∶=∑n
j=1 u j (t)φ j with the PDE ∑n

j=1(u′′
j +λ j u j )φ j = 0. Then u′′

j +λ j u j = 0, u j (0) = u j ,0, and u′
j (0) =

u j ,1. Suppose λ j > 0 for all j . Then u j (t)= u j ,0 cos(√λ j t)+ u j ,1√
λ j

sin(√λ j t). So

u(t)=
n

∑
j=1

cos(
√
λ j t)u j ,0φ j +

1√
λ j

sin(
√
λ j t)u j ,1φ j

Therefore u = cos(t
√

A)u0 + A−1/2 sin(t
√

A)u1.

Spectrum of a Bounded Operator

Take T ∈ℬ(ℋ). We say that T is invertible (within ℬ(ℋ)) if and only if ∃S ∈ℬ(ℋ) such that T S = ST = I .
Counterexample: take ℋ = `

2(N0) = {u = (un)n≥0 ∶ ∑ ∣un∣2
<∞} and Au = ( 1

n
un)n≥0

. Then the proxy for A−1u =

(nun)n≥0 is not bounded.
Given T ∈ ℬ(ℋ), the resolvent set of T is ρ(T ) = {λ ∈ C ∶ (T −λI) is invertible}. Invertibility is equivalent to ∀y ∈ℋ,
∃!x such that T x −λx = y with an estimate ∣∣x∣∣≲ ∣∣y∣.
For λ∈ ρ(T ), denote R(λ) or RT (λ)= (T −λI)−1

∈ℬ(ℋ) the resolvent of T . Properties of the resolvent set:

1. ρ(t)≠ 0 (in fact, if ∣λ∣> ∣∣T ∣∣ then λ∈ ρ(T ).

2. ρ(t) is open.

3. the map ρ(t) ∋ λ ↦ RT (λ) ∈ ℬ(ℋ) is holomorphic in the sense that ∀λ0 ∈ ρ(t), ∃R ′
T (λ0) ∈ ℬ(ℋ) such that

limλ→λ0

»»»»»
»»»»»

RT (λ)−RT (λ0)
λ−λ0

−R ′
T (λ0)

»»»»»
»»»»»= 0.

For a., if ∣λ∣> ∣∣T ∣∣, T x −λx = y ⟺ (I − T
λ
)x =− y

λ
⟺ x =∑∞

k=0
T k

λk+1 y . Then RT (λ)= 1
λ
∑∞

k=0 (T
λ
)k

and

∣∣RT (λ)∣∣≤
1

∣∣λ∣∣
1

1− ∣∣T/λ∣∣ ≤
1

∣λ∣− ∣∣T ∣∣∣
For b., pick λ0 ∈ ρ(T ) and find r > 0 such that ∣λ−λ0∣< r ⟹ λ∈ ρ(T ). Then T x−λx = y ⟺ (T−λ0)x−(λ−λ0)x =

y ⟺ x − (λ−λ0)RT (λ0)x = RT (λ0)y where if ∣∣(λ−λ0)RT (λ0)∣∣< 1 it is boundedly solvable by Neumann series.
For c.,

RT (λ)−RT (λ0)= (T −λI)−1
− (T −λ0I)−1

(T −λI)(RT (λ)−RT (λ0))= I − (T −λ0I + (λ0 −λ)I)(T −λ0I)−1

(T −λI)(RT (λ)−RT (λ0))= I − I + (λ−λ0)RT (λ0)
RT (λ)−RT (λ0)= (λ−λ0)RT (λ)RT (λ0)

So RT (λ)−RT (λ0)
λ−λ0

−RT (λ0)2
= o(λ−λ0).

Then we define the spectrum σ(T ) ∶= C\ρ(T ) which is closed since ρ(T ) is open.
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Lemma

If T ∈ℬ(ℋ) is self-adjoint, then σ(T )⊆ [−∣∣T ∣∣, ∣∣T ∣∣].

• Proof

First we know σ(T )⊆ {∣λ∣≤ ∣∣T ∣∣}. We want to show that it is real, and that if λ= a+i b and b ≠ 0 then T −(a+i b)I
is invertible.
T − (a +bi)I is injective.

∣∣(T − (a + i b))x∣∣2
= (T x − (a + i b)x, T x − (a + i b)x)
= ∣∣T x∣∣2

+ (a
2
+b

2)∣∣x∣∣2
− (T x,(a + i b)x)− ((a + i b)x, T x)

= ∣∣T x∣∣2
+ (a

2
+b

2)∣∣x∣∣2
− (a − i b)(T x, x)− (a + i b)(x, T x)

= ∣∣T x∣∣2
+ a

2∣∣x∣∣2
−2a(x, T x)+b

2∣∣x∣∣2
≥ b

2∣∣x∣∣2

since ∣∣T x∣∣2 + a2∣∣x∣∣2 − 2a(x, T x) ≥ 0by Cauchy-Schwarz. Therefore T − (a + i b) is injective and, by the open
mapping theorem, (T − (a + i b))∗ = T − (a − i b) is surjective. Similarly for T − (a − i b), and the norm estimate is
∣∣(T − (a + i b))−1∣∣≤ 1

b
. Note that 1

b
=

1
dist(a+i b,R) .

Note that the spectrum of T may no longer be made of eigenvalues in the non-finite case. There may ex-
ist λ such that T − λI nont injective, ∃v ≠ 0 T v = λv . Recall the example T f (t) = t f (t) with f ∈ L2((⋅, ⋅), d t).
T is self-adjoint, ∣∣T ∣∣ ≤ 1, and (T f , f ) = ∫ 1

0 t∣ f (t)∣2 d t ≥ 0. So σ(T ) ⊆ [0, 1]. For λ ∈ [0, 1] is T − λI injec-
tive? T f = λ f ⟺ t f (t) = λ f (t) ⟺ (t − λ) f (t) = 0 which implies f ≡ 0 in L2([0, 1]). Is T − λI surjec-
tive? (t −λ) f (t) = g(t) ⟺ f (t) = g(t)

t−λ
, so g(t) ≡ 1 ∈ L2([0, 1]) which implies f (t) = 1

t−λ
is not L2([0, 1]) and

σ(T )= [0, 1].

October 9, 2025

Spectral Resolution

Take ℋ a hlibert space, and say that P ∈ℬ(ℋ) is an orthogonal projection if P 2
= P and P∗

= P . Then let 𝒫(ℋ)= {P ∈

ℬ(ℋ), P is an orthogonal projection}.

• Examples

– φ∈ℋ, ∣∣φ∣∣= 1, P ∶= φ⊗φ. Then Pψ= (ψ,φ)φ and P 2
ψ= P(ψ,φ)φ= (ψ,φ)(φ,φ)φ= Pψ.

– φ1, . . . ,φn an orthonormal family with P =∑n
k=1φk ⊗φk .

– ℋ = `
2(N), e j = (0, 0, . . . , 0, 1, 0, . . .) and I =∑∞

j=1 e j ⊗ e j .

– ℋ = L2(R). Fix I an interval with χI the characteristic function for I . Then take P f ∶= χI f .

* PP f = χIχI f = χI f = P f .

* ∫
R
χI f g d x = ∫

R
f χI g d x.

* If I has a nonempty interior, then Range(P)= { f ∈ L2(R), supp f ⊂ I}≃ L2(I).

10



Definition: Spectral Resolution

A spectral resolution is a map R∋ λ↦ E(λ)∈𝒫(ℋ) satisfying

1. ∀ f ∈ℋ, ∣∣E(λ) f ∣∣ is increasing.

2. ∃[a, b] such that E(λ)= 0 if λ< a and E(λ)= Id if λ≥ b.

3. E(λ) is right continuous. That is, ∀ f ∈ℋ, λ∈ R,

lim
µ→λ
µ>λ

∣∣E(µ) f −E(λ) f ∣∣= 0

Alternatively, we can require E(λ)E(µ)= E(min{µ,λ}).

Long story short: the collection of self-adjoint bounded operators is in one-to-one correspondence with the collec-
tion of spectral resolutions.

• Examples

– A ∈ Mn(C), A∗
= A, with eigencouples (λ1,φ1), . . . ,(λn ,φn) and simple spectrum λ1 < λ2 <⋯< λn . Define

E(λ) ∶=∑ j ∶λ j≤λ
φ j ⊗φ j .

* A = I gives E(λ)= 0 for λ< 1 and E(λ)= Id for λ≥ 1.

* A = [1 0
0 2

] gives E(λ)= Idλ≥1 e1 ⊗ e1 + Idλ≥2 e2 ⊗ e2.

· If f = f1e1 + f2e2, then ∣∣E(λ) f ∣∣2
= Idλ≥1(λ)∣∣ f1∣∣2 + Idλ≥2(λ)∣ f2∣2.

Spectral Measures

A spectral resolution gives rise to spectral measures

f , g ∈ℋ λ↦ (E(λ) f , g)= F(λ)∈ C

This defines a Lebesgue-Stieljes measure

µF ∶ µF ((a, b])= F(b)−F(a), ∀a, b ∈ R

We can construct this as follows:

• When f = g , λ↦ (E(λ) f , f )= (E(λ)2 f , f )= ∣∣E(λ) f ∣∣2 (increasing).

• When f ≠ g ,

(E(λ) f , g)= (Eλ( f ), E(λ)g)= 1
4
(∣∣E(λ)( f + g)∣∣2

− ∣∣E(λ)( f − g)∣∣2
− i ∣∣E(λ)( f + i g)∣∣2

+ i ∣∣E(λ)( f − i g)∣∣2)

{E(λ)}λ∈R defines a projection-valued measure EΩ, Ω ⊂ R a Borel set. Start with E(a,b] = E(b)−E(a). We would like
for EΩ to satisfy EΩ1

EΩ2
= EΩ1∩Ω2

, E∅ = 0, ER = Id.

11



Theorem: Spectral Theorem

For A ∈ℬ(ℋ) self-adjoint, there exist a, b ∈ R and an A-dependent spectral resolution {E(λ)}λ∈R such that

A =∫
b

a−

λ dE(λ)

in the sense that (A f , g)= ∫ b
a−
λ d(E(λ) f , g) for all f , g ∈ℋ. This is amenable to creating a functional calculus

C([−∣∣A∣∣, ∣∣A∣∣])→ bounded self-adjoint operators that commute with A

h ↦ h(A) ∶=∫
b

a−

h(λ) dE(λ)

The idea is that E(λ) = χ(−∞,λ](A). Once E is constructed, this leads to EΩ for Ω Borel. We say that a measure µ is
supported in G (Borel) if for every Ω Borel, µ(Ω)= µ(Ω∩G). Then supp E ⊂ σ(A).

Functional Calculus

We want to make sense of h(A) for h in a large enough class. If p is a polynomial, we can make sense of p(A) =
∑n

k=0 ak Ak which is self-adjoint and bounded.
For h ∈ C(−∣∣A∣∣, ∣∣A∣∣), h is uniformly approximated by polynomials. We want to show that pn is uniformly Cauchy
which implies that pn(A) converges to some h(A).
For h = χ(−∞,λ], we proceed by approximation by tent functions.

Definition: Positive Operator

If S is a self-adjoint, bounded operator on ℋ, we say that S is positive (S ≥ 0) if (S f , f ) ≥ 0, ∀ f ∈ℋ. For S1, S2 self-
adjoint and bounded, we say that S1 ≥ S2 if and only if S1 −S2 ≥ 0.
For T ∈ℬ(ℋ), self-adjoint, set a ∶= inf∣∣ f ∣∣=1(T f , f ) and b ∶= sup∣∣ f ∣∣=1(T f , f ). Then a Id ≤ T ≤ b Id.

((T − a Id) f , f )= (T f , f )− a( f , f )= ( f , f )((T
f

∣∣ f ∣∣ ,
f

∣∣ f ∣∣)− a)≥ 0

We want to show that if p is a polynomial on [−∣∣A∣∣, ∣∣A∣∣], then (inf[−∣∣A∣∣,∣∣A∣∣ p) Id ≤ p(A)≤ (sup[−∣∣A∣∣,∣∣A∣∣ p) Id.

Lemma

If T1 and T2 are postive and commute, then T1T2 ≥ 0.

12



Square Root Lemma

If A ≥ 0 (i.e. bounded, self-adjoint, and positive), then ∃!B ≥ 0 such that B 2
= A and B comutes with any operator that

commutes with A.

• Proof
Use the power series of z ↦

√
1− z at z = 0.

1+
∞

∑
k=1

ck z
k

We can find that ck < 0 for all k ≥ 1 and that the series converges uniformly on {∣z∣≤ 1}.
Now let A ≥ 0 which implies that 0 Id ≤ I − A ≤ 1 Id. Without loss of generality, suppose supp ∣∣A∣∣ ≤ 1. The idea
is to write

B =

√
A =

√
I − (I − A)= I +

∞

∑
k=1

ck(I − A)k

which converges strongly because the series converges uniformly. Then B 2
= A. We see that B ≥ 0 using the fact

that sign(ck)< 0 which implies ∑k≥1 ck ≥−1. The proof of uniqueuness can be found in the text.

Proof of Lemma

Assuming the square root lemma, write T2 = B 2. Then since [T1, T2]= 0, [B , T1]= 0. Then

(T1T2 f , f )= (T1B
2

f , f )= (BT1B f , f )= (T1(B f ), B f )≥ 0

Weaker Version

Instead of (inf[−∣∣A∣∣,∣∣A∣∣ p) Id ≤ p(A)≤ (sup[−∣∣A∣∣,∣∣A∣∣ p) Id, we have that if min[−∣∣A∣∣,∣∣A∣∣] p ≥ 0, then p(A)≥ 0.

Proof

If p ≥ 0 on [−∣∣A∣∣, ∣∣A∣∣], we can factor it as a product of positive pieces

p(x)=∏
r j<−∣∣A∣∣
Ì ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÐÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÎ(x − r j )

s j≥∣∣A∣∣
Ì ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÐÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÎ(s j − x)((x − a j )2

+b
2
j )

p(A)=∏(A − r j )
ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ

≥0

(s j − A)
ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ

≥0

((A − a j )2
b

2
j

Í ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ
≥0

Using the previous lemma, we have that P(A)≥ 0.

Proof

Finally, to show that (inf[−∣∣A∣∣,∣∣A∣∣ p) Id ≤ p(A)≤ (sup[−∣∣A∣∣,∣∣A∣∣ p) Id, we see that p−inf p and supp f −p are positive
polynomials and apply the weaker version to them.
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Definition

We can define h(A) for h ∈ C(−∣∣A∣∣, ∣∣A∣∣) by Weierstrass approximation. There exist pn polynomials such that
sup[−∣∣A∣∣,∣∣A∣∣] ∣pn −h∣ ⟶

n→∞
0. Then pn is uniformly Cauchy, so

inf(pn −pm) Id ≤ pn(A)−pm(A)≤ sup(pn −pm) Id

which implies that

∣∣pn(A)−pn−1(A)∣∣≤ max(sup(pn −pm),− inf(pn −pm)) ⟶
n,m→∞

0.

So pn(A) is Cauchy in (ℬ(ℋ), ∣∣ ⋅ ∣∣) which means it converges. We call h(A) = limn→∞ pn(A). We still want to show
that h(A) is bounded and self-adjoint.

October 14, 2025

Spectral Theorem for Bounded Self-Adjoint Operators

If A ∈ ℬ(ℋ) is self-adjoint such that a∣∣ f ∣∣2
≤ (A f , f ) ≤ b∣∣ f ∣∣2 ∀ f ∈ ℋ, then there exists a spectral resolution

{E(λ}λ∈R such that A = ∫ b
a− λ dE(λ).

Proof (Continued)

We would like that E(λ)= φ
λ(A) where φ

λ ∶= χ(−∞,λ], however φλ is not continuous so instead we can approximate it
as

φ
λ
n ∶=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

1, x ≤ λ

linear on [λ,λ+ 1
n
]

0, x ≥ λ+ 1
n

To demonstrate this, we need the following proposition.

Proposition

If Tn is a sequence of positive operators and Tn ≥ Tn+1 ≥ 0, then there exists some T ≥ 0 such that Tn f → T f , ∀ f ∈ℋ.

Proof

Fix f ∈ℋ, and consider (TnF, f ) which is decreasing, bounded from below, and therefore converges and is Cauchy.
Now as an estimate, we can say that if S ∈ℬ(ℋ) is self-adjoint where 0 ≤ S ≤ M I , then ∀ f ∈ℋ we know that

∣∣S f ∣∣2
≤ (S f , f )1/2

M
3/2∣∣ f ∣∣.

14



To see this, we look at t ↦ (S(S + t I) f ,(S + t I) f )≥ 0 since S ≥ 0. Then

(S(S + t I) f ,(S + t I) f )= (S
2

f , S f )+2t∣∣S f ∣∣2
+ t

2(S f , f )

So ∆< 0 if and only if

∣∣S f ∣∣4
− (S

2
f , S f )(S f , f )< 0

∣∣S f ∣∣4
≤ (S f , f )(S

2
f , S f )

≤ (S f , f )∣∣S2
f ∣∣∣∣S f ∣∣

Í ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ
M 3∣∣ f ∣∣2

We apply this to Tn −Tm = S where Tn −Tm ≤ T0 for all n ≤ m. Then

∣∣(Tn −Tm) f ∣∣2
≤ ((Tn −Tm) f , f )1/2∣∣ f ∣∣∣∣T0∣∣3/2

Since (Tn f , f ) is Cauchy, Tn f is Cauchy and therefore converges. It remains to check that T is linear, positive, satis-
fies, T ≤ T0, etc.

Spectral Theorem Proof Continued

For each n, φλn(A) makes sense and is positive since φ
λ
n(t) ≥ 0. Since φ

λ
n ≥ φ

λ
n+1, φλn(A) ≥ φ

λ
n+1(A). Thus, by the

preceding proposition, φλ(A) ∶= limn→∞φ
λ
n(A) exists as a bounded, self-adjoint, positive operator.

It remains to check the spectral resolution properties.
The final property to check is that ∀ f ∈ℋ, (A f , f ) = ∫ b

a− λ d(E(λ) f , f ). The idea is to approximate multiplication by t
with piecewise constant functions. We fix a partition a = λ0 ≤⋯≤ λk = b such that sup(λ j+1 −λ j )< δ. Then

tφ
λk(t)= t = φ

λ0(t)+
k

∑
j=1

t(φλ j (t)−φ
λ j−1(t))

for all a ≤ t ≤ b.

Then

λ
j−1

≤ t ≤ λ
j

λ
j−1(φλ j −φ

λ j−1)≤ t(φλ j −φ
λ j−1)≤ λ

j (φλ j −φ
λ j−1)

k

∑
j=1

λ
j−1(φλ j −φ

λ j−1)

ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ
≤∑k

j=1(λ j−δ)(φλ j −φλ j−1)

≤ t
k

∑
j=1

(φλ j −φ
λ j−1)≤

k

∑
j=1

λ
j (φλ j −φ

λ j−1)
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Adding λ0φ
λ0 , we see that

t ≤ λ0φ
λ0 +

k

∑
j=1

λ
j (φλ j −φ

λ j−1)≤ t +δ

When we apply this to A,

A ≤ λ0E(λ0)+
k

∑
j=1

λ
j (E(λ j )−E(λ j−1))≤ A +δI

Finally, we see that
As one refines the partition, δ→ 0 and (A, f , f )= ∫ b

a− λ d(E(λ) f , f ).
Then if φ∈C([−∣∣A∣∣, ∣∣A∣∣]), φ(A)= ∫ b

a− φ(λ) dE(λ).

»»»»»»»»»»
(A f , f )−λ0(E(λ0) f , f )−

k

∑
j=1

λ
j (E(λ j ) f , f )− (E(λ j−1 f , f ))

»»»»»»»»»»
≤ δ∣∣I ∣∣2

Functional Calculus

We observe that for g ∈ C∞
C (C), g(w) = 1

π
∫
C

1
w−z

∂z g(z) d 2z. Then f (A) ∶= i
π
∫
C
(A − z)−1

∂z f̃ (z) d 2z where ∂z f̃ =

O((Im(z)n) for n ≥ 3 as Im(z)→ 0.

Proposition

For every f ∈ℋ, the Lebesgue-Stieltjesmeasure corresponding to F(λ)= (E(λ f , f ) is supported on σ(A).
Since σ(A) ⊆ [a, b] is closed, [a, b] \σ(A) is open (i.e. ⋃k∈N Jk for open intervals Jk ). We want to show that F(λ) is
constant on each Jk (equivalently: ∫Jk

dF(λ)= 0.
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Fix Jk ∋ x0. Then RA(x0) = (A − x0I)−1 exists, and we can pick ε > 0 such that ∀z ∈ Bε(x0), ∣∣RA(z)∣∣ ≤ M . Then for
z ∈ Bε(x0)+ Im(z)≠ 0,

RA(z)= (A − zI)−1
= φz(A)

and φz(t)= 1
t−z

∈C([a, b]). Consider

RA(z)RA(z)=ψz(A)=∫ 1

∣λ− z∣2 dE(λ)

with ψz(t)= 1
∣t−z∣2 . It follows that for all z ∈ Bε(x0)\R,

∫
x0+ε

x0−ε

1

∣λ− z∣2 dF(λ)≤∫ 1

∣λ− z∣2 dF(λ)= (RA(z)RA(z) f , f )≤ M
2∣∣ f ∣∣2

which stays true for all z ∈ Bε(x0). In particular for x ∈ (x0 −ε, x0 +ε),

∫
x0+ε

x0−ε
d x∫

x0+ε

x0−ε

1

∣λ− z∣2 dF(λ)≤ 2εM
2∣∣ f ∣∣2

Since Fubini holds, we observe that ∫ x0+ε
x0−ε

1
∣λ−x∣2 d x =∞, so it must be the case that ∫ x0+ε

x0−ε
dF(λ)= 0.

Discrete Spectrum vs Essential Spectrum

Recall the spectral measure of A, EΩ(A) for Ω ⊂ R Borel where E(a,b] = E(b)− E(a). We say that λ ∈ σd(A) (the
discrete spectrum of A) if there exists ε> 0 such that dim(range(E(λ−ε,λ+ε)))<∞. Likewise, λ∈ σess(A) (the essential
spectrum) if ∀ε> 0, dim(range(E(λ−ε,λ+ε)))=∞.
As an example, take ℋ = `

2(N) with (Au)n =
un

n
and A =∑∞

j=1
1
j

e j ⊗ e j .

Discrete spectra include eigenvalues of finite multiplicity.
Essential spectra include accumulation points of eigenvalues, eigenvalues of infinite multiplicity, absolutely continuous
spectrum, s.c. spectrum.
Another example if A f (t) = t f (t) on L2([0, 1]). Then E(λ) f (t) = χ(−∞,λ] f (t), and E(a,b] f (t) = χ(a,b] f (t). ∀x0 ∈

[0, 1], we have that range(E(x0-ε,x0+ε) = L2((x0 −ε, x0 +ε)).
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October 16, 2025

Compact Operators and Analytic Fredholm Theorem

Definition: Spectral RAdius

For A ∈ℬ(ℋ), we say that the spectral radius of A is r (a)= supλ∈σ(A) ∣λ∣<∞

Theorem

1. if A ∈ℬ(ℋ), then r (A)= lim supn→∞ ∣∣An∣∣1/n .

2. If A is, in addition, self-adjoint, then r (A)= ∣∣A∣∣.

As a non-example, consider A = [0 1
0 0

]. Then σ(A)= {0}, but r (A)= 0 ≠ ∣∣A∣∣.

Proof

Recall Hadamard’s Formula: ∑∞
k=0 ak zk has radius of convergence R computed by 1

R
= lim supn→∞ ∣an∣1/n . This holds

even when ak are members of a Banach algebra (e.g. ℬ(ℋ)).
Set z =

1
λ

, such that 0 < ∣z∣< 1
r (A) and implies the rexistence of

RA (
1
z )= (A −

1
z I)

−1

=−(I − z A)−1
=−z

∞

∑
k=0

A
k

z
k

.

So we have that r (A)= 1
R
= lim supk→∞ ∣∣Ak∣∣1/k .

Now if A is self-adjoint, ∣∣A2∣∣ = ∣∣A∣∣2 since ∣∣A2∣∣ ≤ ∣∣A∣∣2 by submultiplicativity and ∣∣A2∣∣ ≥ sup∣∣x∣∣=1(x, A2x) =
sup∣∣x∣∣=1 ∣∣Ax∣∣2

= ∣∣A∣∣2 using Cauchy-Schwarz.

By induction, ∣∣A2k

∣∣1/2k

= ∣∣A∣∣ which implies that r (A)= ∣∣A∣∣.

Another Spectral Decomposition

For T ∶ℋ→ℋ bounded, we say that λ is in the point spectrum of T if T −λI is not-injective. We say that λ is in the
residual spectrum of T if T −λI is injective but does not have dense range.
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Self-adjoint operators have no residual spectrum (RS, Thm VI.8).

Definition: Compact Operators

K ∈ ℬ(ℋ) is compact if K maps bounded sequences to sequences with a limit point. Equivalently, if Bℋ = {x ∈ H ∶
∣∣x∣∣≤ 1} then K is compact if K (Bℋ) has compact closure (i.e. is precompact).
𝒦(ℋ), the collection of compact operators on ℋ, is a closed linear subspace of ℬ(ℋ) since if T, S ∈ 𝒦(ℋ), then
T +S ∈𝒦(ℋ). We have also that 𝒦(ℋ) is a 2-sided ideal of ℬ(ℋ) since when T is compact and S is bounded, ST and
T S are compact.
Examples

• For a finite-rank operator A ∶ℋ→ℋ, range(A)<∞. The general form of A is A =∑n
j=1φ j ⊗ψ j for φ j ,ψ j ∈ℋ.

• Strong limits of finite-rank operators.

• (Au)n =
1
n

un on `
2(N). Note that An =∑n

j=1
1
j

e j ⊗ e j shows that ∣∣A − An∣∣≤ 1
n+1

.

• The inclusion h1
↪ `

2 where h1
= {u ∈ C

N ∶ ∑∞
j=1 j 2∣u j ∣2

<∞}.

Proposition

If ℋ is separable, all compact operators arrise as limits of finite-rank operators.

Proof

We want to show that for A ∈𝒦(ℋ), ∀ε> 0, ∃Aε finite-rank such that ∣∣A − Aε∣∣< ε.
Let ε> 0 be given. Since A(Bℋ) is precompact, it is totally bounded. That is ∃y1, . . . , yn ∈ A(Bℋ) such that ∀x ∈ A(Bℋ),
min1≤ j≤n ∣∣x − y j ∣∣< ε.
Let Pε be the orthogonal projection onto span{y1, . . . , yn}, and set Aε = PεA. Then for f ∈ Bℋ and x = A f ∈ A(Bℋ),

∣∣A f − Aε f ∣∣= ∣∣x −Pεx∣∣≤ min
1≤ j≤n

∣∣x − y j ∣∣< ε

So ∣∣A − Aε∣∣< ε.
Exercise: confirm whether this argument needs separability.

Theorem: Analytic Fredholm Theorem

Let D ⊂ C be open and connected. Let f ∶ D → ℬ(ℋ) be an analytic, operator-valued function such that f (z) ∈𝒦(ℋ)
for all z ∈ D. Then

1. either (I − f (z))−1 exists for no z ∈ D

2. or (I − f (z))−1 exists for all z ∈ D \S, where S is a discrete set (finite-rank, no accumulation points) in D.

Then (I − f (z))−1 is meromorphic in D, analytic in D \S, residues at poles are finite-rank, and if z ∈ S, f (z)ψ =ψ

has a nonzero solution for ψ∈ℋ.

Application

If K is compact, consider f (z) = zK . At z = 0, I − f (z) = I so this is invertible which implies that the theorem holds for
1
z
∈ C (taking D = C\{0}). We have RK (λ)=− 1

λ
(I − f ( 1

λ
))−1

. Note that K is not necessarily self-adjoint. Note that K
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is not necessarily self-adjoint.

Proof

We want to prove that either (a) or (b) hold locally for any z0 ∈ D.
Fix z0 ∈ D, r > 0 such that ∣∣ f (z)− f (z0)∣∣ < 1

2
for z ∈ Dr (z0). Choose F =∑n

j=1φ j ⊗ψ j a finite-rank operator such
that ∣∣ f (z0)−F ∣∣< 1

2
. Then ∀z ∈ Dr (z0),

∣∣ f (z)−F ∣∣≤ ∣∣ f (z)− f (z0)∣∣+ ∣∣ f (z0 −F ∣∣< 1

which implies that (I − ( f (z)−F))−1 exists and is holomorphic on Dr (z0).

Define g(z)= F(I− f (z)+F)−1, and observe that (I− f (z))= (I−g(z))(I− f (z)+F)= I− f (z)+F−

FÌ ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÐÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒ Î
g(z)(I − f (z)+F).

Write

g(z)=
n

∑
j=1

φ j ⊗ψ j ⋅ (I − f (Z)+F)−1
=

n

∑
j=1

φ j ⊗ψ j (z)

where ψ j (z)= ((I − f (z)+F)−1)∗ψ j is holomorphic in z. Then I − f (z) is invertible if and only if I −g(z) is invertible.
We claim that this holds if and only if d(z)≠ 0 for some holomorphic function d .
When is I − g(z) invertible?
Injectivity: if g(z)φ= φ, we expect φ=∑n

j=1β jφ j . So g(z)φ= φ if and only if

n

∑
j=1

φ j (
n

∑
k=1

βkφk ,ψ j)=

n

∑
j=1

β jφ j

where β j =∑n
k=1βk(φk ,ψ j (z)). If A j k(z) ∶= (φk ,ψ j (z)), then this has a solution if and only if det(I − A(z)) = 0. Call

d ∶= det(I − A(z)). Moreover, if d(z) ≠ 0 then I − g(z) is invertible. We can solve (I − g(z))φ =ψ for φ given ψ ∈ℋ.
So φ=ψ+ g(z)φ which motivates an ansatz φ=ψ+∑n

j=1β jφ j . Then

(I − g(z))φ= (I − g(z))ψ+
n

∑
j=1

(β j − A j kβk)φ j =ψ)

If and only if

n

∑
j=1

(β j − A j kβk)φ j =

n

∑
j=1

(ψ,ψ j (z))φ j

which is boundedly invertible as long as d(z)≠ 0.

October 21, 2025

Definition: Unbounded Operator

Let (ℋ,(⋅, ⋅)) a Hilbert space. An unbounded operator is a linear map A ∶𝒟(A)→ℋ, 𝒟(A) ⊂
≠
ℋ (𝒟(A) the domain of

A).
Hypothesis: 𝒟(A)=ℋ.
Why “unbounded?” BEcause, generally, sup f ∈𝒟(A)\{0}

∣∣A f ∣∣
∣∣ f ∣∣ =∞.

Examples
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1. ℋ = L2(R), A f (t)= t f (t). Then A ( 1
∣t∣2 )∉ L2(R), and 𝒟(A)=CC(R). Consider fn(t) like

1. ℋ = L2(R), A f (x) = Dx f (x) = 1
i
∂
∂x

f (x). Then 𝒟(A) = 𝒮(R), and we can see unboundedness from f (x) = e−
x2

σ

for σ> 0.

∫ f
2(x) d x =∫ e

− x2

σ d x
y= x√

(σ)
=

√
σ∫ e

−2y2

d y

∫ ( f
′)2(x) d x =∫ 4x2

σ2 e
− x2

σ d x
y= x√

(σ)
=

1√
σ
∫ 4y

2
e
−2y2

d y

So ∣∣A f ∣∣2

∣∣ f ∣∣2 =
C
σ
⟶
σ→0

∞.

Definition: Extension of an Unbounded Operator

We say that B extends A (and write A ⊆ B) if 𝒟(A)⊂𝒟(B) and B∣𝒟(A) = A. We have that A = B when A ⊂ B and B ⊆ A.

Definition: Closed Operator

To recover a notion of continuity, we look at closed operators.
We say that (A,𝒟(A)) is closed if and only if ∀un ∈ 𝒟(A) such that un → u ∈ℋ and Aun → v ∈ℋ, u ∈ 𝒟(A) and
v = Au.
Equivalently, A is closed if the graph of A, Γ(A)= {(u, Au) ∶ u ∈𝒟(A)}, is closed in ℋ×ℋ.
We say that A is closable if there exists some B such that A ⊆ B .
Example

• (P,𝒟(P),ℋ)= (Dx ,C∞
C (R), L2(R).

– P is not closed, because there exists un ∈C∞
C (R) such that un → u ∈ℋ, Dx un → v ∈ℋ, yet u ∉C∞

C (R).

– Take u ∈ H 1 \C∞
C (R), un ∈C∞

C (R) converging to u in H 1.

• Recall that

– H 1(R)= { f ∈ L2(R) ∶ f ′(x)∈ L2(R)}, ∣∣ f ∣∣2
H 1 = ∣∣ f ∣∣2

L2(R)+ ∣∣ f ′∣∣2
L2(R).

– C∞
C (R) is dense in H 1(R).

– H 1(R) is complete.

Exercise: prove that if 𝒟(B) ∶= H 1(R) and B f = Dx f , then B is closed and B∣C∞
C (R) = P .
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Adjoints of Unbounded Operators

In the bounded case, we have A ∈ ℬ(ℋ), u ∈ ℋ and define `u(v) = (u, Av) ∈ ℋ′ (ℋ′ the dual space). By Riesz
Representation Theorem, ∃!w ∶= A∗u such that ∀v ∈ℋ, (A∗u, v)= (u, A∗v).
In the unbounded case, we need to define A∗ and 𝒟(A∗).
For u ∈ℋ, set `u = (u, Av), v ∈𝒟(A). If `u extends to an element of ℋ′ (i.e. if we can prove an estimate ∣`u(v)∣ ≤
c∣∣v∣∣ℋ), then by Riesz Representation Theorem ∃!w ∈ ℋ, called A∗u, such that ∀v ∈ 𝒟(A), (A∗u, v) = (u, A∗v).
Then

𝒟(A
∗)= {u ∈ℋ ∶ 𝒟(A)→C

v↦(u,Av) extends to an element of H
′}.

Example

• (P,𝒟(P),ℋ)= (Dx ,C∞
C (R), L2(R).

– Observe that ∀ f , g ∈C∞
C (R), (Dx f , g)= ( f , Dx g).

– Take f ∈ℋ and g ∈C∞
C (R). Then if f ∈C∞

C or f ∈ H 1(R), g ↦ ( f , Dx g)= (Dx f , g) and

∣(Dx f , g)∣≤ ∣∣Dx f ∣∣L2(R)∣∣g ∣∣L2(R) ≤ ∣∣ f ∣∣H 1(R)∣∣g ∣∣L2(R)

– Then B( f , g)= Dx f , g)− ( f , Dx g).

– So 𝒟(P∗)⊇C∞
C (R) and, in fact, 𝒟(P∗)= H 1(R).

– P∗ is closed (this is always true of any adjoint).

– P ⊂ P∗, we say that P is symmetric.

Generally, if (A,𝒟(A)) is an unbounded operator, then Γ(A∗)= J((Γ(A))⊥) where J ∶ℋ×ℋ→ℋ×ℋ by J(u, v)=
(−v, u). Recall that (Γ(A))⊥ is always closed, so A∗ is always clsoed.

Definitions:

We say that P is symmetric if P ⊆ P∗.
We say that P is self-adjoint if P = P∗.
We say that P is essentially self-adjoint if P∗

= P .

Important Questions

1. Given a symmetric operator (P ⊆ P∗), to find a self-adjoint opeartor A such that P ⊆ A = A∗
⊆ P∗. We call A

self-adjoint extension of P . If P∗
= P (essentially self-adjoint), then it must be the unique extension.

2. How to find or parameterize all self-adjoint extensions? (This problem is hard.)

Example

• P = (Dx , H 1
0([0, 1]), L2(0, 1)) (where elements of H 1

0([0, 1]) vanish on the boundary).
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– P∗
= (Dx , H 1([0, 1]))⊃

≠
P .

– There exists a “circle” of self-adjoint extensions, parameterized by any point on the unit circle.

General Principle

If Ω⊂ R
n is open, bounded and withs mooth boundary ∂Ω (ℋ = L2(Ω)), and P is some differential operator (e.g. P =∆)

such that ∀ f , g ∈C∞
C (Ω). (P f , g)= ( f , P g). By Green’s Identity„

∫
Ω
(∆ f g − f ∆g) d x =∫

Ω

∆(( ∆

f )g(− f ( ∆

g)) d x

=∫
∂Ω
(g

∆

f − f

∆

g) ⋅ν d s

=∫
∂Ω

(g
∂ f
∂ν

− f
∂g
∂ν

) d s

Examples

• P = (P =∆,C∞
C (Ω), L2(Ω)).

– P symmetric.

– 𝒟(P∗)= {u ∈ L2(Ω ∶ ∆u ∈ L2}.

– Let Pmin = (P,C∞
C (Ω) and define Pmax = P∗

min. Then 𝒟(Pmax)= {u ∈ L2(Ω) ∶ Pu ∈ L2(Ω)}.

– The self-adjoint extensions lie inbetween.

• (Dx , H 1
0([0, 1])= {u ∈ H 1([0, 1]) ∶ u(0)= u(1)= 0}, L2([0, 1])).

– Observe that the evaluation map C∞([0, 1])∋ f ↦ f (0) extends boundedly to τ ∶ H 1([0, 1])→ C.

– For f , g ∈C∞([0, 1]),

(Dx f , g)− ( f , Dx g)=∫
1

0

1
i

f
′
g − f (1

i
g ′)= 1

i
∫

1

0
( f g)′ = 1

i
( f (1)g(1)− f (0)g(0))

• Then if g ∈𝒟(Pmin),

∣( f , Dx g)∣= ∣(Dx f , g)+ 1
i
(

=0Ì ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÐÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÎ
f (1)g(1)−

=0Ì ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÐÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÎ
f (0)g(0))∣

≤ ∣∣ f ∣∣H 1∣∣g ∣∣L2

• Therefore 𝒟(P∗
min)=𝒟(Pmax)= H 1([0, 1]), and we note that P∗

max = Pmin.

Now suppose that T is a self-adjoint extension of P (Pmin ⊆ T ⊆ Pmax. If T is self-adjoint, then ∀ f , g ∈ 𝒟(T ) ⊆
H 1([0, 1]), f (0)g(0)− f (1)g(1)= 0.
For f = g , ∣ f (0)∣2

= ∣ f (1)∣2 for some fixed f , then ∃α∈ S1 such that f (1)= α f (0). Then for any other g ,

0 = f (0)(g(0)−αg(1)= α f (0)(αg(0)− g(1)
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Therefore g(1)= αg(0) for the same fixed α.

October 23, 2025

Definition: Resolvent Set and Spectrum of and Unbounded Operator

For (A,𝒟(A),ℋ) unbounded and closed, the resolvent set of A, ρ(A), is the set of λ∈ C such that (A−λ) ∶𝒟(A)→ℋ
is bijective with bounded inverse RA(λ) ∶= (A −λ)−1.
The spectrum of A, σ(A), is σ(A)= C\ρ(A). If ρ(A) is open, then σ(A) is closed.
Example

• Take P = (Dx , H 1
0([0, 1]), L2(0, 1)) and define two closed extensions P0 and P1

– 𝒟(P0)= {u ∈ H 1([0, 1]) ∶ u(0)= 0}

* For λ∈ C, f ∈ L1([0, 1]), we solve {Dx u +λu = f

u(0)= 0

* So u(x)= i e−λx ∫ x
0 e iλt f (t) d t and σ(P0)=∅.

– 𝒟(P1)= H 1([0, 1])

* For λ∈ C, ker(Dx −λ)∩L2([0, 1])≠∅. So σ(P1)= C.

Proposition

If (A,𝒟(A)) is self-adjoint, then σ(A) ⊆ R, σ(A) ≠ ∅, and we have a resolvent estimate ∣∣RA(z)∣∣ ≤ 1
∣ Im(z)∣ for

Im(z)≠ 0.
The proof of real value and the estimate are the same as in the bounded case.
To show that σ(A) ≠ ∅, by contradiction if σ(A) = ∅ then A−1

= RA(0) exists and is bounded. We claim that this
requires σ(A−1)= {0} and pick λ≠ 0, such that

(A
−1

−λ)u = f

( 1
λ
− A)u =

1
λ

A f

But 1
λ
/∈ σ(A) implies u = −RA ( 1

λ
) 1
λ

A f . Therefore RA−1(λ) = − 1
λ

ARA ( 1
λ
) and λ ∉ σ(A−1). Therefore A−1

= 0 which

contradicts the assumption that A−1 A = Id𝒟(A).

Generalizing Spectral Resolution

We can extend {Eλ}a≤λ≤b to a =−∞ and b =∞ by setting strong limits E−∞ = 0 and E∞ = I .
Example

• On L2(R), Eλ f (t)= χ(−∞,λ)(t) f (t).
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Theorem: Spectral Theorem for Unbounded Self-Adjoint Operators

Theorem 8.15 Helffer.
Any self-adjoint operator A on a Hilbert space ℋ admits a spectral decomposition {Eλ}λ such that ∀x, y ∈ℋ,

(Ax, y)=∫
R

λ d(Eλx, y)

Ax =∫
R

λ d(Eλx)

Proof

Largely, we will use the proof for the bounded case.
Suppose A is semibounded from below (i.e. ∃µ ∈ R, ∀x ∈ 𝒟(A), (Ax, x) ≥ µ∣∣x∣∣2) ten RA(λ) exists for λ0 < µ

(((A −λ)x, x) ≥ (µ−λ0)∣∣x∣∣2 coercive in the sense that (µ−λ0) > 0). Then it is also a self-adjoint bounded operator
which implies that RA(λ0) has a spectral representation. Then A = f (RA(λ0)), f (x) = λ0 +

1
x
. We can work with a

general case (A − i)−1.
Example

• Take (Dx , H 1(R), L2(R)), and define the Fourier transform f (x)↦ℱ f = f̂ (ξ)= ∫
R

e−i xξ f (x) d x. Then D̂x f (ξ)=
ξ f̂ (ξ), and we have the following commutative diagram

H 1(R) L2(R)

H 1(R) L2(R)

Dx

ℱ ℱ

f (t)↦t f (t)

• So Eλ f =ℱ−1
χ(−∞,λ)ℱ f .

• (D2
x , H 2(R), L2(R)). Then D̂2

x f (ξ)= ξ
2 f̂ (ξ), σ(D2

x)= [0,∞) and D2
x f =ℱ−1

ξ
2ℱ f .

– So Eλ f = 0 for λ< 0; Eλ f =ℱ−1
χξ2

<λ(ξ)ℱ f .

• (D2
x +V (x),C∞

C (R), L2(R)), V ∈C(R;R) bounded from below. Then D2
x +V is semibounded from below and the

spectrum depends drastically on V .

– V = 0 gives σ= [0,∞).

– V = x2 gives σ= {2n +1 ∶ n ≥ 0}

– V ∈CC(R) gives σ= [0,∞)

Proposition

If for some z0 ∈ ρ(A)∩R RA(z0) is compact, then A has purely discrete spectrum (zn)n≥1, ∣zn∣→∞ as n →∞.
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Proof

RA(z0) is compact and self-adjoint, so there exists a basis for ℋ made of normalized eigenvectors (φn)n∈N with eigen-
values ∣λn∣↘ 0.

(A − z0)−1
φn = λnφn

Aφn = (z0 +
1
λn

)φn

ℋ = {u =∑unφn ∶ ∑ ∣un∣2
<∞}

𝒟(A)= {u =∑unφn ∶ ∑ ∣un∣2 (z0 +
1
λn

)
2

<∞}

Applications

• Laplacian (Leplace-Beltrami Operator) on closed Riemann manifolds or Dirichlet Laplace-Beltrami if ∂M ≠ 0.

• Dirichlet Laplacian (∆=−∑n
k=1 ∂

2
xk ) on bounded domains in Rn (Ω open in Rn , regular, ∂Ω smooth).

– ∆D = (∆, H 1
0(Ω)∩ H 2(Ω), L2(Ω)) where H 1

0 = {u ∈ H 1(Ω) ∶ u∣∂Ω = 0} (u∣∂Ω makes sense due to a trace
theorem from Evans 5.5) and H 2(Ω)= {u ∈ L2(Ω) ∶ ∂i∂ j u ∈ L2, ∂i u ∈ L2, ∀i , j}.

– ∫
Ω
∣ ∆

f ∣2 d x = (∆ f , f )≥ 0 (Green’s Theorem)

– Claim: ∆D +1 has compact inverse.

• Solvability of ∆D +1

Our goal is, given f ∈ L2, to find u ∈? such that {∆u +u = f

u∣∂Ω = 0
. We have a weak formulation, if v ∈ H 1

0 , we multiply

by v and get an IBP

∫ ∆

u ⋅

∆

u +∫ uv

Í ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ
B(u,v)

=∫ f v

where ∣∫ f v∣ ≤ ∣∣ f ∣∣L2∣∣v∣∣L2 ≤ ∣∣ f ∣∣L2(B(v, v))1/2. By Riesz Representation Theorem, there exists some unique
u ∈ H 1

0 such that ∀v ∈ H 1
0 , B(v, v) = ∫ f v . Moreover, we can recover H 2 regularity on u. Also, ∣B(u, u)∣ = ∣∫ f u∣ ≤

∣∣ f ∣∣L2(B(u, u))1/2 if and only if ∣∣(∆D + 1)−1 f ∣∣H 1
0 (Ω) = ∣∣u∣∣H 1

0 (Ω) ≤ ∣∣ f ∣∣L2 . Therefore (∆D + 1)−1 ∶ L2(Ω)→ H 1
0(Ω)

is bounded. By Rellich Compactness, H 1
0(Ω)↪ L2(Ω) compactly. Hence (∆D +1)−1 ∶ L2

→ L2 is compact.

Theorem

On R, H 1(R) does not embed compactly into L2(R). For example, f ∈ H 1 with supp f ⊂ [0, 1] defined by fn(x) =
f (x −n).
So if H ⊂ L2(R) where ∣∣u∣∣2

H = ∣∣u′∣∣2
L + ∣∣a(x)−1u∣∣2

L2 for a(x)> 0 and lim∣x∣→∞ a(x)= 0, then H embeds compactly
in L2.
It follows that D2

x + x2has compact resolvent and discrete spectrum. ∣∣u∣∣2
H = ∣∣dx u∣∣2

L2 + ∣∣xu∣∣2
L2 .
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October 30, 2025

Friedrichs Extension

Let (A,𝒟(A),ℋ) be symmetric, bounded from below in the sense that there exists α∈ R such that ∀x ∈𝒟(A) we have
(Ax, x)ℋ ≥ α∣∣x∣∣2

ℋ.

Theorem:

If (A,𝒟(A),ℋ) is densely defined, symmetric, and bounded below, then A admits a self-adjoint extension (S,𝒟(S)).
The procedure for producing this extension is the Friedrichs Extensions.

Proof

Assume that α= 1, otherwise consider A −λI for some well-chosen λ. Define the symmetric quadratic form

qA(u, v)= (Au, v), (u, v)∈𝒟(A)×𝒟(A).

Note that qA(u, u)= (Au, u)≥ ∣∣u∣∣2
ℋ, so this form is coercive. Next, we construct V ⊂ℋ by taking p(u)= (qa(u, u))1/2

and letting u ∈𝒟(A) belong to V if ∃un ∈ℋ such that ∣∣un−u∣∣ℋ ⟶
n→∞

0 and {un} is p-cauchy (i.e. ∀ε> 0, ∃N , m, n ≥

N ⟹ p(un −um)< ε).

Then we can define a norm on V : ∣∣u∣∣V ∶= limn→∞ p(un) where un
ℋ

⟶ u and un is p-Cauchy.
Exercise: show that this definition does not depend on {un}.
We also define (u, v)V ∶= limn→∞ qA(un , vn) for un and vn similarly converging and p-cauchy.
So (V , ∣∣ ⋅ ∣∣V ) is complete and p(un)≥ ∣∣un∣∣ℋ becomes ∣∣u∣∣V ≥ ∣∣u∣∣ℋ as n →∞. Hence V ↪ℋ is continuous.

We now construct S starting with a domain D(S)= {u ∈V ∶ V ∋ v ↦ qA(u, v) satisfies an continuity estimate of the form ≤

C∣∣v∣∣ℋ}. For u ∈ 𝒟(S), the map v ↦ qA(u, v) extends to an element of ℋ′ (bilinear functionals on ℋ). By Riesz-
Representation Theorem, there exists some w ∶= Su such that ∀v ∈V , qA(u, v)= (Su, v)ℋ.
It remains to show that S is self-adjoint, 𝒟(S) ⊃𝒟(A), S∣𝒟(A) = A. Self-adjointness is left as an exercise. If u ∈𝒟(A),
then

∣qA(u, v)∣= ∣(Au, v)∣≤ ∣∣Au∣∣ℋ∣∣v∣∣ℋ
so u ∈𝒟(S) and Su = Au.

Remark

We could start with a quadratic form q(u, v) which is sesquilinear, coercive and 𝒟(q) ⊂ℋ densely. This construction
produces a self-adjoint operator as well.
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Example (Dirichlet Laplacian)

∆=∑n
j=1 ∂

2
x j with Ω= R

n open, bounded, and regular.

(A =−∆,𝒟(A)=C∞
C (Ω),ℋ = L2(Ω)). For u ∈𝒟(A),

(Au, u)=∫
Ω
−∆u ⋅u d x

=∫
Ω
−

∆( ∆

u ⋅u)+ ∆

u ⋅

∆

u d x

=

=0Ì ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÐÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÎ
∫
∂Ω

−∂νu d s+∫
Ω

∆

u

∆

u d x ≥ 0

So Friedrich’s procedure produces a self-adjoint extension

qA(u, v)=∫
Ω

∆

u

∆

u d x, u, v ∈C
∞
C (Ω)

which leads to V =C∞
C (Ω)

H 1(Ω)
= H 1

0(Ω) (that is the H 1 closure of C∞
C (Ω)). What about 𝒟(S)?

For v ∈C∞
C (Ω), ∫

Ω

∆

u ⋅

∆

v d x = ∫
Ω
−∆u ⋅ v ≤C∣∣v∣∣L2 . Then we have

𝒟(S)= {u ∈ H
1
0(Ω) ∶ ∆u ∈ L

2(Ω)}= H
1
0(Ω)∩H

2(Ω)

Example (Neumann Laplacian)

Start from a quadratic form q(u, v) = ∫
Ω

∆

u ⋅

∆

v +uv d x with u, v ∈ C∞(Ω). Then V = H 1(Ω). We compute 𝒟(S) by
first recalling that for u, v ∈C∞(Ω),

∫
Ω
−∆uv d x =∫

Ω

∆

u ⋅

∆

v d x −∫
∂Ω
∂νuv d x

We sense that ∆u ∈ L2(Ω), so we at least need u ∈ W (Ω) = {u ∈ H 1(Ω) ∶ ∆u ∈ L2(Ω)}. How do we make sense of
the Neumann trace on W (Ω)?

• Lemma
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– The restriction map C(Ω)→C(∂Ω) extends to a bounded surjective “Dirichlet trace” τD ∶ H 1(Ω)→ H 1/2(∂Ω)
with bounded right inverse R.

• Example

– if Ω = D, ∂Ω = S1, f ∈ C∞(S1)↔ f (θ)∑k∈Z fk e i kθ where fk =
1

2π
∫ 2π

0 f (θ)e−i kθ dθ, we can for each s ∈ R
define

H
S(S

1)= { f ∈D
′(S

1) ∶ ∑
k∈Z

(1+k
2)s∣ fk∣2

<∞}=𝒟((−∂2
θ)s/2)

• Fact

– For s ≥ 0, H−S(∂Ω)≅ (H S(∂Ω))′.

– If f ∈ H−s , g ∈C∞(S1),

⟨ f , g⟩D′,D =∫ ( f , g)= c ∑
k∈Z

fk gk
(1+k2)s/2

(1+k2)s/2
≤ c (∑

k∈Z

(1+k
2)−s∣ fk∣2)(∑

k∈Z

(1+k
2)s∣gk∣2)

Returning to the Neumann Laplacian, the Neumann trace C 1(Ω)→C(∂Ω) by f ↦ ∂ν f extends to a bounded oper-
ator τN ∶W (Ω)→ H−1/2(∂Ω).

• Proof
If u ∈W (Ω), set

Φu(v) ∶=∫
Ω
−∆uv d x −∫

Ω

∆

u ⋅

∆

v d x, v ∈ H
1(Ω)

≤ ∣∣∆u∣∣L2∣∣v∣∣L2 + ∣∣ ∆

u∣∣L2∣∣ ∆

v∣∣L2

Using R ∶ H 1/2(∂Ω)→ H 1(Ω), w ∈ H 1/2(∂Ω),

∣Φu(Rw)∣≤ (∣∣∆u∣∣L2 + ∣∣ ∆

u∣∣L2)∣∣Rw∣∣H 1 ≤ (∣∣∆u∣∣L2 + ∣∣ ∆

u∣∣L2)∣∣w∣∣H 1/2(Ω)

which implies that there exists some h ∈ H−1/2(∂Ω) such that Φu(Rw)= ⟨h, w⟩H−1/2,H 1/2 .
We want to extend

∫
Ω
−∆uv d x =∫

Ω

∆

u ⋅

∆

v d x −∫
∂Ω
∂νuv d x

to u ∈W (Ω and v ∈ H 1(Ω). First, if v ∈ H 1
0(Ω) then

∫
Ω
−∆uv d x =∫

Ω

∆

u ⋅

∆

v d x

(by passing to the limit with a sequence vn ∈C∞
C (Ω) converging to v in H 1).

Next, if v ∈ H 1, we write v = v0 +RτD v with v0 ∈ H 1
0 . Then

∫
Ω
−∆uv −

∆

u ⋅

∆

v d x =

=0Ì ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÐ ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒ Î
∫
Ω
−∆uv0 −

∆

u ⋅

∆

v0 d x+Φu(RτD v)= ⟨τN u,τD v⟩H−1/2,H 1/2
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We conclude that for each u ∈W (Ω), v ∈ H 1(Ω)

∫
Ω
−∆u ⋅ v d x =∫

Ω

∆

u ⋅

∆

v d x + ⟨τN u,τD v⟩H−1/2,H 1/2

Therefore we have

q(u, v)=∫
Ω
(−∆u +u)v d x + ⟨τN u,τD v⟩H−1/2,H 1/2

and v ↦ q(u, v) is L2-bounded if and only if v ↦ ⟨τN u,τD v⟩H−1/2,H 1/2 is L2-bounded which holds if and only if
τN u = 0. So

𝒟(S)= {u ∈ H
1(Ω) ∶ −∆u ∈ L

2
, τN u = 0}= {u ∈ H

2(Ω) ∶ τN u = 0}

Observation

The form domains satisfy 𝒟(q−∆
D )⊆𝒟(q−∆

N ).

November 04 and 06, 2025

See class notes on variational principles for eigenvalues and Weyl’s criterion for essential spectrum.

November 13, 2025

Consider (D2
x −λ

2)−1
= R0(λ), the “outgoing” resolvent and let V be in C∞

C (R,R) or L∞
comp(R,R). Then we may define

RV (λ) = (D2
x +V −λ

2)−1. We want to show that −RV (λ) makes sense for Im(λ) ≫ 0 as an L2
→ L2 operator and

extends meromorphically to either {Im(λ)> 0} as an L2
→ L2 bounded operator or to C as a L2

comp → L2
loc opeartor.

Recall that L2
comp = { f ∈ L2 ∶ supp f compact} and L2

loc = { f ∶ R→ R ∶ ∀K compact, ∫K ∣ f ∣2
<∞}.

We will further see that there are no poles (embedded eigenvalues) on R\{0}.

Outgoing/Incoming Solution

We have that (D2
x −λ

2)u = 0 if and only if u(x) = Ae iλx +Be−iλx . A solution to (D2
x −λ

2)u = f ∈ C∞
C (R) is said to be

outgoing if x ≫ 0 implies that u(x)= A+e iλx and x ≪ 0 implies that u(x)= B+e−iλx .
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Likewise, the solution is incomming if x ≫ 0 implies u(x)= B−e−iλx and x ≪ 0 implies u(x)= A−e iλx .
We have seen previously that the D’Alembert Solution to

{(∂
2
t −∂

2
x +V )u = f

u∣t=0 = ∂t u∣t=0 = 0

is outgoing.
We will find that an outgoing solution to (D2

x−λ
2)u = f is R0(λ) f ∶= u+ =

i
2λ

∫
R

f (y)e iλ∣x−y∣ d y . The incoming solution,

then, is u−(x,λ)=− i
2λ

∫
R

f (y)e−iλ∣x−y∣ d y .

Note that u+(x,λ)= u−(x,−λ)= u−(x,λ). Note also that the outgoing solution is in L2(R) if and only if Im(λ)> 0, and
the incoming solution if and only if Im(λ)< 0.
The above solution may be derived via Fourier transform. Namely

(ξ2
−λ

2)û(ξ)= f̂ (ξ)=∫
R

e
−i xξ

f (x) d x

which implies that û(ξ) = f̂ (ξ)
ξ2−λ2 if and only if dist(λ2,[0,∞)) > 0. Considering the outgoing solution, this occurs only

when Im(λ)> 0.
Note, that with respect to Plancherel Theorem giving ∣∣u∣∣L2 = c∣∣û(ξ)∣∣L2 ,

1
c ∣∣u∣∣L2 = ∣∣û(ξ)∣∣L2 ≤

1

dist(λ2,[0,∞))∣∣ f̂ (ξ)∣∣L2 =
1
c ∣∣ f ∣∣L2

This gives continuity estimates for R0(λ). Then u(x)= hλ(x)∗ f (x) where hλ(x)= ∫
R

e i xξ dξ
ξ2−λ2 . We claim, computing

by residue theorem, that hλ(x)= i
2λ

e iλ∣x∣.
Exercise: do the residue computation.
So we have R0(λ) = i

2λ
∫
R

f (y)e iλ∣x−y∣ d y with Schwarz kernel R0(x, y,λ) = i
2λ

e iλ∣x−y∣. When x and y are frozen, this
looks mermorphic in λ witha simple pole at λ = 0 and residue i

2
. This stil makes sense as a map C∞

c (R)→ C∞(R) or

L2
comp(R)→ L2

loc(R).
Alternativey, we can formulate this as ∀ρ ∈ C∞

C (R), ρR0ρ ∶ L2(R) → L2(R) extends meromorphically to C. Then
ρR0(λ)ρ has Schwarz kernel i

2λ
ρ(x)ρ(y)e iλ∣x−y∣.

Exercise: if λ≠ 0, this is L2
→ L2 bounded.

Then R0(λ)= P
λ
+Q(λ) where P f (x)= i

2
∫
R

f (y) d y , P = φ⊗φ and φ(x)= e iπ/4

√
2

. Here Q ∶ L2
comp(R)→ L2

loc(R) is entire.

Compactly Supported Potential

Take V ∈ L∞
comp(R), where σess(D2

x +V )= [0,∞)+(possibly negative eigenvalues)+(embedded eigenvalues).
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Theorem:

The outgoing resolvent (D2
x +V −λ

2)−1 extends mermorphically to C with no poles at λ∈ R\{0}.

Proof

Goal: when can we solve (D2
x +V −λ

2)u = f ?
We start with the identity (D2

x +V −λ
2)R0(λ) = I +V R0(λ). For Im(λ) > 0, ∣∣V R0(λ)∣∣L2→L2 ≤

∣∣V ∣∣∞
dist(λ2,[0,∞)) . So if

Im(λ)≫ 1, ∣∣V R0(λ)∣∣L2→L2 < 1. Then

(D
2
x +V −λ

2)

RV (λ)Ì ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÐ ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒ Î
R0(λ)

∞

∑
p=0

(−V R0(λ))p
= I .

So RV (λ) is an inverse for D2
x+V −λ2 on Im ≫ 1, bounded with operator norm below ∣∣R0(λ)∣∣ 1

1−∣∣V R0(λ)∣∣ . It produced
outgoing solutions due to its factored form.
Now, to extend RV (λ) mermorphically as L2

comp → L2
loc, we look at ρRV (λ)ρ for ρ ∈C∞

C (R) such that ρV =V . Then for
Im(λ)≫ 0,

RV (λ)ρ = R0(λ)(I +V R0(λ))−1
ρ = R0(λ)ρ

∞

∑
p=0

(V R0(λ)ρ)p
= R0(λ)ρ(I +V R0(λ)ρ)−1

Therefore

ρRV (λ)ρ = ρR0(λ)ρ(I +ρV R0(λ)ρ)−1

We claim that λ↦ ρV R0(λ)ρ is a meromorphic on C\{0} family of compact operators (at least on V ∈C∞
C (R)).

To see this, we use R0(λ) ∶ L2(R)→ H 2(R), then ρV R0(λ)ρ ∶ L2(R)→ {u ∈ H 2(R) ∶ supp u ⊂ suppV } embeds com-
pactly into L2(R).
By analytic Fredholm theory, since I + ρV R0(λ)ρ is invertible for Im(λ) ≫ 1, it is invertible on C \ {0} outside of a
discrete set with finite-dimensional obstructions at that discrete set.
To upgrade this to a meromorphic extension of RV (λ) ∶ L2

comp → L2
loc, pick an increasing sequence of cutoff func-

tions. If ρ1 is such that ρ1ρ = ρ, then ρ1RV (λ)ρ1 extends ρRV (λ)ρ in the sense that RV (λ)ρ1 f = RV (λ)ρ f when
supp f ⊂ {ρ = 1}.
Claim: if λ∈ R\{0}, then λ is not a pole of RV (λ).

• Step 1: if λ is a pole, then there exists an outgoing solution to (D2
x +V −λ

2)u = 0.

• Step 2: if λ∈ R\{0}, and u is an outgoing solution to (D2
x +V −λ

2)u = 0, then u has compact support.

• Step 3: if u is a compactly supported solution of (D2
x +V −λ

2)u = 0, then u = 0.

Step 1. If λ = λ0 is a pole, we may write RV (λ) = PN

(λ−λ0)N +⋯+ P1

λ−λ0
+Q(λ) near λ = λ0 where each term is

L2
comp → L2

loc. If λ≠ λ0, then

(λ−λ0)N

IÌ ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÐÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒ Î
(D

2
x +V −λ

2)RV (λ)= (D
2
x +V −λ

2)PN + (λ−λ0)(⋯)
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Then as λ→ λ0, (D2
x +V −λ

2)Pn = 0. So PN produces outgoing solutions in L2
loc.

Step 2. If λ∈ R and u solves (D2
x +V −λ

2)u = 0, then u also solves (D2
x +V −λ

2)u = 0.
Since u has compact support, write u(x) = A+e iλx +B−e−iλx when x ≫ 0 and u(x) = A−e iλx +B+e−iλx when x ≪ 0.
Compute the Wronskian, W (u, u) = uu′−u′u and d

d x
W (u, u) = uu′′−u′′u = 0. We find that this is ∣A+∣2 − ∣B−∣2 for

x ≫ 0 and ∣A−∣2 − ∣B+∣2 for x ≪ 0.
Therefore ∣A+∣2 + ∣B+∣2

= ∣A−∣2 + ∣B−∣2. That is, if u is outgoing then A− = B− = 0 and A+ = B+ = 0.
Step 3 is insane.

• Lemma

If we take u ∈ L∞(R), (D2
x +W )u = 0 where W ∈ L∞(R), then if u = 0 on (−∞, 0) then u ≡ 0.

Fix h > 0 and let v = e−x/hu.

∣∣e−x/h(hDx)2
e

x/h
v∣∣L2 = ∣∣(h

2
D

2
x −2i hDx −1)v∣∣L2

= ∣∣(hξ− i)2
v̂∣∣L2

≥ ∣∣v̂∣∣L2

= ∣∣v∣∣2
L

Equivalently

∣∣e−x/h
u∣∣L2 ≤ h

2∣∣e−x/h
D

2
x u∣∣≤ h

2∣∣W ∣∣L∞∣∣e−x/h
u∣∣L2

November 25, 2025

Recall

For V ∈C∞
C (R), RV (λ) is the scattering resolvent (Im(λ)≫ 0, RV (λ)= (D2

x +V −λ
2)−1).

This is meromorphic on {Im(λ) > 0} as a L2
→ L2 bounded family. Similarly, it is mermorphic on C \ {0} as a

L2
comp → L2

loc family.

Then e±(x,λ)= e±i xλ−RV (λ)(V e± id) are two solutions of (D2
x +V −λ

2)u = 0.

IMAGE 1

Then we take S(λ), the scattering matrix, defined wherever possible such that

S(λ)[A−

B−
]= [A+

B+
] S(λ)= [T (λ) R−(λ)

R+(λ T (λ) ]

Computing Wronskians gives

R−(λ)=−R+(−λ)T (λ)/T (−λ)

S(−λ)= JS(λ)∗ J , J = [0 1
1 0

]

S(λ)JS(−λ)J = I

Last time, we defined φ+(x,λ)= 1
T (−λ)e+(x,−λ) and φ−(x,λ) 1

T (λ)e−(x,λ).
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IMAGE 2

We have that ehse solve D2
x +V −λ = 0, so ∀x, R ∋ λ↦ φ±(x,λ) is tempered. Therefore, we may take its Fourier

transform in λ.

A±(x, y)= 1
2π

∫
R

φ±(x,λ)e
iλy

dλ

makes sense as a tempered distribution.

Claim

A± is a distributional solution of (D2
x +V )A±(x, y) = D2

y A±(x, y). That is, if we define 𝒜± f (x) = ∫
R

A±(x, y) f (y) d y ,
then (D2

x +V )◦𝒜± =𝒜± ◦D2
x . We compute

D
2
y A±(x, y)= 1

2π
∫
R

φ±(x,λ)λ2
e

iλy
dλ

(D
2
x +V )A±(x, y)= 1

2π
∫
R

λ
2
φ±(x,λ)e

iλy
dλ

In addition, A± satisfies A±(x, y)= δ(x−y) for ±x ≫ 0 where we can think of the Dirac delta as δ(x−y)= 1
2π

∫
R

e iλ(y−x) dλ.
Now, our goal is to get an alternative expression for S(λ). We can achieve this by looking at φ−(x,λ).

IMAGE 3

IMAGE 4

We have that clos(supp(V ))⊂ [a, b]. By pictures, for x ≥ b,

∂y A−(x, y)= x(y − x)+ y(x + y)= 1
2π

∫
R

φ−(x,λ)iλe
iλy

dλ

for x and y distributions. Via Fourier transform in y , this implies that

iλφ−(x,λ)=∫
R

e
−iλy(X (y − x)+Y (x + y)) d y = e

−iλx
X̂ (λ)+ e

iλx
Ŷ (λ)

Exercise: show that supp(X )⊂ [−2(b −1), 0] and supp(Y )⊂ [2a, 2b].
Copying expressions, we have that

1

T (λ) =
X̂ (λ)

iλ
⟺ T (λ)= iλ

X̂ (λ)
R−(λ)
T (λ) =

Ŷ (λ)
iλ

⟺ R−(λ)=
Ŷ (λ)
X̂ (λ)

It follows that

R+(λ)=−R−(−λ)
T (λ)

T (−λ) =−
Ŷ (λ)
X̂ (λ)

⋅
iλ

X̂ (λ)
⋅

X̂ (−λ)
−iλ

=
Ŷ (−λ)
X̂ (λ)
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The bottom line, then, is that we may write

S(λ)= 1

X̂ (λ)
[ iλ Ŷ (λ)

Ŷ (−λ) iλ
]

Notation: recall that D
′ are distributions, E

′ are distributions with compact support, and S
′ are tempered distribution.

Then, since X , Y ∈ ℰ ′(R), X̂ and Ŷ are entire on C. It follows that X̂ (λ)= ∫ 0
−2(b−a) X (x)e−iλx d x = ⟨X , e−iλ⟩.

If X̂ (λ)= 0, then iλφ−(x,λ)= e i xλŶ (λ). Then also φ−(x,λ)∈ L2(R) if Im(λ)> 0 which implies an eigenfunction.

Wave Operators

If H is a self-adjoint operator, for t ∈ R, e−i t H makes sense.

(e
−i t H)∗ = e

(−i t H)∗
= e

i t H
= (e

−i t H)−1

so e−i t H is unitary. For u ∈ L2(R), v(t) ∶= e−i t H u solves (i∂t −H)v = 0, v∣t=0 = u.
Given H0 = D2

x and HV = D2
x +V , V ∈ L∞

comp(R), the idea is that ∀u ∈ L2(R) u ⊥ {eigenfunctions of H}. There exists

u± ∈ L2(R) where e−i t H v u ≈ e−i t H0 u±

IMAGE 5

as t →±∞.

Theorem

With the above setting, if u ∈ L2(R), the following strong limits W±u = limt→±∞ e i t HV e−i t H0 u.
Also, we have W±H0 = HV W± and ∣∣W±u∣∣= ∣∣u∣∣. W± are partial isometries intertwining H0 and HV .
Then define the scattering operator 𝒮 ∶ L2(R)→ L2(R) by 𝒮 =W ∗

+W−.
The connection between scattering/vertex operators comes from defining

Φ ∶ L
2(R)→ (L

2([0,∞]))2

u(x)↦ ( û(λ)
û(−λ)) , λ≥ 0

Theorem

𝒮 ∶=Φ∗S(λ)Φ=W ∗
+W−.

Proof: Existence

For u ∈ L2, v(t)u = e i t HV e−i t H0 u.

d
d t

(v(t)u)= i(e
i t HV HV e

−i t H0 u − e
i t HV H0e

−i t H0 u = i e
i t HV V e

−i t H0 u

So

v(t)u = u + i ∫
t

0
e

i sHV V e
−i sH0 u d s
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We want to show that

∫
R

∣∣V e−i sH0 u∣∣L2

Ì ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÐ ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÎ
∣∣e i sHv V e

−i sH0 u∣∣L2 d s <∞

If ut(x)= e−i t H0 u, we want to show that ut(x)= 1
2π

∫
R

e i(xξ−tξ2)û(ξ) dξ. Note that e i(xξ−tξ2)
= ( 1

i(x−2tξ)
d

dξ
)2

e i(xξ−tξ2).

Proof of Quantum-Classical

If v ∈C∞
c (R), define u ∶=Φ∗S(λ)Φv and we want to show u =W ∗

+W−v if and only if W+u =W−v . Write

w(x)= 1
2π

∫
∞

0
(e+(x,λv̂(λ)+ e−(x,λ)v̂(−λ)) dλ

w̃(x)= 1
2π

∫
∞

0
(e+(x,−λ)û(−λ)+ e−(x,−λ)û(λ)) dλ

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

w =W−v

w̃ =W+u

w = w̃

where the last equality implies that

w̃(x)= 1
2π

∫
∞

0

(e+(x,λ),e−(x,λS(λ)−1 JÌ ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÐÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÎ
(e+(x,−λ), e−(x,−λ))[û(−λ)

û(λ) ] dλ= w(x)

So

e
−i t HV w =

1
2π

∫
+∞

0
e
−i tλ2

(e+(x,λ)v̂(λ)+ e−(x,λ)v̂(−λ)) dλ

= e
i t H0 v +

∶=IÌ ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÐÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒ Î
1

2π
∫

+∞

0
(
−RV (λ)(V e iλ

Ì ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÐÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒ Î
f+(x,λ) v̂(λ)+

−RV (λ)V e−iλ)Ì ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÐÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒ Î
f−(x,λ) v̂(−λ)) dλ

To show that limt→∞ I(t)= 0, deform λ∈ [0,∞) to {µ+ iµ ∶ µ≥ 0}. Then

e
−i tλ2

= e
−i t(µ+iµ)2

= e
2tµ2

December 2, 2025
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Theorem:

Let V ∈ L∞
comp(R,R), and suppose w(x, t) solves

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

(D2
t −PV )w(x, t)= 0 on R×R

w∣t=0 = w0 ∈ H 1
comp(R)

∂t w∣t=0 = w1 ∈ L2
comp(R)
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IMAGE 2

Then, for any A > 0,

w(x, t)= ∑
Im(λ j )>−A

−Resµ=λ j ((i RV (µ)w1+µRV (µ)w0)e iµt)
Ì ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÐÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÎ
mR(λ j )−1

∑
`=0

t
`

e
−iλ j t

f j ,`(x) +E A(t)

where mR(λ j )= rank∮
λ

RV (ξ) dξ and the integral is about a small contour isolating λ. Note that ∑Im(λ j )>−A is a finite
sum.
We also have that (PV −λ

2
j ) f j ,` = 0. Then ∀k > 0, supp(w j )⊂ (−k, k), ∃Ck,A , Tk,A such that

∣∣E A(t)∣∣H 2([−k,k]) ≤Ck,Ae
−t A(∣∣w0∣∣H 1 + ∣∣w1∣∣L2)

IMAGE 3

Returning to the Meromorphic Continuation ρb for Im(Λ)≫ 1

We have

RV (λ)= R0(λ)(I +V R0(λ))−1

which is ok via Neumann series, since ∣∣R0∣∣L2→L2 → 0 as Im(λ) → ∞. Fix ρ ∈ C∞
C (R), ρV = V which implies

(1−ρ)V = 0. Then

I +V R0(λ)= I +V R0(λ)ρ+V R0(λ)(1−ρ)= (I +V R0(λ)(1−ρ))(I +V R0(λ)ρ)

Notice also that (I −V R0(λ)(1−ρ)(1+V R0(λ)(1−ρ))= I . Therefore

RV (λ= R0(λ)(I +V R0(λ)ρ)−1(I −V R0(λ)(1−ρ))

and poles of RV (λ) occur when I +V R0(λ)ρ is not invertible. We have an estimate on V R0(λ)ρ =V ρR0(λ)ρ of

∣∣V R0(λ)ρ∣∣L2→L2 ≤ ∣∣V ∣∣∞∣∣ρR0(λ)ρ∣∣L2→L2

Write R0(λ) f (x)= i
2λ

∫
R

f (x)e i ∣x−y∣λ d y and, by Cauchy-Schwarz,

∣ρR0(λ)ρ f (x)∣2
=

»»»»»»»
i

2λ
ρ(x)∫ ρ(y) f (y)e

i ∣x−y∣λ
d y

»»»»»»»

2

≤
ρ

2(x)
4∣λ∣2 ∣∣ f ∣∣2

L2 ∫ ρ
2(y)e

−2 Im(λ)∣x−y∣
d y

where suppρ ⊂ [−R, R] and ρ ≤ 1. Computing, we may find that

∣∣ρR0(λ)ρ f ∣∣L2 ≤
C1

∣λ∣
T (Im(λ))−

∣∣ f ∣∣L2

where x− = max{0,−x}.
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Question:

When is ∣∣V R0(λ)ρ∣∣L2→L2 ≤
1
2
?

This happens if and only if C
∣λ∣eT (Im(λ))−

≤
1
2
, if and only if x2 + y2

= Ce±T y . If Im(λ) ≥ 0, then ∣λ∣ ≥ 2C ; if Im(λ) < 0,

then e−T Im(λ)
≤

1
2C
∣λ∣ if and only if Im(λ)≥−A −δ log(1+ ∣λ∣) with A,δ> 0.

Claim (Exercise)

For every A′
> 0, the above estimate implies that ΩA′ = {λ ∶ Im(λ)>−A′−δ log(1+∣λ∣) has finitely many resonances.

Claim: ΩA′ ∩ΩA is compact?

Left-Right Symmetry of Resonances

Since PV is self-adjoint, (PV − z) = PV − z, hence it is involutively stable under z ↦ z. If z = λ
2, z = (−λ)2 and

RV (−λ)= (RV (λ))∗ is true for Im ≫ 0. Hence λ is not a pole if and only if −λ is not a pole.

Stone’s Formula

If E = E(P) is the spectral measure of some self-adjoint operator P , then

1
2
[E((a, b))+E([a, b])]=∫

b

a
(P − (t + iε))−1

− (P − (t − iε))−1
d t

In σess, dEλ =
1

iπ
(RV (λ)−RV (−λ))λ dλ.

Expression of the Wave Solution

PV is self-adjoint, so it admits a functional calculus. So w = cos(tPV )w0 +
sin(tPV )

PV
w1. Write

PV =

K

∑
k=1

−µ
2
k vk ⊗ vk +∫

∞

0
z dEz

where we observe that the summands are multiplicty 1 (by ODE theory and outgoing conditions), genuinely L2 bounded
and normalized states. We can restict to the case where w0 = 0 and w1 ∈ H 2. In this case

w =
sin(tPV )

PV
w1 =

K

∑
k=1

sin(tµk)
µk

(w1, vk)vk +∫
∞

0

sin(tλ)
λ

dEλ(w1)

Then, applying Stone’s Formula,

∫
∞

0

sin(tλ)
λ

dEλ(w1)=
1

iπ
∫

∞

0

e i tλ− e−i tλ

2i
(RV (λ)−RV (−λ))w1 dλ

= lim
ε→0+

1
2π

∫
R\(−ε,ε)

e
−i tλ(RV (λ)−RV (−λ))w1 dλ

We write ∫
R\(−ε,ε) = ∫

Σε
+∫

σε
and compute

IMAGE 4
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∫
Σε

=
1

2π
lim
ε→0

∫
σε

e
i tλ 2π0

λ
w1 dλ=−i

(w1,v0)v0Ì ÒÒÒÒÒÒÒÒÒÐÒÒÒÒÒÒÒÒÒ Îπ0w1

Then define Γ= {λ− i(A + ε+δ log(1+ ∣λ∣)) ∶ λ∈ R} and fix R > 0.

IMAGE 5

Then πA(t) ∶= −i ∑λ j∈ΩA
Res ∣λ=λ j

(ρRV (λ)ρe−iλt). By residue theorem, ρV (t)ρ = −i mR(0)π0ρ+πA(t)+EΓR
(t)+

Eγ
±
R
(t)+Eγ∞R

(t). So

Eγ(t) ∶= 1
2π

∫
γ

e
−i tλ

ρ(RV (λ)−RV (−λ))ρw1 dλ

As R →∞, Eγ
±
R
(t), Eγ∞R

(t)→ 0 and EΓR
(t)→ EΓ(t)=O(e−at).

December 4, 2025

Operators of Interest on Riemannian Manifolds

• Laplace-Beltrami: ∆g ≥ 0 (in the Euclidean case ∆g =−∑n
k=1 ∂

2
x)

• Shrödinger: ∆g +V (where V is the potential)

• Dirac (prototypes of 1st order, elliptic, differential operators)

If M is closed, then ∆g has one self-adjoint realization with compact resolvent. This implies that σ(∆g ) = {λ0 ≤

λ1 ≤⋯→∞}.
If ∂M ≠∅, then ∆D

g (Dirichlet boundary conditions) we can define a counting function N(λ)= #{ j ∶ λ j ≤ λ}.

Trace Class Operators

Let ℋ separable and Hilbert, and 𝒬∈ℬ(ℋ).
We say 𝒬 is trace class if ∃{en}n≥0 on orthonormal basis of ℋ such that

call this tr(𝒬)Ì ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÐÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÎ
∞

∑
n=0

⟨∣𝒬∣en , en⟩ℋ <∞, ∣𝒬∣=
√
𝒬𝒬∗

When tr𝒬 exists, it does not depend on choice of basis.

Example: Matrices

If A ∈ Mn(C), tr(A)=∑ j A j j =∑n
j=1 ⟨Ae j , e j ⟩.

If A is a self-adjoint, nonnegative, compact operator, then denote (e j ,λ j )g≥0 a complete eigenset. Then A is traceless
if and only if ∑∞

j=0λ j <∞.

If ∑∞
j=0λ

2
j <∞, this is Hilbert-Schmidt; if ∑∞

j=0λ
p
j <∞, it is p-Schetten class.
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Example

Computing these can extract analytic information.
If ℋ = L2(M ,µ) and 𝒬 is self-adjoint, compact, nonnegative, and (e j (x),λ j ) is an eigenset, then

𝒬 f (x)=∫
M

Schwartz kernelÌ ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÐÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÎ
𝒦(x, y) f (y) dµ(y)=

∞

∑
j=0

λ j

⟨ f ,e j ⟩Ì ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÐÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÎ
(∫

M
f (y)e j dµ)e j (x)

Recall that 𝒦(x, y)=∑∞
j=0λ j e j (x)e j (y), and notice that

∞

∑
j=0

λ j =∫
M
𝒦(x, y) dµ(x)= h̵𝒬

How to generate trace class opeartors out of our favorite ones?

Take P self-adjoint, nonnegative with compact resolvent (λ0 ≤ λ1 ≤⋯→∞). Usually P =∆.

Example: Heat Trace

{∂t u +Pu = 0 (heat equation)

u∣t=0 = u0

Set u(t) = e−tP u0 with eigenvalues e−tλ0 , . . . , e−tλn , . . .. Then tr(e−tP) =∑∞
j=0 e−tλ j , t > 0. This is trace class thanks to

Weyl’s law (N(λ)∼Cλ
dim(M)

2 .

Example: “Half-Wave” Trace

1
i
∂t u −Pu = 0. Any solution solves ∂t t = ∂t(i Pu)= i P(∂t u)=−P 2u or ∂t t u +∆u = 0 where ∆u =−∑∂

2
x j

.

Then u(t)= e i tP u0 which leads to tr(e i tP)=∑∞
j=0 e i tλ j for t ∈ R.

Counting Functions

Consider H =−∂2
x +V (x) on [a, b].

Then N(λ) ∼
1

2π
∫ b

a

√
λ−V (x) d x as λ → ∞. Writing

√
λ−V (x) = λ

1/2 (1− V (x)
λ

)
1/2

, we also see that N(λ) ∼

λ
1/2

2π
(b − a) as λ grows large.

We can consider an “open” analogue H = −δ2
x +V (x) on R. Taking RV (λ) a meromorphic continuation of the out-

going resolvent for λ ∈ C and defining mR(λ) = rank∫
λ

RV (ξ) dξ. By Proposition 1.9 in the Tang-Zworski notes,

mR(λ)= 1
2πi

∮
λ

X̂ ′(ξ)
X̂ (ξ) dξ which is the order of vanishing of X̂ at λ.

We have a counting function

N(r )=∑{mR(λ) ∶ ∣λ∣≤ r} =
r→∞

2∣chsuppV ∣
π r (1+O(1))

where chsuppV is the convex hull of the support of V .
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Titchmarsh’s Theorem

If f ∈ L1
comp(R), then ∣chsupp f ∣= b − a. Tang-Zworski upgrades this to f ∈ E

′(R).
Then N f̂ (r ) ∶= #{zeros of f̂ in DR(0) with multiplicity}= b−a

π
(r +O(r )).

Poisson Summation Formula

Let ℋ = L2(S1
T ) = { f ∶ R → C ∶ T -periodic, ∫ T

0 ∣ f (x)∣2 d x < ∞} and P = Dx =
1
i
∂x with eigen decomposition

e j (x)= 1√
T

e i j w x , w =
2π
T

, λ j = j w for j ∈ Z. Then e−i tP f (x)= f (x − t).
For any ϕ∈ 𝒮(R),

tr(ϕ(P))Ì ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÐÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÎ
∑
j∈Z

ϕ( j w)= T ∑
k∈Z

ϕ̌(kT )

where ϕ̌(ξ) = 1
2π

∫ e i xξ
ϕ(x) d x. Then the left hand side is the spectral story while the right is the Schwarz kernel side.

We can compute

ϕ(P) f (x)= [∫
∞

−∞
e
−i tP

ϕ̌(t) d t] f (x)

=∫
∞

−∞
f (x − t)ϕ̌(t) d t

= ∑
k∈Z

∫
(k+1)T

kT
f (x − t)ϕ̌(t) d t

=∫
T

0
f (x − t)

∶=ϕ̃(t)Ì ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÐÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÎ
∑
k∈Z

ϕ̌(t +kT ) d t

=∫
T

0
f (s)

𝒦(x,s)Ì ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÐÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÎ
ϕ̃(x − s) d s

Therefore

tr(ϕ(P))Ì ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÐÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÎ
∑
j∈Z

ϕ( j w)=∫
T

0
𝒦(x, x) d x = T ϕ̃(0)

At the distributional level,

∑
j∈Z

δ j w =
T
2π

∑
k∈Z

e
i kT x

where δ j w is the Dirac comb.
In 1975 Duistermaat and Guilleman generalized this to manifolds in the study of singular supports and the wave trace.

An Open Analogue

If V ∈ L∞
comp(R,R), PV =−∂2

x +V , P0 =−∂2
x , we have for f ∈ 𝒮(R) that f (PV )− f (P0) is trace class (!) and

tr( f (PV )− f (P0))=∫
∞

0
f (λ2) tr(S(λ)−1

∂λS(λ))
2πi

dλ+
K

∑
k=1

f (Ek)+
1
2
(mR(0)−1) f (0)
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where S(λ) is the scattering matrix S(λ)= [ T (λ) R−(λ)
R+(λ) T (λ) ] and we have the Breit-Wigner approximation for tr(S(λ)−1

∂λS(λ))
2πi

of

−
1
π ∣chsuppV ∣− 1

π∑
j

Imλ j

∣λ−λ j ∣2

with j the resonances quantity.

Theorem (DZ, 2.21)

Let ft(s)cos(t +
√

s). Then for any ϕ∈C∞
C (R),

∫
R

ϕ(t)(cos(t
√

PV )− cos(t
√

P0)) d t

is trace class and

2 tr((cos(t
√

PV )− cos(t
√

P0)= p. v. ∑
λ resonances

mR(λ)e
−iλ∣t∣

−2∣chsuppV ∣δ0 −1

where

⟨p. v.∑
j

e
−iλ j ∣t∣

,ϕ⟩ ∶= lim
R→∞

∑
∣λ j ∣≤R

∫
R

ϕ(t)e
−iλ j ∣t∣

d t

December 11, 2025

Inversion of the Fourier Transform via Riemann-Hilbert Problems

For q,
d q
d x

∈ L1(R), q̂(k) ∶= ∫
R

e−i kx q(x) d x, we want to prove that q(x)= 1
2π

∫
R

e i kx q̂(k) dk.
Consider the differential equation

{
dµ
d x

− i kµ= q(x)
µ→ 0, ∣x∣→∞

By integrating factors, d
d x

(e−i kx
µ(x))= e−i kx q(x). So if µ(−∞)= 0, we get

e
−i kx

µ(x)=∫
x

−∞
e
−i k y

q(y) d y

µ+(x, k)=∫
x

−∞
e

i k(x−y)
q(y) d y

IMAGE 1

If instead µ(+∞)= 0,

µ−(x, k)=−∫
∞

x
e

i k(x−y)
q(y) d y
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It follows that for k ∈ R

q̂(x)= lim
x→∞

e
−i kx

µ+(x, k)= lim
x→−∞

e
−i kx

µ−(x, k)

For Im(k)≥ 0, write k = Im(k)+ i Im(k)= kR + i kI and notice

e
i k(x−y)

= e
i kR(x−y)

e
−kI (x−y)

where e−kI (x−y)
≤ 1 if x − y ≥ 0 and kI ≥ 0. It follows that µ+(x, k) makese sense on C+ as a holomorphic function on

{kI > 0} with continuous limits at k ∈ R. Likewise, µ−(x, k) is the same on C− and {kI < 0} respectively.
Notice also that q̂(k)e i kx

= µ+(x, k)−µ−(x, k), k ∈ R. With x frozen, µ(x, k) ∶= µ±(x, k) on C◦± satisfies

• µ is sectionally analytic on C with left and right limits as k → R.

• µ+(x, k)−µ−(x, k)= q̂(k)e i kx ∶= φx(k) (prescribed jump condition)

• lim∣k∣→∞µ±(x, k)= 0

To see the third point,

kµ+(x, k)=∫
x

−∞

d
d y

i e i k(x−y)

Ì ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÐÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒ Î
ke

i k(x−y)
q(y) d y =

i q(x)Ì ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÐÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÎ
[q(y)i e

i k(x−y)]
x

−∞
−

bounded on CÌ ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÐÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÎ
∫

x

−∞
i e

i k(x−y)
q
′(y) d y

So µ+(x, k)≤ i q(x)+C
k

. We find that the solution to the Riemann-Hilbert Problem is unique and given by

µ(k)= 1
2πi

∫
R

φ(`)
`−k

d`=
1

2πi
∫
R

µ̂(`)e i`x

`−k
d`, k ∈ C\R

Then

kµ(k)= 1
2πi

∫
R

q̂(`)e
i`x 1

`
k
−1

d`→−
1

2πi
∫
R

q̂(`)e
i`x

d`

Inverse Scattering

Lu =−d 2u
d x2 −V (x)u with V ∈C∞

C (R), σ(L)= σess(L)= [0+∞), and λ= s2.

Define four solutions to Lu = s2u for s ∈ R,

ψp(x; s)= e
i sx

, x ≫ 0
∗
→

∗
← ∣ V ∣ 1

→
0
←

φp(x; s)= e
i sx

, x ≪ 0
1
→

0
← ∣ V ∣ ∗

→
∗
←

ψm(x; s)= e
−i sx

, x ≫ 0
∗
→

∗
← ∣ V ∣ 0

→
1
←

φm(x; s)= e
−i sx

, x ≫ 0
0
→

1
← ∣ V ∣ ∗

→
∗
←
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Since they are four solutions of a second order ODE, they must be related.

[ψp(x; s) ψ
′
p(x; s)

ψm(x; s) ψ
′
m(x; s)]= S(s)[φp(x; s) φ

′
p(x; s)

φm(x; s) φ
′
m(x; s)]

where

S(s)= [ψp(x; s) ψ
′
p(x; s)

ψm(x; s) ψ
′
m(x; s)]

1

W (φp(x; s),φm(x; s) [
φ
′
m(x; s) −φ′

p(x; s)
−φm(x; s) φp(x; s) ]

=−
1

2i s
[W (ψp(x; s),φm(x; s)) W (φp(x; s),ψp(x; s))

W (ψm(x; s),φm(x; s)) W (φp(x; s),ψm(x; s))]

= [A(s) B(s)
b(s) a(s)]

Note also that ψp =ψm , φp = φm , so a(s)= A(s) and b(s)= B(s). We have a reflection coefficient ρ(s) ∶= b(s)
a(s) .

We observe that ψp and φm can be analytically continued to C− while φp and ψm extend to C+.

• Example

Φ
−
1 (x;z)Ì ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÐÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÎ

φm(x; z)e
i zx

= 1−
1

2i z
∫

x

−∞
(1− e

2i z(x−τ)
v(z)

Φ
−
1 (τ;zÌ ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÐÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒ Î

φm(τ; z)e
i zτ

dτ

which is still solvable for z ∈ C+.

So [ψm φp]= [φm ψp]G̃(s) where

G̃(s)= [
a(s)− B(s)b(s)

A(s) −B(s)
A(s)

b(s)
A(s)

1
A(s)

]

but we have a problem: G̃(s) has monodromy (i.e. detG̃(s) has nonzero winding number). We renormalize

[ψm φp][
e i zx 0

0 e−i zx]= [1 1]+𝒪(1
z ) , ∣z∣→∞

[φm ψp][
e i zx 0

0 e−i zx]= [1 1]+𝒪(1
z ) , ∣z∣→∞

and instead look at

[ ψm

a(s) φp]= [φm
ψp

A(s)]G(s)

for s ∈ R where

G(s)= [1−ρ(s)ρ(s) −ρ(s)
ρ(s) 1

]

44



and detG(s)= 1. Now we define

Φ(z) ∶=

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

Φ
− ∶= [ψm

a
φp][

e i zx 0

0 e−i zx] , C+

Φ
+ ∶= [φm

ψp

A
][e i zx 0

0 e−i zx] , C−

Normalizing Φ(∞)= [1 1], we have a jump

Φ
+(s)=Φ−(s)

det=1Ì ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÐ ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒ Î
[e−i sx 0

0 e i sx]G(s)[e i sx 0

0 e−i sx]

Riemann-Hilbert theory tells us that there exists a unique solution Φ to this problem and gives us a way to compute it

∂xΦ
−(z)1 = e

−2i zx ∫
x

−∞
e
−2i zτ

V (τ)Φ−
1 (τ; z) dτ∼

1Ì ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÐ ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒ Î
Φ
−
1 (x; z)V (x)

2i z
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